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SYLLABUS OUTLINE

Mathematics 9X

Tonics Time Allotment

Optional topics are indicated by an asterisk (*).
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Sets (finite and infinite)
Universe, subsets, null set
Union and intersection of sets
Disjoint sets
Complement of a set
Matching sets and one-to-one correspondence
Euler circles and Venn diagrams
Cartesian product of two sets
Solution sets

2. Algebraic Expressions
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Absolute value
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Solving problems by use of equations
Solution of inequalities
Solving problems by use of inequalities
Solution of equations and inequalities

involving absoldte value

5. Algebraic Problems
Formula problems
Motion problems
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Mixture problems
Business problems
Work Problems
Geometric problems

6. The Set of Real Numbers
The set of rational numbers
Irrational numbers
Properties of the real numbers
The real number line

5 -6

9 - 11

5 -6

30 - 35

25 - 30

9-11



7. Exponents and Radicals
15 - 17Non-negative exponents

Negative exponents
Operating with expressions containing

exponents
Factoring and prime factorization
Equations in fractional form
Radicals
Simplification of radicals
Operating with expressions containing

radicals
Fractional exponents

8. Polynomial Expressions
10 - 12Addition, subtraction, multiplication, and

division of polynomial expressions
Factoring polynomial expressions

9. Quadratic Equations
10 - 12Solution by factoring

*Solution by completing the square
*Solution by quadratic formula
Graphing quadratic equations
Simple proofs

10. Open Sentences in Two Variables 9 - 10Algebraic solutions
(addition and subtraction of equations)
(substitution)

Solution by graphing
Solution of inequalities

11. Relations and Functions
7 - 9Relations

Functions
Range and domain
Graphing relations and functions
Slope and intercept

*12. Trigonometric Functions
The unit circle in coordinate geometry
Sine, cosine, and tangent defined in termsof unit circle
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FOREWORD

In April 1961, an advisory committee on secondary school

mathematics convened at the Department to discuss the direction

that secondary mathematics curriculum revision should take.

This committee consisted of college and secondary school

teachers, supervisors,
administrators, and a consultant from one

of the national curriculum programs. As a result of this

meeting, the recommendation was made that a revision of the

mathematics 7-8-9 program be undertaken immediately.

This publication represents the third of a series of

experimental units for a course in mathematics for the ninth

grade. The first publication consisted of units 1-4; the second,

units 5, 6, and 7; and this one contains materials for units 8

and 9. The remaining units, 10-12, will be distributed in one

final publication during the 1964-65 school year when it is

completed.

The materials in the 9X experimental syllabus are based

upon the foundations laid in the 7X and 8X experimental

syllabuses.
Therefore, it is to be understood that the 7X and

8X experimental courses are a prerequisite to the 9X experi-

mental course. As in the 7X and 8X syllabuses, the chief

emphasis is placed upon the understanding of basic mathematical

concepts as contrasted with the all-too-frequently used program

in which the mechanics of mathematics receives the greatest

stress. The general approach and content used is that agreed

upon by leading mathematical
authorities as the most desirable.

In the actual teaching of the program major emphasis is placed

upon the "discovery process." The principal function of the

teacher is to carefully set the stage for learning in an

organized fashion such that the pupils will "discover" for

themselves the fundamental concepts involved.

The materials in the mathematics 7X, 8X, and 9X experi-

mental syllabuses include much of what today are called the

basic ideas and concepts of mathematics. These concepts are

those which the pupils will use throughout their study in

mathematics. With this material the teacher should be able to

aid the pupils to see the beauty of mathematics in terms of the

fundamental structure found in mathematical systems. The

important unifying concepts included in the new course of study

for the ninth grade are:

. Algebraic
Expressions and Open Sentences

. Analysis of Algebraic Problems

. The Set of Real Numbers

. Properties of Exponents and Radicals

. Operations with Polynomial Expressions

. Quadratic Equations

. Open Sentences in Two Variables

. Relations and Functions

. Trigonometric Functions

A new mathematical
curriculum is not the sole answer to

the improvement of mathematics instruction. Most important

perhaps is the method of presenting the material. If the

vi



teacher develops lesson plans that will allow the pupils to
discover concepts for themselves, the teaching and learning
of mathematics will become excitingly different and no longer
remain the dissemination of rules and tricks.

A special committee was formed to review the 9X syllabus
and to make recommendations for the writing of materials. This
committee consisted of the following: David Adams, Liverpool
High School; Benjamin Bold, Coordinator of Mathematics, High
School Division, New York City Board of Education; Mary Challis,
Plattsburgh High School, Francis Foran, Garden City Junior High
School; Eleanor Maderer, Coordinator of Mathematics, Board of
Education, Utica; William Mooar, Benjamin Franklin Junior High
School, Kenmore; Verna Rhodes, Corning Free Academy; Leonard
Simon Curriculum Center, New York City; Joan Vodek, Chestnut

Juniorunior High School, Liverpool; Frank Wohlfort, Coordinator
of Mathematics, Junior High School Division, New York City Board
of Education.

The materials for the 9X syllabus were written by Charles
Burdick, coordinator and teacher of mathematics, Oneida Junior
High School, Schenectady. The project has been developed under
the joint supervision of this Bureau and the office of Frank
Hawthorne, Chief, Bureau of Mathematics Education, who guided
the planning. Aaron Buchman, associate in mathematics education,
reviewed and revised the original manuscript. Herbert Bothamley,
acting as temporary curriculum associate, edited and prepared
the final manuscript for publication.

William E. Young
Director, Curriculum
Development Center

vii

Gordon 5. Van Hoof t
Chief, Bureau of Secondary
Curriculum Development



UNIT 8: POLYNOMIAL EXPRESSIONS

PART 1. BACKGROUND MATERIAL FOR TEACHERS

8.1 INTRODUCTION

One of the first difficulties to be encountered in
teaching this unit is that of explaining the meaning of theterm "polynomial." The technical definition is that a poly-nomial is a rational integral algebraic expression of the
form:(1) an or (2) aoxn + -n-1 + + an-ix + an where n is
any positive integer and ac, O. The form an is included for
eompleteness. In the standard form x itself shall be simple.

This definition requires that the expression be rational.This means that no variable is in an irreducible radical or isunder a fractional exponent. The expression 2x4 + 1 and
+ I are rational expressions but rx7I-1 and x+ + 1 are not.

The variable cannot be under a radical nor have a fractionalexponent.

This definition requires that the expression be integral.This means the variable when written with a positive exponentcannot appear in any denominator. This of course also meansthat any variable written with a negative exponent cannotappear in any numerator. However, to be a polynomial, thevariable must be expressed with only positive exponents.

The expression 2x + 1 is a rational expression, but it is
x

not an integral expression because the variable appears in adenominator.

The three major restrictions contained in the definitionare:
(1) The exponents of the variable must be positive integers.
(2) The variable cannot be under an irreducible radical.
(3) The variable cannot be in a denominator.

The following are examples of expressions which are notpolynomials.

(a) x2 + + 3 The variable is in a denominator.
x - 1

(h) 2 fr + 9 The variable is under a radical.

(c) 2x-2 + 3x - 6 The variable has an exponent which is
not a positive integer",

2

(d) 3x + 14 The variable has a fractional exponent.
This is the same as being under a radical.
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Notice that the restrictions apply only to the variable.
They do not apply to the coefficients or the constant term.
In the general definition of polynomials, no restrictions are
placed on the coefficients, but such restrictions may be
impose(' to limit the polynomial to any desired set of numbers.
If the coefficients are to be restricted to the sot of integers,
rationals, or real numbers, then the polynomial being defined
is called "a polynomial over the integers," "a polynomial over
the rationals," or "a polynomial over the realm " respectively.

In this unit, the topics relating to polynomials have been
restricted almost entirely to rational coefficients which for
the most part are also integral. However, just a few of the
exercises involve irrational coefficients to clearly indicate
to the pupils that there is no inherent prohibition against
the coefficients being irrational numbers. Such exercises give
the teacher an opportunity to explain the difference between
(Yx and 'W as far as the definition of polynomial is
concerned. (rx is a polynomial but 2x is not a polynomial.

The question sometimes arises as to whether or not expres-
sions such as 3x or 19 are polynomials. Monomials are poly-
nomials; therefore, both 3x and 19 are polynomials.

Much of the work in this unit on polynomials, particularly
the work on factoring, forms the foundations for the study of
the topic of solving polynomial equations in the next unit.

8.2 ADDITION AND SUBTRACTION OP POLYNOMIALS

This unit begins with a development of the concept of what
is meant by the term "polynomial." The definition developed is
not the technical definition just described, but it is mathe-
matically correct and sufficient for this course. The simpler
definition is restricted to a polynomial over the reals.
Polynomial is defined as a term or sum ,f terms, each of which
is a real number, or an integral rational algebraic expression
consisting of a product of a real number and a positive integral
power of the variable. This definition requires in its devel-
opment explanation of the phrase "integral rational algebraic
expression," .The meaning of this phrase was discussed in the
introduction to this unit.

A polynomial, as defined above, must be a term or sum of
terms. Therefore, an expression such as y2 - 5y - 3 must be

considered as being y2 + (-5y) + (-3) before it can be accepted
as a polynomial. This is an important consideration in
determining the coefficient of a variable. For example, a
pupil might consider the coefficient of the x term in the
expression x2 - 5x - 3 to be 5, when actually the coefficient
is -5. If the expression is first considered as being
x2 + (-5x) + (-3), there is no such confusion as to the
coefficients of any variable. The sane applies to the constant
term. The constant term in x2 - 5: - 3 is -3, not 3.
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The above definition of a polynomial also means that an
expression such as (x + 2)(x + 3) is a polynomial but it is not

in standard polynomial form when written in this form. However,

when it is written in the form x2 + 5x + 6 it is in standard

polynomial form. This is a technical point, but it does have

an important application later in the unit when the expression
"degree of a polynomial" is defined.

The restrictions on the variable contained in the defini-
tion of a polynomial and the lack of such restrictions on the

coefficients is a very common point of confusion to many pupils.

Some time should be devoted to preventing or clearing up any

such confusion. The difficulty is usually in identifying
expressions which are polynomials but which resemble expressions
which are easily recognized as not being polynomials. Below

are a few examples of such pairs of expressions.

of polynomials Polynomials

10x
-4 10- 4i

3 fir (Tx

2 2

67:3 61:c

33:+213 (3- 2137

The terms monomial, binomial, and trinomial each describe
a particular type of polynomial. As indicated by their pre-
fixes, each is a name for a polynomial of one term, two terms,

and three terms respectively. Defining a monomial as a poly-

nomial is consistent with the definition of a polynomial
because a polynomial may be a term as simple as merely any

real number.

The degree of a polynomial is the greatest exponent of the
variable contained in the polynomial when written in standard

polynomial form. For example, the degree of y2 - 6y5 + 7y - 9

is 5. There is sometimes confusion at first as to the degree

of expressions such as (x2 + 5)(x2 - 5) or (x3 - 6)3. A pupil

may indicate that the degree of (x2 5)(x2 - 5) is 2 because 2

is the greatest exponent contained in the expression, and that

the degree of (x3 - 6)3 is 3 because 3 is the greatest exponent.

Such confusion can be quickly cleared up by reminding the pupil
that these expressions are not written in standard polynomial
form as the sum of terms. When written in standard polynomial
form, the degree of the polynomial is easily determined.

The topic of addition and subtraction of polynomials is not

new as it was introduced in previous units. Performing addition

and subtraction of polynomials simply requires the application

of the commutative and distributive principles and application

of the concept of subtraction being performed by carrying out

the equivalent addition. For example,
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(3x2-6x+9) - (2x2+4x-3) =
3x2+(-6x)+9+(-1)[2x2+4x+(-3).]=
3x2+(-6x1+9+(-2x2)+(-4)+3=
3:2+(-2x2)+(-62)+(-4x)+9+3= x2+(-10x)+12

= x2.10x+12
It is not

necessary that the pupils
perform all of the

steps indicated above when
performing such addition or sub-

traction of
polynomials. The pupils should be encouraged to

use efficient
short cuts as long as they

understand the mathe-
matics involved and could

furnish all such steps if required
to do so.

8.3
MULTIPLICATION OF POLYNOMIALS

Multiplication of a polynomial by a monomial is simply an
application of the

distributive principle. For example,(Q) (2x2 + 3x + 6 ) = (44)(2x2) + (14)(3x) + cam), where ,p
represents any monomial.

The principle applies to the
multiplication of a polynomial

by any binomial. If, in the above
equation, 4, represents the

binomial x + 3, then
(x 3) (2x2 + 3x + 6) = (x + 3)(2x2)

+ (x + 3)(3x)
+ (x + 3)(6)= 2x3 + 6x2 + 3x2 + 9x +6x + 18

= 2x3 + 9x2 + 15x + 18
The

multiplication may also be
performed by reversing the

order of the two factors.
(2x2 + 3x + 6) (x + 3) = (2x2 + 3x + 6)(x)

+ (2x2 + 3x + 6)(3)= 2x3 + 3x2 + 6x + 6x2 + 9x + 18
= 2x3 + 9:2 + 15x + 18

In each of the above examples the final addition is
performed

horizontally. The addition
may also be performed

vertically as shown below.
x + 3

2x2 + 3x + 62x2 + 3x + 6
223 + 6x2

2x3 + 3x2 + 6x3x2 + 9:
6x2 + 9x + ).86x + 18

2x3 + 9x2 + 15x + 18
20 + 9x2 + 15x + 18

Any of the four methods shown previously is correco but

it is the last method indicated which is the most common. The
factor of highest degree is written first and the addition is
Performed vertically. This method may also be used for multi-
Aying a polynomial by a trinomial.
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A few exercises requiring the multiplication of poly-
nomials with irrational coefficients have been included in the
questions and activities to give the pupils an opportunity to
maintain their skills in operating with irrational numbers.

The last part of this section is a study of the patterns
in the multiplication of two binomials. This study has a two-
fold purpose. First, it teaches skill in multiplying two
binomials on sight. Secondly, it teaches recognition of the
patterns in polynomials necessary in factoring polynomials.
Factorization of polynomials is the nel..b topic in the unit.
Factorization of polynomials is, in turn, used in solving some
quadratic equations efficiently. Therefore, the study of
patterns in the multiplication of binomials bears a very
important relation to the work that follows.

The first pattern studied is:

(x + E2) (x + 4N) = x2 + + a(z) +1:1A, where and 4,
represent the constant terms in the binomials x + and x 4-P
Special cases of this pattern are:

(x + 0)
2

=
2 + 2x + 2

and (x - 4S)(x + 41) = x2 -

The next pattern studied is:

(ax + 0) (bx + 41) = abx2 + (a A + [30X + A
Special cases of this pattern are:

(ax +0)2 = a2x2 + 2a0x 4'02
and (ax + p) (ax = a2x2

Mastery of these patterns enables a pupil to multiply two
binomials on sight. Even though a pupil is not able to master
these latter patterns to such a degree that he can multiply
two such binomials on sight, at least he should be able to
perform the multiplication with much greater ease and
efficiency than he would have been able to do without the study
of such patterns. A reasonable effort should be made to have
the pupils master these patterns so that they will be able to
perform the factoring of polynomials in the next section.

By applying the concept that x2 = (-x)2, pupils can learn
to identify as identities on sight such equations ass

(x - 3)2 = (3 - x)2

and Cm 4. 3)2 c.x
-

3)2

The proof of the theorem x2 = (-x)2 is quite simple.

(-x)2 =
= t-1) x)(-1)(x)
= (-1) -1)(x)tx)
= (1)(x)(x)

= x2
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8.4 FACTORING POLYNOMIALS

A factor of a polynomial is defined as one of two or more

polynomials whose product is the given polynomial. To factor

means to resolve into factors such that the coefficients lie

in a certain set of numbers. In this course the set is

usually the set of integers, sometimes the rationale.

The main purpose of the material in this section is to

teach factoring of polynomials by applying the distributive

principle and applying knowledge of the patterns of multi-

plication of binomials studied in the previous section.

Factoring is used in the next unit in the solution of

polynomial equations, and such factoring does not require use

of irrational coefficients. For this reason, the coefficients

in the polynomials and the coefficients in the factors in

these exercises have been limited to rational numbers,

particularly integers. For example, although x2 - 2 may be

factored into (x + (r)(x - (), knowledge and experience

in such factorization is not necessary in solving polynomial

equations in this course, thus such factorization is not

developed in this unit. It may, however, be mentioned by the

teacher.

Further factorization of factors that are constants is of

no value in this work and such factorization is not performed.

For example, 12z2+ 242 - 60 may be factored into

(12)(x? + 2: - 5), but it is of no value to factor 12 into its

integral factors. This would only complicate the expression.

Such factorization is called trivial factorisation. Again it

is emphasized that factorization is performed so that the

factors are in a certain set of numbers, usually the integers.

In the set of rationale even 1 can be factored; for instance,

1 = In the set of reals, more complicated factors of 1

can be written; thus, 1 = (7 + 143)(7 - 411).

When directions are given to factor a polynomial as

completely as possible, it is understood that the polynomial

is to be expressed as a product of polynomials with integral,

or sometimes rational, coefficients, such that no factor can be

further factored except in a trivial way. If one of the factors

is a constant, it is not intended that this be factored further.

The factorization considered in this unit is that

requiring the application of the distributive law. This is

often referred to as taking out all common factors. An example

is: 30 + 6x2 + 9x = (3x)(x2 + 2x + 3)

The remaining factorizations are applications of the

patterns of multiplication of binomials studied in the previous

section. These are:



+ (x + = + + +
+ 2 = 72 4. 2A7 a2

(z - 1:3)(x + = z2 - [12

(ab + 0)(bx + = abz2 + + bh cha
cor 4. /32 it2x2 +1:32

(az + A) taz - = a2z2 0,2

In applying these patterns to the topic of factoring, the
polynomial indicated as the right member of one of the above
equations is given and the left member must be determined.
Sufficient time should be devoted to this topic to enable the
pupils to acquire reasonable skill in such factoring.

8.5 DIVISION OF POLYNOMIALS

The questions and activities develop the common method
used for performing the division of one polynomial by anotherpolynomial. The sequence of exercises used to develop this
concept begins with the application of the distributive
principle.

If 2: + 5 is factor of 673 + 2372 + 30z + 25, then their
quotient is a polynomial 'which may be represented WO 44c1+4;
that is, 673 + 23;2 4'30x + 25 4.ino.

z +
This may be written in the equivalent relation,
(2z + 5) (0 +0+ A) = 6x3 + 2372 + 30x + 25.
Applying the distributive principle,
(2z + 5)(0) + (2z + 5) (0) + (27 + 5)(,a) = 6:3 + 23x2 + 33:40 25.
If 27 + 5 is to divide into + 2312 + 30 7 + 25, then thiefterm

of the quotient must be 631 or 3x2 Thus must equal
372,

(2x + 5) (3x2) + (2z + 5) (LW + (2z + 5) (A) = 673 + 233E2+ 30x +25
(6x3 + 1572) + (2x + (0) + (22 + 5)(A) = 673+ 2372+30.4.25

(2z + 5) (0) + (2z + 5) (4) = 872 + 30x + 25
It is important to explain this last step clearly. The divisor
and the first term of the quotient are multiplied and the
product subtracted from the dividend. It is this step that is
the basis for the formal method of dividing polynomials which
the pupils will use eventually in performing such division.
Following the same analysis, enmust equal AR? or 4x.

(27 + 5)(4z) + (2z + 5)(6) = 8:
2

+ 30x + 25
(.13x

2
+ 20 z) + (2z + 5)(L) = 8z

2
+ 30x + 25

(2x + 5)C2S) = 10x + 25
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Finally A must equal 10x or 5.

Therefore, 6x3 + 2,3x
2x

2
+5 210 x + 25, = 3:2 + 5.+

Each time a new term of the quotient is determined, theproduct of this term and the divisor is subtracted from thenew dividend. This process can be simplified by performing itin a systematic vertical arrangement as follows.
A:; + 5

2x + 5 )6:3 + 23 + 30x + 25
6:3 + 15x2

8x2 + 30x + 25

822 + 29x
10x + 2f
10x + 25

In order to keep the arrangement as simple and as orderlyas possible, terms in the divisor and dividend should bearranged in descending order of exponents. If either poly./nomial has fewer terms than one more than the greatest exponent,the missing terms may be inserted into the polynomial and given
a coefficient of zero. For example, x5 +_6i4 + 6: - 3 may be

2.75 - 4
written as 5 + 6 4 + 0 3 + 0 2 + 6 - before the devision is

+0: + Ox -4
performed.

Teacher Notes
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UNIT 8: POLYNOMIAL EXPRESSIONS

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

8.1 INTRODUCTION

In the questions and activities in this unit, the coeffi-
cients and constant terms in the polynomials have been limited
almost entirely to integers and in some cases to rational num-
bers. The reason for this is that the unit is primarily a
preparation for the following unit on solving quadratic equa-
tions, particularly by the factoring method. It is not neces-
sary to work with irrational numbers for such factoring; there-
fore, the teacher may feel free to delete all exercises involv-
ing irrational numbers contained in this unit. However, the
teacher may prefer to have the pupils maintain their skills in
operations with irrationals and should feel free to implement
the exercises in this unit with additional exercises involving
irrational numbers. In all cases, it would be wise to bring
out that factoring depends on the set of numbers used. For
example, while studying the topic of factoring, the polynomial
x2 - 3 may be considered as being the product of two binomials
in the set of real numbers. The pupil might well be able to
see that one pair of factors could be x + flrand x - frbut
may not at once realize that in this enlarged set there are now
an unlimited number of pairs of factors, another representative
pair being, 2x + nrand - ja Again, this area is optional.

8.2 ADDITION AND SUBTRACTION OF POLYNOMIALS

C onad: Definition of polynomial.

(1) Indicate Ilulkm, Ai exponent, aasi. coeffi-
eient, lin Ihg expression 3x1.

Answer: The base is x, the exponent is 7, and the
coefficient is 3.

(2) Indicate Ma coefficients Judi lb,. constant lagl
in the expression -4x2 + + 2.

Answer,: The coefficient of x2 is -4, the coefficient
of x is 5, and the constant term is 7.

(3) Each of the following expressions is called a poly-
nomial.

x3 + llx2 + 5 x + 6, if + 12 A + 1, -3b + 9,
9

-141 K, 3 fr, 62
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Answer Ihat following questions.
(a) If the variables represent real numbers, is each

term in every expression above a real number?
(b) Is every expression a term or sum of terms?
(c) If an integral algebraic expression is one mhich

does not contain a variable in a denominator nor
a negative exponent in the numerator, is every
algebraic term in each of the above expressions
an integral algebraic expression?

(d) Does every term in each of the above expressions
which contains a variable have a positive integer
as an exponent?

(e) To be classified as a polynomial in the set of
real numbers, an expression must meet all of the
following requirements:
(1) It must be a term or sum of terms.
(2) Coefficients and constant terms must be

real numbers.
(3) Variables, if present, must have positive

integral exponents. Such exponents cannot
be negative nor fractional, nor can the
variable be written in any way which is
equivalent to having a negative or frac-
tional exponent.

Summarize these three points to form a definition
of a polynomial in the set of real numbers in a
Jingle sentence.

Answers:
(a) Yes (b) Yes (c) Yes (d) Yes
(e) A polynomial,in the set of real numbers, is a

term or sum of terms, each of which is a real
number or an integral algebraic expression con-
sisting of a product of a real number and a
positive integral power of the variable.

(4) ,Indicate ugh 2.1: kit following whether .910
=VIA expression .11 polmomial. 31:=2 expression
liA na A polynomial, state ie reason ylkyjA, fails IQ
Amt the defini pon ALA polynomial. (In this exer-
cise and the following ones, it is understood that we
are referring to polynomials in the set of real
numbers.)

(a) 2x2 - 5x + 6
7

Answer: This is a polynomial. It is equivalent to
the sum of terms 2x2 + (-5x) + 6.

7

(b) (2x + 2)(3x -6)

Aultu: This is a polynomial but it is not in stand-
ard polynomial form. This product expressed as
6x2 - 6x - 12 would be in standard polynomial form.
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(c) V x2- x -6

Answerl This is a polynomial. The coefficients are
real numbers.

(d) g_±_l
x - 1

Answer: This is not a polynomial. The term is not
an integral algebraic expression. The variable is
in the denominator.

3
(e) 6x2

Answer: This is not a polynomial. The exponent of
the variable is not an integer.

(f) 10-4

Answer: This is a polynomial. It is a real number.

(5) Opposite each nt Zs following polynomials Li Aa
indication 21 111 "degree." BA observing .Ine pattern
gf_Ihat polynomial grid .111 degree, determine, ylat
meant bj .1.41 degree pi g polynomial qa gng variable).

16x5 - 14x4 + 13x2 -9 has degree 5

-9a6 has degree 6

73E2 + 6x - 4 has degre2 2
6d - 9 has degree 1

Answer: The degree of a polynomial is the highest
power of any variable appearing in the polynomial.

(6) Answer Ins following.

(a) What do the prefixes mon, bi, and tri mean?
(b) What kind of polynomials would each of the terms

monomial, binomial, and trinomial seem to
indicate?

An_

(a) Mon means consisting of one.
Bi means consisting of two.
Tri means consisting of t-%-ee.

(b) A monomial (note only one n) is a polynomial
consisting of one term, a binomial of two terms,
and a trinomial of three terms.

(7) Classify each g 142 following gg gjas: g
monomial, binomial, gr. Izinomial.
(a) - V17x2yz (b) 2x + ly (c) 3x2 + 5x - 6

5
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Answers:

(a) Monomial
(b) Written in standard polynomial form + y

it is a binomial.
(c) Trinomial

Concept: Addition and subtraction of polynomials.

(8) Add thg following pairs a polynomials, applying

where, necessary 2.0. commutative Ad distributive
principles, ALL Skt principle that subtraction mu kg
performed by:parrying _ea the equivalent add tion.

(a) (6a2 - 4a + 10) + (10a2 + 4)

(b) (-5Y'2 3Y - 6) + (5y2 - 3y + 6)

(c) 3x2 + 2x + 5 (d) -7v3 - 10v + 12

5x2 - 6x - 6
8v - 14

Answers:

(a) 16a2 - 4a + 14 (c) 8x2 - 4: - 1

(b) 0 (d) -7v3 - 2v - 2

(9) &nail 1112 following.

(a) Is it possible for the sum of two polynominls to

be of higher degree than the highest degree of

the two polynomials being added?

(b) I; it possible for the sum of two polynomials to
be of lesser degree than the degree of either
polynomial being added? Give an example.

Answers:
(a) No

(b) Yes. For example, (2x2 - 6x) + (-2x2 + 104. atm.

(10) Determine MA additive inverse sa alb ..tbs
followigg.

(a) a5 - 3a2 + 9 (b) k5 + 106 (c) -3x3 - g

/M_:
(a) -a5 + 3a2 -9 (b) -k5 - 106 (c) 30 + m7

-2x2 + 7
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(11) loon nig principle -x = (-1)(x) be agplud

performing 1,,bg subtraction x2 - (3E2 - 2)?

Answer: x2 - (3x2 - 7) = x2 -(3x2 - 7)

= x2 + (_1)E3x2 41_7)]

x2 +



(12) la each a ihnt following perform _the Indicated
subtraction.

(a) (y3 - y2 + 1) - (y - 6)

(b) (7z2 + 13z - 12) - (z2 + z + 1)

(c) (-4p2 + 5p - 11) - (4p2 - 5p + 11)

Answers:

(a) 73 - 72 - + 7

(b) 6z2 + 12 z - 13

(c) -8p2 + 10p - 22

(13) each gt ihnt following, subtract, Ihn lower
polynomial from 1.42 UDD et gag la performing za
eauiva lent addition.

(a) -6P3 3P2 - P 9 (c) k3 -2k2 + k - 7

3p3 - p2 4p 6 4k3 k2 + k - 7

(b) -3t2 + 5t + 8

3t2 + 5t - 8

Answera:

(a) + 4p2 - 5p 15

(b) -6t2 + 16

(e) -3k3 - k2

(14) Express aa a polynomial., 1122 perimeter, al each

(a) A triangle whose sides 6:5 Rx2 + 6, 6x - 4, and
6x + 4

(b) A rectangle whose width is 7y + 7 and whose

length is y2 + 2y - 6

(c) A square one of whose sides is y2 + y
(d) By how much does the perimeter of the square in

exercise (c) exceed the perimeter of the rec-
tangle in exercise (b)?

Answers:

(a) 2x2 + 12x + 6 (c) 4y2 + 4y

(b) 272 + 18y + 2 (d) 2y2 - 147 - 2

e

tilun

sa

numberplemall, cubes

9.412 ja 3311
smaller slam each 3=1
h following,
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have Ihg propert 4hatila :7.1 11.11. AtIll
Ihl ted areas, at

. ..

check computing, the total ed all o Ifii

gal.
(a) Four faces painted (d) One face painted
(b) Three faces painted (e) No face painted
(c) Two faces painted

Answers:

(a) 0, 0 (b) 8, 24x2 (c) 12, 24x2 (d) 6, 6x2

(e) 1, 0 (f) 6(3x)(3x) = 54x2,

24x2 + 24x2 + 6x2 = 54x2

8.3 MULTIPLICATION OF POLYNOMIALS

Concept: Multiplication of a polynomial by a monomial.

(1) the application .91 wha principle could Ihg

product (332)(,2 12 - 3x + 2) b_q determined?

(2)

Answer: By the application of the distributive
principle

Determine Ihg product al the following pairs of
Polynomials by apply;ng the distributive principle.

(a) 7x3/ 1x2 - gx + 4)
C21 7

(b) -iy3(10y2 - 5y - 6)

(c) 100x2(0.170 - 0.03x2 + 0.33x - 0.9)

Answers:

(a) 13E5

3

(b) -6y5

(c) 17x5

- 2x4 + 28x3

+ 3)4 + 18y3
-3

- 31(4 + 33x3 - 9042

(3)
answer

Perform indicated operations and express the_qv
lh simplest form.

(a) 3x(2x3-4x2+6x-2)-5x(x3+7x2-5x+7)

(b) 5c7(19c5-4c3+1)+3c2(c 10-2c7- 5c6-5c5+6)

(c) 3k2 (k6_04.0_04.3(k6_k4+k2_1)-3(k8-1)

(a) x4 - 47x3 + 43x2 - 41x
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(4) Lka exoreelion f_gr. the area Lt a rectangle
whose width j §22 Anil whose length j 33 - 6x2 +

6x5 - 36x4 + 36x2

(5) Write, An expression La Mis, area atatriangle
whose base II 332 -3- kAjag whose, altitude IQ that
bass la 2.2.c

Answer: 2/x3 - 2x2 - 21x
2 2

Concept: Multiplication of a polynomial by a binomial.

(6) Answer the following.
(a) Express the following in simplest form, applying

the distributive principle: (1:3)(3x2 + 4x +5)

Answer: 13x2 + 4x + C15

(b) Replace En by x + 2 and express the product in
simplest form.

Answer: (x + 2)(3x2) + (x + 2)(4x) + (x + 2)(5) =
3x3 + 6x2 + 4x2 + 8x + 5x+ 10 =
3x3 + 10x2 + 13x + 10

(c) Express the following in simplest form, applying
the distributive principle: (6)(x + 2)

Answer: px +,6,2

(d) Replace Ls with 3x2 + 44 + 5. Write the product
of the second pair of factors under the product
of the first pair of factors in such a way that
like terms are in vertical columns. Express the
answer in simplest form.

Amer: (3x2 + 4x + 5)(x) + (3x2 + 4x + 5)(2)

3x3 + 4x2 + 5x

6x2 + 8x + 10

3x3 +10x2 +13x + 10
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(e) Perform the multiplication (-6x2 + x 3)(x + 2)first by horizontal addition and then performthe same multiplication by vertical addition.

Answ9r: (-6x2 + x - 3)(x) + (-6x2 + x - 3)(2) =
-6x3 + x - 3x + (-12x2) + 2x - 6
-6x3 - 11x2 - x - 6

-6x3 + x2 - 3x

-12x2 + 2x - 6

-6x3 - 11x
2

- x - 6

(f) Which is easier to perform, the horizontaladdition or the vertical addition?

Answer: The vertical addition

(g) Perform the multiplication (-3x2 + 2x - 5)(x - 3)by the vertical addition method, first expressingx - 3 as the equivalent
addition x + (-3).

Answer: -3x3 - 7x2 - llx + 15

(7) Perform each saga following multiplications,using ,either Ihah2Linakilat vertical metttpd.Exprespuiltinal angwer, descending grin atexponents.

(a) (x + 1)(x6 - + x4 - x3 + x2 - x + 1)
(b) (482 - a + 3)(3a +

(c) (2Y 4' 5Y2 - 5)(3 + 2y)
(d) (3x + 2)(4x - 5)(3x - 4)

Answers:

(a) x7 +

(b) 12a3 + 2582 + 2a + 21
(c) 10y3 + 19y2 - 47 - 15
(d) 36x3 - 69x2 - 2x + 40

Concept: Multiplication of two trinomials.

(8) Determine itlig following Products, using lb.g111110 method.

(a) (r2 + 7r - 3)(3r2 + 5r - 8 )
(b) (372 + 67 - 4)( -372 - 67 + 4)
(c) (2x4 3x2 2)(x2 x + 1)
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ABIMILI:

(a) 32.4 + 26r3 + 18r2 - 71r + 24

(b) -95,4 - 36y3 . 1272 + 48y - 16

(c) 2x6 - 2x5 + 5x4 - 3x3 + x2 + 2x - 2

Concept: Multiplication of polynomials containing
irrational numbers.

(9) Express each of the following products ki simpleglform.

(a) ( (x2 + 6x - VT)
(b) ( (-2-x + 7) (3x2 - -

Answers:

(a) 16X2 + 6 fix - 3

(b) 3 f2x3 + 19x2 - 7 fix - 6x - 21

Concept: Patterns in multiplication of binomials.

(10) C uethe product ,Qt: each 91 .th.2 following.(a) x + (x + 2)
(b) + (-2)] (x + 9)
(c) EY + (-3)] CY + (-0]

An 1.2.L..§.7er

(a) x2 + 6x + 8

(b) x2 + 7x - 18

(c) y2 - 10 x + 21

(11) ,fin gull of thg exercises In (10, _Qs product ahe j constant terms is ,eaual, 12 what term la km.polynomial?

Answer: The last or constant term

(12) each Qf 142 exercises in CIO , the lam 91 Ihs
1E222221AI11 ,terMs,11 the dame gs what coefficient jaithe polynomial?

Answer,: The coefficient of the middle or x term

(13) Answer gm ,following.
(a) Express the product (x + 0)(x + 4N) as a

polynomial.
(b) Combine the second and third terms in this expres-sion, applying the distributive principle.
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(c) Describe how the product (x + 0)(x + L) can be
expressed as a polynomial on sight, where x
represents the variable and D and jei represent
the constant terms.

Answers:

(a) x2 +1:3x + L; + Oka
(b) x2+ (1:7 4S)x 1:10.66

(c) The first term of the polynomial will be equal

to x2 , or the product of the first terms of the
factors. The second term will be the product of
the sum of the constant terms and the variable.
The third term will be the product of the con-
stant terms.

(14) ADDISLIE b2 principle that (z + E=1) x + A) =
+ (cq + 0.41, perform 1112 following multi-

plications by inspection.

(a) (y + 7)(y - 3) (0) (k + 9)(k + 9)

(b) (x - 3)(x - 4) (d) (x - 6)2

(a) y2 + 4y - 21 (c) k2 + 18x + 81

(b) x2 - 7x + 12 (d) x2 - 12x + 36

(15) Express, Us product (x + L1) (x - 41.) la simplest

larrn.

Answer: x2 -

(16) Applying the principle t at (x + A)(3 - A) =
32 - .662, determine 12z inspection Ighla falloing
products.

(a) (x + 9)(x - 9) (c) (x + 1)(x - 1)

(b) (x - 11)(x + 11)

Answers:

(a) x2 - 81 (b) x2 - 121 (c) x2 - I

(17) Answer the following.

(a) Determine the simplest form of the product

(-1)(42.

Answer: (-1)(x)2 = (-1)(x)(-1)(x)
= (-l)(-1)(x)(x)
= x2
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(b) (-1)(x) is equivalent to what simpler expression?

Answer: -x

(c) What is the relationship between ( -x)2 and x2?

Answer: ( -x)2 = x2

(d) Express the relationship (-x)2 = x2 in the form
of a word sentence, x representing any poly -
nomia 1.

Answer: The square of a polynomial and the square of
its additive inverse are equivalent.

(e) Can the equation (x - 3)2 = (3 - x)2 be recog-
nized as an identity without actually performing
the indicated multiplication?

Answer: Yes. It can be recognized

it is an example of the identity x2

is the additive inverse of (x - 3).
-(x - 3) = -x + 3 = 3 - x

(f) Is the equation (h + 5)2 = (-h -5)2 an identity?

Answer: Yes. (-h -5) is the additive inverse of

(h + 5); therefore, (h + 5)2 = (-h -5)2.

(18) Answer following.
(a) Express the product (ax + 0)(bx + 4) as a

polynomial, a and b representing the coefficients
of the variable x and 0 and 4, representing the
constant terms.

(b) Combine the second and third terms into a single
term by applying the distributive principle.

as an identity as

= (-x)2. (3 - x)
That is,

Answers:

(a) abx2 + bOx + azsx + .p
(b) abx2 + (b101 + aa)x +

(19) Applying= principle (IN +p)(ks + =

gle + + 414 +ga.&, express ja inspection
the 192.1.21ing products L polynomials.
(a) (3x + 4)(6x + 1) (c) (3k - 5)(7k - 11)

(b) (2y+ 7)(y - 3) (d) (4y - 7)2

Answegg:

(a) 18x2 + 27x + 4 (c) 21k2 - 68k + 55
(b) 2y2 + y - 21 (d) 16y2 - 56y + 49
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(20) Express the product (ax +Q)(gLE - [3) la
simplest Lam.

Answer: a2x2 2

(21) Applying 1.4 2=19.11 (j +Q)(jia - =
a2x2 - C22, determine ja inspection =a Products 91
2_11 following.

(a) (5x - 7)(5x + 7) (c) (-x + 8)(-x - 8)

(b) (ix + 4)(1x - 4) (d) (0.1x + 0.1)(0.1x - 0.1)2 2

Answers:

(a) 25x2 - 49 (c) x2 - 64

(b) ix
2

- 16 (d) .01x2 - .01

(22) Replace the frames In the following equations
with numbers 19 make each ,eauation,gg identity.

(a) (x - 3)2 = x2 + + 9

(b) (x +0)2 = x2 + 8x + 16

(c) (Y C)2 = Y2 - 41Y

(d) (k + 0)2 = k2 + Lk + 81

AMAMI:
(a) (x-3)2 = x2-6x+9 (c) (y

2
..1)2 = y2.1.4*

(b) (x+4)
2
= x

2
+8x+16 (d) (k+9)

2
= k

2
+18k+81

(23) Indicate what number, mug replace, Ike frame ja
each 91 the ,following j the polynomial in 1.52 kg the
sauare g binomial.

(a) s2 + Qs + 1 (c) y2 - .2y +

(b) t2 + t (d) x2 - 3x +
3

Answers: (a) 2
(b)

(c) 0.01
(d)

(24) Express ggsh Us, following products, itag a
polynomial.

(a) (x + A)2 (b) (ax + 0)2

Answers:

(a) x2 + aax + 62 (b) a2x2 + 28x + 2
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(25) Summarize, la listing, Ilia patterns, found la It
multiplication of 11_24 binomials.

40.0-ati

(1) + 1:3)(x + = x2 + (0 + A)x +

(2) (x p)2 = x2 + 221x +

(3) (x + 0)(x - = x2 _ 02

(4) (ax + c]) (bx + 21) = abx2 + + aL)x +0,6
(5) (ax &)2 = a2x2 + 2Abitot + 62

(6) (ax Q) (ax - = a2x2 _ 02

8.4 FACTORING POLYNOMIALS

Concept: Factoring by applying the U.stributive principle.

(1) Below are several polywaials anslopposite al=
ara two or polynom1111 74hich are called factor;

.the. given Polynomial. Iflat Ion the phrase
"factor, 21 a polynomial" alam /gnaw?

Given polynomial agtors of the given polynomial,

21 3 and 7

l7yz 17, y, and z

ac + be c and (a + b)

X2 + 7X + 12 (x + 3) and (x + 4)

x3 - x x, (x + and - 1)

30 2, 3, and 5

Answer: A factor of a polynomial is one of two or
more polynomials whose product is the given poly -

nomia 1.

(2) mhoumplAle could, Ag; applied 12 the expression
Ak + kk that it could, be resolved, into 1112 factors?

haver: The distributive principle. ak + bk =

(k)(a + b)

Note: In the previous and the following exercises in

factoring, if the given expression contains only
variables and integers, then it shall be required that
the factors contain only variables and integers.
Denominators in factors of expressions containing
fractions shall not be greater than those given.

(3) Resolve, eacji 1.41 following into in factors
applying the distributive principle

(a) ax2 + bx (b) 3y3 - 6y2 (c) 5abc + l0cde
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(d) 4x - 14x3 + 22x2 (e) c99 c100

(f) 321 2m2
7 7

Answers:

(a) (u)(ax + b) (d) (2x2)(2x2 - 7x + 11)

(b) (3Y2)(Y - 2) (e) (c99)(1 + c)

(c) (5c)(ab + 2de) (f) m2 (3m - 2)
7

Concept: Factoring an integral (rational) polynomial that

is the product of two integral (rational)
binomials.

(4) Answer the following.

(a) If the expression x2 + 13x + 42 is the product
of two binomial factors containing only variables
and integers, what must be the product of the
two constant terms in the factors? What must be
the sum of the two constant terms?

(b) What two integers have a product of 42 and a
sum of 13?

(c) If the constant terms of the factors are 6 and 7,

express x2 + 13x + 42 as the product of two
binomial factors containing only variables and

integers.

Answers:

(a) The product of the two constant terms must be 42
and their sum must be 13.

(b) 6 and 7
(c) (x + 6)(x + 7)

(5) A 1 n the principle x2 + + A.)x +!;2.,CA =

Ca +1;2 3 resplve each 12112...-1LIE4 into

s integral factors (containing only variables Ling

=um).
(a) h2 - 7h + 6

(b) x2 + 7x - 18

(c) x2 + x - 12

(d) y2 - 3y - 18

Answers:

(a) (h - 6)(h - 1)
(b) (x + 9)(x - 2)

(c) (x + 4)(x - 3)

(d) (y - 6)(y + 3)
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(e)

(f)

(g)

x2 + 8x + 12

x2 - 1Lx + 18

z2 - z - 30

(h) f2 - 13f + 36

(e) (x + 6)(x + 2)

(f) (x - 9)(x - 2)

(g) (z - 6)(z + 5)

(h) (f - 9)(f - 4)



(6) Answer, the following.

(a) If the polynomial w2 + 6w + 9 is the square of
an integral binomial, what information concerning
the constant term of the binomial .An be deter-
mined by inspecting the polynomial?

(7)

Answer: The square of the constant term must be 9
and two times the constant term must be 6.

(b) What must the constant term of the binomial be in
the above example?

Answer: 3

(c) Write the trinomial form w2 + 6w + 9 in the form
of a binomial squared.

Answer: (w + 3)2

Indicate the IaLeaual factors 21: each of Iflo
following by writing tie eauivatent binomial sauare4.

(a) x2 + 4x + 4 (d) d2 + 22d + 121

(b) a2 + 12a + 36 (e) c2 - 12c + 36

(c) y2 - lOy + 25

Answers:

(a) (x + 2)2 (c) (Y - 5)2

(b) (a + 6)2 (d) (d + 11)2

(8) Answer the following.

(a) If the expression x2 - 9
integral binomials, what
two constant terms?

(b) What must be the product
terms?

(c) What two integers have a
of zero?

(d) What are the two factors of x2 - 9?

(9)

(e) (c - 6)2

is the product of two
must be the sum of the

of the two constant

product of -9 and a sum

Answers:

(a) Zero
(b) -9
(c) 3 and -3
(d) (x + 9) and (x - 9)

Express, x2 - Q2 as the product of Ilinfactors,

Answer: (x + &)(x - A)
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(10) Following the note preceding ,exercise (3) of 241

ection, ex ress each of the Tollowing a the product

pf two integral rationlabinom els.

(a) x2 - 4 (c) k2 - 16 (e) z2 - 4

(b) y2 - 1 (d) y2 - 81 w2 - 0.04

Answers:

(a) (x + 2)(x - 2) (d) (y + 9)(y - 9)

(b) (y + 1)(y - 1) (e) (z + 2)(z - 2)

2 2 3 3

(c) (k + 4)(k - (f) (w + 0.2)(w - 0.2)

Answer Ittiollmjgen.

(a) Express (ax + 0)(bx + as a trinomial.

Answer: abx2 + (Ob + a,(1)x +0.461s,

(b) If the expression 10x2 + 21x + 9 is the product

of two binomials, what must be the product of

the two constant terms?

Answer: 9

(c) What must be the product of the two coefficients?

Answer: 10

(d) What pair of integral constant terms whose

product is 9 and what pair of integral coeffi-

cients whose product is 10 can be chosen so that

([31) + kW equals 21?

Answer: If the two constant terms are 3 and the

coefficients 5 and 2 so that (5x+3)and (2x+3) are the

two factors, the conditions will be satisfied.

(12) Applying k_itt principle. j (11), resolve 2agh a

ILIA following into twQ integral binomial factors.

(a) 16x2 - 8x + 1 (c) 5y2 + lle + 6

(b) 6y2 + 25y + 25 (d) 3x2 + 2x - 21

Answers:

(a) (4x - 1) (4x - 1) (c) (5y + 6)(Y + 1)

(b) (2y + 5)(37 + 5) '(d) (3x - 7)(x + 3)

(13) Answer the following.

(a) Express Q2 - Q2 as the product of two binomials.

Answer: (1:3 +s,6,)( CJ, - ,6)
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(b) Express 9x2 - 100 as the product of two integral
binomials.

Answerl (3x + 10)(3x - 10)

(14) Following Ilmlnollpreceding exercise (3) a this
section, resolve gun piing following into 1x2
integral 9.2 rational binomia l factors (OIgga form) .

(a) 4k2 - 121 (c) 49x - 36

(b) 9f2 - 0.01 (d) 9a2 - 1

Answers:

(a) (2k + 11)(2k - 11) (c) (7x2 + 6)(7x2 - 6)
(b) + 0.1) (1f - 0.1) (d) (3a - 1) (3a + 1)

3 3 2 2

(15) In the set of integers, factor each of the -
lowing ,completely Ing product a prime, factors).

(a) 5ab + lOac + 15a2b

(b) x3 + 3x2 + 2x

(c) 14xy + 7x2y - 21x3y

(d) 6xy2 - 24x

(e) 5m2 + 40m - 45

(f) x4 - 16

(g) d4 - 3d2

Answers:

(a) (50(b +2c + 3ab) (e)

(b) (x)(x + 2)(x + 1) (f)
(c) (7x7)(2 + 3x)(1 - x) (g)

(d) (6x)(y + 2)(y - 2)

(5) (m + 9) (m - 1)

+n4)(x + 2)(x - 2)

d2 (d2 3)

(16) Simplify, each of the following by first, factoring
the numerator and denominator and reducing the expres-
sion 12 lowest terms ly applying the cancellation law.

(a) 4c2 - 9 (b) x2 + 9x + 14 (c) (x + y)2
4c + 6

x2 + 5x + 6 x2 - y2

Answers:

(a) 2sm3 (b) (c)
2 x + 3 x - y

8.5 DIVISION OF POLYNOMIALS .

Concept,: Division is the inverse of multiplication.
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(1) Thai can it be determined whgthEttgz =I j is g
factor of §2?

Answer: If 19 is a factor if 589, it will divide into
589 without a remainder.

(2) Answer, Ihg following.

(a) Express the division 22 31 as an equivalent
9

multiplication.
(b) How can this principle be used to check the

accuracy of division?

Answers:

(a) (31)(19) = 589
(b) If the product of the quotient and divisor equals

the dividend, the division was performed
correctly.

(3) Answer Ihs following.

(a) How can it be determined whether or not (2x + 5)

is a factor of 6x3 + 23x2 + 30x + 25?

Answer: By dividing 6x3 + 23x2 + 30x + 25 by 2x + 5.
If there is no remainder, then 2x + 5 is a factor.

(b) If 2x + 5 is .a factor of 6x3 + 23x2 +30x + 25;

then 6x3 + 23x2 + 10x + 25 = (0 + 41 + 0) where
2x + 5

(0 4- el + L) represents a polynomial. Express
the above equation as an equivalent multipli-
cation.

Answer: (2x + 5) (0 + Q + p ) = 6x3 + 23x2 + 30x + 25

(c) Express the left member of the above equation in
an equivalent manner, applying the distributive
principle.

Answer: (2x +5)(1:1 + (2x + 5) (00) + (2x + 5) (L) =

6x3 + 23x2 + 30x + 25

(d) If 2x + 5 is a factor of the given polynomial,
what must (0) represent?

Answer: (0) must represent 6x3 or 3x2.
2x

(e) Substitute 3x2 for (0) in the above equation
and simplify the equation.
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(4)

Answer: (2x + 5)(3x2) + (2x + 5)(/2) + 21c + 5) (Ls) =

6x3 + 23x2 + 30x + 25

6x3 + 15x2 + (2x + 5)(a) + (2x + 5) (b) =

6x3 + 23x2 + 30x + 25

(2x + 5)(t)) + (2x + 5) (6) = 8x2 + 30x + 25

(f) What must (OW represent in the answer to (e)?

Answer: (Q) must represent 1112 or 4x.
2x

(g) Substitute 4x for (CI) in the equation in (f)
and simplify the equation.

Answerl (2x + 5)(4x) + (2x + 5)(A) = 8x2 + 30x + 25

8x2 + 20x + (2x + 5)(4N) = 8x2 + 30x + 25

(2x + 5)(A) = 10x + 25

(h) What must (A) represent in the answer to (g)?

Answer: (60 must represent 12c or 5.
2x

(i) What is the quotient of 6x3 + 211[2 + 10x + 25 ?
2x + 5

Answer: 3x2 + 4x + 5

After each new Ism 21: Rig tgignattli jg deter-
mined, what 1.1 k_qi next lam?

Answer: The product of this new term and the divisor
is subtracted from the portion of the dividend remain-
ing from the previous step.

(5)
cg;M:d1"

with
procedure

(6)

In the procedure
division of numbers.

numbers la ihu me

for performing long

Show how .ths procedure Lir performing jail
division gg numbers can kg used 12 perform .ths lone
division 21 polynomials.

Answer: 2 + 4x

2x + 5 6x3 23x2 4 30x + 25
6x3

x 30x + 25
8x2 + 20x
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(7) ferform Ma following divisions using Lke. Igra

in (6).

(a) 12x3 + 11x2 - 31x - 10
3x + 5

(b) -4w3 + 14w2 - 29w + 16
w - 2

(c) 88D3 + 157p2 + 142p + 63
8p + 7

Answers:

(a) 4x2 - 3x - 6

(b) -4w2 + 6w - 8

(c) 11p2 + 10p + 9

(8) Determine he reauired auotient in each gf. to
following by performing the appropriate division. 11.

1121 given, binomial 11 :la factor sat lbs dividend,
indicate La the manner shown below Ilot Evainder,
exists after Ike division hal been verformsl.

(a) x3+6x2+2x-4m(x+5)( )+R

(b) -30x3-38x2- 60x-16=(6x2+10x-4)( )+R

(c) 6a4+3583+39a2-278-28=(2a+7)( )+R

(9)

Answers:

(a) (x + 5) (x2 + x - 3) + 11

(b) (6x2 + 10x - 4)(-5x + 2) + (-100x - 8)

(c) (2a + 7)(3a3 + 7a2 - 5a + 4) + (-56)

Answer, he following.

(a) What difficulty arises in performing the disivion

x4 + 2x3 + 14x + 15 ?
x + 3

Answer: There is no x2 term.

(b) How can an x2 term be inserted into the poly-

nomial without changing its value?

Answer: By expressing the x2 term with a zero
coefficient

(c) Perform the division x4 + 2x3 + 14x + 15 by
x + 3

first inserting x2 term with coefficient of zero
into the numerator.
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Answer: x3 - x2 + 3x + 5

x + 3ix 4 + 2x3 + Ox2 L+ + 15
x4 + 3x3

-x3 + 0x2 + 14x + 15
-x3 - lx2

3x2 + 14x + 15

5x + 15

5x + 15

(10) Perform /lig following division;, first inserting
terms 11121 a zero coefficient where ,terms are mipsinit.

(a) 8x2 + 7 164x4 + 8x3 + 7x - 49

(b) x6 + 6x3 - 91,

x3 + 13

(c) - 4a2 - 45) + (a - 3)

Answers:

(a) 8x2 + x - 7 (c) a3 + 3a2 + 5a + 15
(b) x3 - 7

In performing the division 6x2 + 6x + 10 - 4x3,
2x - 5

what should first be done to the numerator to make the
division as neat and as simple as possible?

Answer: The terms of the numerator should first be
arranged in descending order of exponents.

(12) Perform the following divisions, first, arranging
the terms of the polynomials la descending order of
exponents.

(a)

(b)

(c)

22x - x3 - 3x2 - 12

- 5x - 3x2)

3 - x

(-30x + 8 + 15x3

6x3 - x4 - 10x2 +

+ 19x2) =

22x + 15
5 - x

Answers:

(a) x2 + 6x - 4

(b) -5x + 2

(c) x3 - x2 + 5x + 3
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UNIT TEST

1. Subtract x2 - x + 4 from 232 - 3 4. 1.

Answer: x2 - 1

2. Divide -32 + + 2 by + 2.

Answer: 3k + 1

3. Write, nn expression /2 Ihg perimeter 21 A square whosen in =presented by 3g
9.

Answer: 6s - 36

4. Write g2 expression for gm perimeter s ,g, sauare whose

area 1/ 1612 + +

Answer: 16w + 20

5. Write, an expression fozU2 perimeter and Igt ti_12 .st
rectangle whose, width ja + 4 ALL_Id whose, length

3212 - 12
Answer: Its perimeter is 6x2 + 12x - 12.

Its area is 6x3 + 20x2 - 4x - 40.

6. Factor, completely In the La of integers; 3a2 - 12.

Answer: 3(a + 2)(a - 2)

7. Perform gin indicated operations 221 express /b2 result 1,2

,standard, polynomial ,form: (3x + 5)(x - 2) - (x - 1)2,

Anm: 2x2 + x - 11

8. Elan= x2 - 7x + 12 la lowest :terms,.
x2 - 3x

Answer: x - 4
x

9. ILA represents an integer, Lind. Sb2 product at gm nextZug greater integers.

Answer: x3 + 6x2 + 11x + 6
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10. P rform the indicated operations and INELI.es Shp result, in
SialD est form.

6x2v + y)
2

4. + y
X2 + xy 2x

3Y
2

Answer: 9y3

11. Express Y2 - 4 ill 1_t terms.
y2 + 3y - 10

Lan_ter:

Y + 5

12. li 1112 + 6 x - 7-4 A polynomial?

Answer: Yes

13. 1/: A giveu polynomial contains, a variable, lg Ihg multi-
plicative inverse 91 the polynomial a polynomial? Mhz?

Answer: No. The inverse will contain a variable in a
denominator.

14. la Ihg equation = (-x)2 eg identity? &,z gr why Aid?

Answer: No. -x2 means

number except when x is
except when x is zero.
x is zero.

-(x2)1and is therefore a negative
zero. (-x)2 is a positive number
The equation is false except when

15. Factor 22 112241ely. jai the set 21 integers: 256x8 - 1.

Answet: (16x4 + 1)(4x2 + 1)(2x + 1)(2x - 1)
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UNIT 9: POLYNOMIAL EQUATIONS

PART 1. BACKGROUND MATERIAL FOR TEACHERS

9.1 INTRODUCTION

Three common methods of solving polynomial equations are
the factoring method, the method of completing the square, and
the use of the quadratic formula. Completing the square is an
application of the factoring method, and the derivation of the
quadratic formula involves completing the square. Therefore,
all three of these methods of solving polynomial equations are
based on the process of factoring. It is essential that the
pupils have mastered the concepts of factoring before attempting
the work in this unit.

The concepts in this unit pertain almost entirely to the
solving of quadratic equations. However, some of the concepts
are applicable to equations of higher degree than quadratic
equations. For example, the concept of solving quadratic equa-
tions by the factoring method is applicable to the solution of
a polynomial equation of degree three that can be factored into
three first degree factors. The equation x3+ 2x2+x = 0 can be
solved by first performing the factorization (x)(x + 1)(x + 1)
= O. Because the questions and activities contain e few equa-
tions of degree higher than the second, this unit has been
entitled "Polynomial Equations" rather than "Quadratic Equat-
tions." However, this does not mean that the unit contains an
extensive discussion of the solution of equations of higher
degree than quadratic equations, nor that the unit contains a
development of the concepts involved in the solution of such
equations.

9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING

The concept of solving a polynomial equation by factoring
is based on the principle that the equation (:3)(41) = 0 if
ma) = 0 or if (A) = O. The equation is true if (0) = 0,
regardless of what number (e0 represents, and it is true if
(,a) = 0, regardless of what number CD represents. The pro-
duct of any number and zero is zero. The roots of the equation
(1:3)(A) = 0 are determined by solving each of the equations
(0) = 0 and (A) = O. The union of the solution sets of these
equations forms the solution set of the given equation. If the
left member of en equation is a polynomial and the right member
is zero, and if the polynomial can be factored into two or more
first degree factors, the equation can be solved in the manner
described.

The first type of polynomial equation to be solved by
factoring is the quadratic equation. A quadratic equation in
standard form is one in the form ax2 + bx + c = 0, where a, b,
and c are real numbers and a O. It is important to emphasize
that an equation of the type 6x2 - 3x - 6 = 0 which involves
subtraction must first be written as the equivalent equation
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involving only addition. That is, only if the equation is
expressed as 6x2 + (-3)x + (-6) = 0 is it in the standard form
of a quadratic equation. The importance of this arises later
in the section pertaining to the use of the quadratic formula
which involves the coefficients of the x term and the constant
term. The coefficient of x is -3 and the constant term is -6.
If - 3x - 6 = 0 were considered to be in the standard form
of a quadratic equation, the pupils would be Justified in
assuming that the coefficient of x is 3 and the constant term
is 6. The quadratic formula would then have to be modified
before it could be used for solving such equations. For this
reason, it is important to make it clear to the pupils that the
standard form of a quadratic equation does not involve sub-
traction. An equation involving subtraction must be replaced
by its equivalent form involving only addition.

Any quadratic equation that can be factored into the form
011010(&) = 0 where 0 and 6, each involves the placeholder, can
be solved by the factoring method. Each factor is written equal
to zero, and the union of the solution sets of both of these
supplementary equations forms the solution set of the original
equation. For example, x2 + 7x + 12 = 0

(x + 4)(x + 3) = 0

x + 4 = 0 x + 3 = 0
x = -4 x = -3

(-4, -31

The eauation must be written in standard quadratic form before
the factoring is performed. The equation x2 +.,4x = 12 should
first be replaced by the equivalent equation x2 + 4x + (-12) = 0
before factoring the left member of the equation.

If the coefficient of the x term in the quadratic equation
ax2 + bx + c = 0 is zero and the constant term is negative,
there is a second method that may be used for solving sguad-
ratio equation. If x2 - p = 0, then (x + 1/25)(x - US) = 0
and x = - 6E, x = Thus in the second method if
x2 - p = 0 then x2 = A, and x = + OW. If x2 - 7 = 0, then

x2 = 7 and x = + This development may be carried one step
further in applying the alternate principle that if 1:32 - p = 4
then 02 = p and = ± a. We may let represent a
binomial. If represents x + 5 and p represents 36, then

(x + 5)2 = 36

+ 5 = VT
x + 5 = 6 x + 5 = -6

x= 1 x = -11
11, -11)

A quadratic equation of the type2 - Q = 0 may be solved
by either the factoring method or the square root method just
described, which is an application of the factoring method. It
probably is best' for the pupils to have experience in the rise
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of both methods and to be given free choice in the use of either
method in solving equations of this type. The factoring method
of solving quadratic equations may be applied to solving
polynomial equations of higher degree than quadratic if the
pupils are able to factor the given polynomial into first degree
factors.

The equation ()(L)([]) = 0 is true when = 0, when
46. = 0, or when CI = 0, regardless of what numbers the other
two factors represent. Such an equation may be solved by
writing each factor equal to zero and solving each of the three
resulting equations. The union of the three resulting solution
sets forms the solution set of the given equation. The equation
x3 + 5x2 + 6x = 0 may be solved in this manner. The left member
of the equation may be factored into (x)(x + 3)(x + 2).
If x

3
+ 5x2 + 6x = 0, then (x)(x + 3)(x + 2) = O. This is true

if x = 0, or x + 3 = 0, or x + 2 = 0

x = -3 x = -2

The solution set is f0, -2, -3].

The questions and activities in unit 8 did not contain
exercises requiring factoring polynomials whose factors con-
tained irrational numbers. The equation 2 - Q = 0 may be
solved, as just explained, by writing the equation in equivalent
form 2 = A, the roots of which are = (Eand = v2K,
However, in the set of real numbers this quadratic equation may
also be solved by factoring, and the factors may contain
irrational numbers. Such factoring is quite simple, and this
affords an excellent opportunity for the pupils to gain experi-
ence in the use of such irrational factors. Thus, if 2 - p
= 0, then ( + if:S)(10 - alK) = 0+ 1/27,= o - 0

= - rs o =V
The solution set is (V25:, - V2S1.

9.3 COMPLETING THE SQUARE

Solving a quadratic equation by completing the square is
an application of the principle that if = p, then

= + V2S7where represents a binomial and p is a positive
constant. The equation (x - 4)2 = 2 may be solved as follows:

(x - 4)2 = 2
x - 4 = + v -2-

x - 4 = x - 4 = _ \r2--
x = 4 + x = 4 -

The solution set is {4 + V574 - V17}.

244



This method is used when the left member of the equationis the square of a binomial or when some number can be added toboth members of the equation to make the left member of theresulting equivalent equation the square of2a binomial. The
left member of the equation equivalent to x + 8x + 10 = 0 willbe the square of the binomial (x + 4) if 6 is added to bothmembers of the given equation.

x2 + 8x + 10 = 0
x2 + 8x + 16 = 6

(x + 4)2 = 6

x + 4 = + VT
x + 4 = a x + 4 =

x = -4 + x= -4 -

The solution set is [ -4 + VT, -4 -

The method of solving a quadratic equation by completingthe square has the advantage that it can be used to solve equa-
tions which cannot be solved by the first factoring described,and it usually is a much easier and faster method than use ofthe quadratic formula which is described in the next section.Of course, its application is limited to those quadratics inwhich the polynomial can be replaced by one which is a squareof a binomial, by adding the same number to each side of theequation. There are instances in which completing the squarecan be used to solve a quadratic equation by subtracting the
same number from each side of the equation. However, this mustbe done with caution so that the number on the right aids ofthe equation does not become a negative number. If =where 4, is a negative number, then cannot represent anumber in the set of real numbers, as the square of any realnumber is non-negative. One important reason for studying theuse of the method of completing the square is that it is usedin the derivation of the quadratic formula.

9.4 THE QUADRATIC FORMULA

The quadratic formula may be used to solve any quadraticequation. The derivation of this formula is as follows:

(1) ax2 + bx + c = 0 This is the standard form of a
quadratic equation.

(2) x2 + .pix = 0 Each member of the original
equation is divided by a,
yielding an equivalent equa-
tion in which the coefficient
of the x2 term is unity.

g is added to both sides of
a

the previous equation.
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If the left side of the resulting equivalent equation
is to be the square of a binomial, must be two times

a
the constant term of such a binomial. The constant termof the binomial must be .1 and the constant term in the

2a
square of such a binomial would be _D.E.

4a'

(4) x2 ix c 11 is added to both sides of
482 4112 a 4112

the previous equation to yield
en equivalent equation in which
the left member is a perfect
square; this is called com-
pleting the square.

The left side of the equation
is expressed as a square of a
binomial. The terms on the
right side are combined under
the operation subtraction.

(6) 74

2a 4112
= .t. 1/12A2 This is the application of the

principle that if [22 = 410
then = + IrE

(7) b _k is added to both sides of
I = 2a 2a 2a

the previous equation, and the
right side is simplified by
applying the principle

-
b

(5) h12 - 2_=.2112k 211/ 1412

(8) -b +
x - 2a

-b - b 4ac
x

2a

Both terms on the right side
of the equations are combined
under the operations of
addition and subtraction.

Step 7 above is actually the combination of several steps
that have been combined for the sake of simplicity. This step

implies that .4, bg - 4ac is equal to + Vbg - 4ac which in
4a

2
17

turn is equal to + V b2 - 4ac . One point needs to be made
2a

clear. We know that 61;!= Y 4 07= 2 Fr= 21a1. However,
in this case, we may use the denominator 2a since, whether a is
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positive or negative, t 21a( = t 2a, in some
two fractions in step 7 are written with the
and are combined in step 8.

Below is an example of how the quadratic

used to solve the equation -4x2 - 2x + 3 = 0.

-4x2 + (-2)x + 3 = 0 a = -4, b = -2, c = 3

-(-2) ± V(-2)2 - (4)(-4)(3)
x - 2(-4)

2± 07748

order. Thus the
same denominator

formula may be

X r.

2 + 2
x =

This last expression may be simplified by factoring the numer-
ator by application of the distributive principle and then
reducing to lowest terms by application of the cancellation law.

2(1 ± 1113)

2(-4)

1 + iTY__= =

The solution set 1st 1 + II, 1 -
4 if

b
2
- 4ac in the expression -b Ltii2774ac is called

2a
the discriminant. An examination of the discriminant of a
quadratic equation furnishes much information as to the nature
of the roots of the equation. There is no real number x such

that x2 = -3. The square of any real number is non-negative.

The roots of x2 = -3 are x = V=Tand x = - -3. Therefore,

± FT cannot be real numbers. The square root of any negative
number cannot be a real number. Therefore, if b2 - 4ac is

negative, then R7-7a; is not a real number and -b +11b2-446

a

cannot be a real number. If the discriminant of a quadratic
equation is negative, the equation has no real roots.
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1

1.If b2 - nac is zero, then -b + 1/77;17 becomes
-.

2a
Now, b and a are real numbers so .1 is a real number.

2a
Therefore if the discriminant of a quadratic equation is zero,
the equation has only one root and that root is the real number
II
2a

If b2 -t
I.

ac is positive, then both roots -b +
x 2a

and -b - 6771747; are real numbers because the squarex -
2a

root of a positive real number is a real number.

If b2 - 4sc is the square of an integer k, then -b + F21

will equal -b + k . If a, b, and c are rational and if
2a

x = -b + k then the roots of the quadratic equation will be
2a

rational numbers. All the exercises in the questions and
activities involve quadratic equations whose coefficients and
constant terms are rational numbers. However, the teacher may
wish to bring up for class discussion the topic of equations
containing irrationals.

When both sides of an equation are multiplied by a variable,
or when both sides of an equation are squared, the resulting
equation may not have the same solution set as the original
equation that is, it is not an equivalent equation. The
solution set of x - 3 = 10 is (13). If both sides of the equa-
tion are multiplied by x, the equation x2 - 3x = 10x results.
The solution set of this equation is (0, 13). If, in solving
an equation, both sides of the equation are multiplied by a
variable, each element in the solution set of the resulting
equation must be substituted for the variable in the original
equation to determine which of these elements is in the solution
set of the original equation. The solution set of the resulting
equation usually has more elements than the solution set of the
original equation. The additional numbers which have been
involved as ostensible roots of the original equation are often
referred to as extraneous roots.

This same caution applies when both sides of an equation
have been squared. The equation x + 5 = 8 has only one root.
However, if both members are squared, the resulting equation,
x2 + 10x + 25 = 64, has two roots, only one of which is an
element of the solution set of the original equation. Again,
these are not equivalent equations.
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Care must be taken in solving an equation of the type

= 2x2 - y If x2 = y2 you cannot conclude that x = y. For
example, (-3)2 = 32, but it is not true that -3 = 3.

If x2 = y2, then x = + 6.71. Therefore, if x2 = y2 then

x = + lyl which is equivalent to sa;ing x = + y. If x2 = y2 it
can be concluded that x = + y, yet it cannot be concluded that
x = y and it cannot be concluded that x = -y. This is a very
fine point and a cause of some serious confusion. The key to
clearing up this confusion is the word a. x = ± y means that
x equals y a that x equals -y. In this instance the word a
means that it is possible that x equals y; it is possible that
x equals -y; it is possible that x is equal to both y and -y.
It does not mean that x does equal y; it does not mean that
x does equal -y; it does not mean that x equals both y and -y.
If the square root of each side of an equation is taken when
solving an equation, it is very important to understand what
conclusion can and what conclusions cannot be reached concerning
the results of such an operation.

9.5 VERBAL PROBLEMS

This section consists of solving verbal problems by the use
of quadratic equations. It is important for the pupils to
realize that the solution set of the quadratic equation used
in solving a verbal problem may contain elements which do not
meet the requirements of the problem. The problem may contain
stated or implied restrictions. Below are some examples of
verbal problems that contain such restrictions.

(1) im Product Id 3 greater Ulu a Am inteetr
one greater Ihm twice ,t integer j eauaLtitia.
Determine Ike =an integer.

This problem contains the stated restriction that the number
must be an integer. When the problem is solved by use of the
equation (x + 3)(2x + 1) = 25, it is found that the solution
set of the equation is 11, 210 The number 11 is a root of

2 2
the equation but it does not meet the requirements of the
problem because it is not an integer, and must therefore be
discarded as a solution to the problem.

(2) ghs length of a rectangle la 4 more than twic, thg
area square, inches. Ling sin

arm iha Natl.
Thip problem contains the implied res'iction that the measure
of c dimension cannot be expressed as a negative number. A
rectangle cannot have a width or length that is negative. The
problem may be solved by use of the equation (x)(2x + 4) = 48.
The roots of this equation are -6 and 4. The root -6 must be
discarded because the width cannot be negative.

These two problems illustrate the importance of determining
whether each of the roots of the quadratic equation used to
solve the problem meets the stated or implied restrictions
contained in the problem.
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Almost all the verbal problems in this unit have one or
two answers. However, pupils may find it interesting and
challenging to solve problems whose solution set is the null
set or whose solution set is an infinite set. Below are two
problems, the solution set of the first being the null set and
the solution set of the second being an infinite set.

(3) ihe sauare number is eaual Igt lag sowe
one mu Ihg. number decreased, .02 Aim
Ma man. Ling 1hr. auraku.

If the problem is solved by use of the equation x2 = +1? -2x
then 0 = 1. This is an internally inconsistent equation so
therefore the equation x2 = + 1)2 - 2x must be an internally
inconsistent equation and the solution set is the null set.
There is no number that can meet the requirements of the
problem.

(f) Find three 12a121110211 integers such that Iht sauare
aL X14 mild a maim 11. sal than ha Sim .sumsint sauares other la numbers.

This problem may be solved as follows:
(x 1)2+ = x2 4. (x 4. 2)2

2
x2 4. 2x 4. 1+ = x2 x2 4. 4x 4

2

x2 + + 2 = x2 + 2x + 2

This equation is an identity; therefore, its solution set is
the set of all real numbers. The problem contains the restric-
tion that the answer must be an integer so the answer to the
problem is the set of all integers.

The topic_of solution of quadratic inequalities is not,
introduced until unit 10. The solution of such inequalities
is based on the same factoring method used in this unit for
solving quadratic equations.mMii1.,

Teacher Notes
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UNIT 9: POLYNOMIAL EQUATIONS

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE

9.1 INTRODUCTION

The major purpose of the questions and activities in this

unit is to develop the concepts underlying the various methods
that may be used to solve quadratic equations, and to give the
pupils experience in solving verbal problems leading to quad-

ratic equations. The questions and activities should be con-

sidered only as a guide to illustrate to the teacher how such
concepts can be developed by a systematic series of questions,

and as a guide to illustrate what types of problems the pupils
should be able to solve after mastering each concept. Supple-

mental exercises for classroom drill, homework assignments, and
testing may be obtained from available texts or developed by

the teacher. The topics of graphing quadratic equations and
quadratic inequalities are both introduced in a later unit.
This unit does not contain a unit test. The last section on
verbal problems serves as a good instrument to determine how

well the pupils have mastered the concepts developed in the

unit.

9.2 SOLVING POLYNOMIAL EQUATIONS BY FACTORING

(I) Solve, each following Droblems.

(a) What number substituted for k in the equation
(k)(m) = 0 will make the equation true, regard-
less of what number m represents?

Answer: Zero

(b) What number substituted for m in the equation
(k)(m) = 0 will make the equation true, regard-
less of what number k represents?

Anna: Zero

(c) What number substituted for the first factor in
the equation (x + )(x + 41) = 0 will make the
equation true, regardless of what number the
second factor represents?

Answer: Zero

(d) What number substituted for the second factor in
the equation (x + )(x + 0) = 0 will make the
equation true, regardless of what number the
first factor represents?

Answer: Zero

(e) Under what two conditions is the equation
(x + 4)(x - 6) = 0 definitely true?
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(2)

Answer: The equation is definitely true whenx + 4 = 0 or when x - 6 = 0.

(f) If the equation (x + 4)(x - 6) = 0 is true whenx + 4 = 0 or when x - 6 = 0, then what numbersmust x represent to make the equation true?

Answer: x = -4 or x = 6

(g) When -4 is substituted for x in the equation, isthe equation true?

Answer: Yes

(h) When 6 is substituted for x in the equation, isthe equation true?

Answer: Yes

.11 AD eaustion III/11kt ,dorm (0(2) = DS MNgag ihl solution Let saL s ecuaticul kg determined?

Answer: The solution set can be determined by writingeach factor equal to 0 and solving the resultingequations. The union of the two solution sets formsthe solution set of the given equation.
(3) /am= of Ike following determine what valuesIhe variable; All aim eouation a true state -amid.

(a) (x 9) (x - 9) = 0 (c) (x - 3) (x - 11) = o(b) (x)(x + 4) = 0 (d) (-x + 8)(-x - 3) = 0
Answers:

(a) 9, -9 (b) 0, -4 (c) 3, 11 (d) 8, -3

(4) HOS= emustioll e liA 3D = Q besolved, aoplying nig principles dust agyelmed?
Answer: The equation can be solved by factoring theleft member of the equation into two factors, settingeach factor equal to zero, and solving these resultingequations. The union of the two solution sets is thesolution set of the original equation.

(5) Solve each g,t Miel following eauaticns by firstfactoring Ike polynomial which joi left member 2Ibg eauation.

(a) x2+ 10x+ 16 = 0 (c) w2 - 16w + 48 = 0
(b) a2 - 9a - 36 = 0 (d) x2 - 25 = 0

Answers:

(a) -8, -2 (b) 12, -3 (c) 12, 4 (d) 5, -5
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(6)

(7)
method, first

Solve, lab ing following mum 1.0 act
c t l.4 eauation ag va

eauktion sto correct /gra.

(a) x2 = - 10x - 21 (d) x2 + 4x - 16 = 4x

(b) -0.9x = -0.2 - x2 (e) x2 = 121

(c) x2 4. 19 = 10 - 10x

NINA BUIL done .12 1h2 cocatiork .32 113 = Ilikaust an 12n ming nx fiche factoring =UV

Answer: The equation must first be replaced by the

equivalent equation having the form x2 + 15x + 56 = 0
before it can be solved by factoring.

(a)

(8) Solve .thg satiation 32 = x ,fog z

Amu"! : x =

(9) li factoring necessary ig solve thg ecgatioq

3? = 2?

0.5, 0.4 (c) -9, -1

Answer: No. If x2 = 121, then x = + 121 or
x = + 11.

(10) Solve each Us following ky applYing

.27-1D9.1.211 141 AL 14 = Y, 1E2 = ± (2-
(a) x2 - 86 = 14 (b) x2 + 19 = 68 (c) 49 -12= 48

Answers: (a) 10, -10 (b) 7, -7 (c) 1, 1

(11) Solve, each of lb/ following, applying the
principle al la (.1Q).

same

(a) x2 - 3 = 0 (b) x2 = 17 (c) x2 + 17 = 22

Ams_gt r :

(a) II - (I)) VDT, ff (c) 13- , 15"

(12) can AA agalliss j,,r ths form (x +45)2=31ktAnima la he factoring =ma?

A we : The left member is first written 23 a poly-
nomia . Then 36 is subtracted from each side of the
equation. The resulting equivalent equation can then
be solved by the factoring method.

(13) Show low, thg eauation (x + )2 = kn solved
using Inn method, diad illustrated.
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Answer: (x + 5)2 = 36

x2+ 10x + 25 = 36

x2 + 10x 11 = 0

(x + 11) (x - 1) = 0

x + 11 = 0 x - 1 = 0

x= -11 x= 1

The solution set is (-11, 1).

=Check: (-11 + 5)
2

= - 36, true; (1 + 5)
2

- 36, true.

(14) Solve each of the following.

(a) (x - 7)2 = 36
(c)

+ 1A2
3i 9

(b) (w + 0.2)2 = 0.25 (d) (x + 2)2 = 9

Answerg:

(a) 13, 1 (b) 0.3, -0.7 (c) 1, -1 (d) 1,

3

(15) (e)' Solve eauation 4i2 = thgt

Answer: Q =

-5

(b) iha eauation A2 = y, replace LS with
z + replace 2: with J. Solve /ha resulting
eauation.

Answer: (x + 5)2 = 16

x + 5 = +

x + 5 = + 4

x + 5 = 4 x + 5 = -4

x= -1 x= -9

The solution set is (-1, -9).

Check: (-1 + 5) 2 = 16, true; (-9 + 5) 2 = 16, true.

(16) We each sa gm following, auplving ale
NAMdat t at D 2 = x, then IS = (27.

(a) (k + 9)2 = 144

(b) - 2)2 _al
3 16

Arowers: (a) 3, -21

(c) (w - 11)2 =

(d) (x + 0.1)2 =

(b) 3, (c)

1

0.04

12, 10

(d) 0.1, -0.3
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(17) Can the equation 232 + 153 + 18 = 0 le solved,

Ihs factoring method?

Answer: Yes. 2x2 + 15x + 18 = 0

(2x + 3)(x + 6) = 0

2x + 3 = 0

x - -3

x + 6 = 0

x = -6

The solution set is [ -6].
2

Check: 2 (- 3)2 + 15 (- + 18 = 0, true.

2 2

2 (- 6)2 + 15 (- 6) + 18 = 0, true.

(18) Solve each Ihe following, an= astsaing
method.

(a) 3x2 - 2x - 1 = 0 (c) i+x2-.73c + 3 = 0

(b) 5x2 + 16x = -3

Answers: (a) 1, 1 (b) -3, _ (c) 1,

3

(19) Answer following.

(a) Is the equation (0)(1S)((1) = 0 true when

(0) = 0, regardless of what the other two

factors represent?

(b) Is the equation true when (IS) = 0, regardless
of what the other two factors represent?

(c) Is the equation true when ([20 = 0, regardless
of what the other two factors represent?

Answer9: (a) Yes (b) Yes (c) Yes

(d) Pescrtbe no A polynomial, eauation ln Ing
/gm (ga)(4&)(g1) = 0 an kg solved.

Answer: Each of the three factors is written equal

to zero. The union of the three solution sets is

the solution set Of the original equation.

(e) Shy hit the eauation x3 + 532 + 6x = Q can

DI solved by factoring.

Answer: x3 + 5x2 + 6x = 0

(x)(x2 + 5x + 6) = 0
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(x) (x + 3) (x + 2) = 0

x = 0 + 3 = 0 x + 2 = 0
x = -3 x = -2

The solution set is (0, -3, -21.

Check: 03 + 5 (0)2 + 6 (0) = %true.

(-3)3 + 5 (-3)2 + 6 (-3) = Oi true.

(-2)3 + 5 (-2)2 + 6 (-2) = O, true.

(20) §9120. each at 111,1 tollowinK gam Itig fag=
MB W.
(a) y3 + 10y2 = -21y (c) 2y4 + 10y3 + 1272 = 0

(b) x3 - x = 0 (d) (3x3-6x2+x)-(-x2+3x)=0

humus (a) 0, -3, -7 (b) 0, 1, -1

(c) 0, -2, -3 (d) 0, 1, 2
3

(21) alas .usti Ilas following, inking Us
principle Mal j a2 = Is nen = ± (17.

(a) (a - 2)2 = 7 (c) (k - 6)2 = 5

(b) (x i)2 = 2 (d) (7 + 0.2)2 = 3

Answers:

(a) 2+ Vair 9 2 - (FT (b) f 07 _ f

(c) 6 + r5 g 6 if (d) -0.2 + V3-, -0.2 -

9.3 COMPLETING THE SQUARE

(1) Ankwer following.

(a) The polynomial x2 - 8x + 16 is the square of what

binomial?

Angwpr: It im the square of x - 4.

(b) How* can the quadratic equation x2 - 8x + 16 = 2

be solved by applying the principle that if

02 = k, then = + V37?
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Answer: The equation may be written in the form:

(x _ 4)2 = 2

(x - 4) =+ IF
x - 4 = r2 x - 4 = -

x = 4 + j x = 4 -

The solution set is (4 + if f 4

Q rollout:1g, acalviggIbs man-

(c) a2 + 18a + 81 =

(d) x + fix + _2 = 11
5 25

(2) Solve each 2L
(04k02.

(a) y2 - 6x 9 = 3

(b) w2 - 2w + 1 = 5

we

(a) 3+ , 3

(b) 1 + 1-
(c) -9+ , 9- if
(d)

(3) ADAM 22 following.
Is the polynomial x2 + 8x + 10 the square of a
binomial whose constant term is an integer?

Answer: No. The constant term must be 16 if the

first two terms are x2 + 8x.

(b) What number could be added to both sides of the

equation x2 + 8x + 10 = 0 that would make the
left side of the resulting equivalent equation
the square of a binomial whose constant term is
an integer?

Answer: If 6 is added to both sides of the equation,
the resulting equivalent equation is x2 + 8x + 16 = 6.

This can be written as (x + 4)2 = 6.

(c) Solving an equation by first adding some number
to both sides of the equation so that the'left
side of the resulting equivalent equation is the
square of a binomial is called completing the

square. Show how the equation x2 + 43c + 1 = 0
may be solved by this method of completing the
square.

AMIE: x2 + 4x +120
x2 4. ifx 4. z 3

+ 2)2 = 3
+ 2 +
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x + 2 = x + 2 =
x = -2 + V x = -2 -

The solution set is (-2 + if, -2 - ).

(4) v each at
1SC taiseilag b.1L 11 st 1.h.a methodaw.

(a) z2 + 10z + 15 = 0 (c) k2 - 8k 7
(b) a2 + 2a - 2 = 0 (d) x2 - 12x + 18 = 0

Answers:

(a) -5 4. f16, -5 - to (c) 4 + OF, 4 . a
(b) -1+ a , -1 - a (d) 6 + 3 j, 6 - 3 ri

9.4 THE QUADRATIC FORMULA

(1) An equation in the form ax2 + bx + c = 0, where theleft member of the equation is a polynomial of seconddegree, is called a quadratic equation.
(a) IX s = 9, IAL 332 + jag+s=ga, auadraticsatiation?

Aping: No. The left member of the equation is nota polynomial of second degree.

(b) Tf a, b, 2a a e aux 'gal numbers crovidedatO, 1.1 arc + b +2=0eauadratic aguttion?
Answer: Yes. The left member of the equation is apolynomial of second degree. The coefficients andconstant term in a polynomial may be any real numbers.

(2) Answer, b following.
(a) What opc2"ation may be performed on the equationax2 + bx + c = 0 so that the coefficient of thex2 term in the resulting equivalent equation isunity? Write the resulting equation.
Answer: Both sides of the equation may be dividedby a. The resulting equivalent equation isx2 + jzx + 2 = O.

a a

(b) What operation may be performed on this equationso that ,2 does not appear in the left side ofa
the resulting equivalent equation? Write theresulting equation.
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Aunt: may be added to both sides of the
a

equation. The resulting equivalent equation isx2 + hi = 2
a a

(c) If this equation is to be solved for x by themethod of completing the square, the left sideof the resulting equivalent equation mast be inwhat form?

Answer: The left side of the equation must be the,square of a binomial.

(d) If x2 + 111 + A, the left side of the equation,
is to be the square of a binomial, what must bethe relationship between and the constant term

a
of the binomial?

Answer: I must be equal to twice the constant terma
of the binomial.

(e) What must lie the constant term of the binomial?
Answer: _k

2a

(f) If the square of the binomial is x2 + bx +
aand the binomial is x .1, what must

2a

II

represent?

Anlwer:

4a2

(g) What operation must be performed on the equation
z2 + kZ = so that the left side of thea a
resulting equivalent equation is the square of abinomial? Write the resulting equation.

Answers b2 must be added to each side of the equa-4a2

tion. The resulting equation is x2 + ,fix
a ' 4/12

'..tea.
4a2

(h) Write the equation in an equivalent form, com-bining the two terms on the right side into asingle term.
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Answer: x2 + kx + a! b2 - 4aq

a 4a4 4a2

(1) Solve the above equation by the principle that

if y2 = z9then y = +

ARAM: = b2 - 4ac
2a/ 4a2

x + i! + b2 - 4ac

4a
2

x = _ 62 - 4ac
2a 2a

- b 111771tac

x - 2a

(3) Answer he following.

(a) This Last equation in (i) above is called the

quadratic formula and it may be used to solve

any quadratic equation. In solving the equation

2x2 + 12x + 6 = 0 by the use of this formula,

the Letters a, b, and c in the formula will

represent what numbers?

Answer: a = 2, b = 12, c = 6

(b) Solve the equation 2x2 + 12x + 6 = 0 by use of

this formula.

Answer: - 12 ± - 12 + 5T
x 4 4

-12 + 4 07
=

(c) By the application of what principles can the

expression -12 + 4 VT
be reduced to lowest terms?

4

Answer: The numerator can be factored by the appli-

cation of the distributive law, and then the expres-

sion can be reduced to lowest terms by the appli-

cation of the cancellation law.

-12 +416 4(-3 V )

4 4

' -3 ii7

260



a

(4) Solve EjBgh gf Ihg following.

(a) In solving the equation -4x2 - 2x + 3 = 0, how
must this equation be rewrltten in order to be
in the standard form of a quadratic equation?

Answer: It must be written in the form

(-4)x2 + (-2)x + 3 = 0. A quadratic equation contains
a polynomial which is a sum of terms.

(b) In solving the equation in (a) by the use of the
quadratic formula, what numbers would the letters
a, b, and c in the formula represent?

Answer: a = -4, b = -2, c = 3

(c) Solve the equation in (a) above by use of the
quadratic formula.

Answer: 2 ± 4 - ( -48) 2 ± tifi

x = -8
=

(5) Solve each gf the following ky apalvinik he
quadratic formula.

(a) 3x2 - 5x - 9 = 0 (c) -8x - 2 = 5x2

(b) 2(3 + x) = -3x(2 - x)

Answers: (a) 5 ± 133 (b) 4 + 1517 (c) -4 + 1.

Concept: Use of discriminant.

(6) Answer, up. following.

(a) The expression b2 - 4ac in the quadratic formula

x = -b + Ig717a; is called the discriminant.

2a
What restriction must be placed on the value of

the discriminant if -b + 67:7;;; is to repre-
a

a real number?
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Answer: b2 4ac must be non-negative.

(b) If the discriminant
is negative, what can beconcluded as to the nature of the roots of thequadratic equation?

Answer: The roots of the equation are not realnumbers.

(c) If b2 - 4ac is equal to zero, what will the
quadratic formula simplify to?

Answer: If b2 4ac is zero, then the quadratic
formula becomes x = -.-k

2a.

(d) Does _k represent a real number?
2a

Answer,: Yes, because b and a are real numbers.
(e) Is the square root of a positive real numberalways a real number?

Answer: Yes

(f) If b2 - 4ac is positive, describe the nature of
the roots of ax2 + bx + c = 0.

Answer: The roots will be real numbers.

(g) Summarize the description of the roots of the
equation ax2 + bx + c = 0 when the discriminantis negative, when it is positive, and when it iszero.

Answer: If b2 - 4ac is negative, there are no realroots. If the discriminant is zero, there is onlyone root and this is a real number. If the discrimi-nant is positive, there are two roots and they areboth real numbers.

(7) pstuming whether Ale suaszigniu gash at gm19112Lingi jelaktiyi, negative, or zero sag thenindicate ine urn1120: Ana nature c1 ILLe roots, withoutsolving Ail eauations.

(a) 3y2 - 6r + 3 = 0 (c) 17x2 + 5: + 10 = 0
(b) x2 - 2x - 5 = 0

Answers:

(a) The discriminant is zero. The equation has oneroot and it is a real number.
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(b) The discriminant is positive. The equation has
two roots and they are real numbers.

(c) The discriminant is negative. The equation has
no real root.

Concept: Extraneous roots.

(8) Answer In& following.
(a) State the multiplication axiom of algebra as

used in solving algebraic equations.

Answer: If both sides of an equation are multiplied
by the same number, except zero, the given and result-
ing equations are equivalent, that is, the solution
set of the resulting equation is identical to the
solution set of the original equation.

(b) What is the solution set of the equation 3x = 13?

Answer: {131
3

(c) When both sides of the equation 3x = 13 are
multiplied by x, what is the resulting equation?

Answer: 3x2 = 13x

(d) Compare the solution set of this equation with
the solution set of the original equation.

Answer: The solution set of the original equation is
nal. The solution set of the second equation is
( 3)

(0,

(e) When both sides of an equation are multiplied by
a variable, are the given and resulting equations
equivalent, that is, is the solution set of the
resulting equation identical to the solution set
of the original equation?

Answer: No

(9) Answer the following.
(a) What is the solution set of the equation

x - 3 = 10?

Answer,: [13)

(b) What is the solution set of the equation
x - 3 = -10?

Answer: (-71
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(c) Square both sides of the equation x - 3 = 10 and
determine the soLution set of the resulting
equation.

Answer: (x - 3)2 = 100

x - 3 = + 0756

x = 3 ± 10

The solution set is (13, -7).

(d) Are both elements in the solution set of

- 3)2 = 100 also in the solution set of
x - 3 = 10?

Answer: No. -7 is not in the solution set of
x - 3 = 10.

(e) When both sides of an equation are multiplied by
a variable or when both sides are squaredlthe
original and resulting equations are not equiva-
lent, that is, the solution set of the resulting
equation contains an element (or elements) that
is not in the solution set of the original equa-
tion. This element is often called an extraneous
root of the original equation, but it is in no
sense a root of the origins/ equation; it is only
an ostensible root, a number that seems to be a
root because the equations are assumed to be
equivalent when they are not. Solve the equation

07777gR= x by squaring both sides. Determine
whether or not the solution set of the resulting
equation contains an extraneous root of the
original equation.

Answer: x + 20 = x2

x2 - x - 20 = 0

Apparent solution set is [5, -4].

The root x = -4 is an extraneous root because it does
not check in the original equation.

The solution set is [5).

(10) Answer the following.

(a) Is the statement "If x = y, then x2 = y2" always
a true statement?

Answer: Yes. If x = y, then x may be substituted for

y in the equation x2 = y2 and the equation x2 = x2
results. This resulting equation is an identity so

the equation x2 = y2 must always be true when x = y.
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(b) Is the statement "If x = -y, then x2 = y2"

always a true statement?

Answer: Yes. If x = -y, then -y may be substituted

for x in the equation x2 = y2 and the equation

(-7)2 = y2 results. This last equation is an identity.

Therefore, x2 = y2 is an identity when x = -y.

(o) Determine whether or not the statement
"If x2 = y2 then x = y" is always true by sub-
stituting -3 for x and 3 for y.

Answer: If x = -3, and y = 3, (-3)2 = 32 is true;
but -3 = 3 is false. Therefore, the statement is not
always true.

(d) Determine whether or not the statement
"If x2 = y2, then x = -y" is always true by sub-
stituting 3 for x and 3 for y.

Answer: If x = 3 and y = 3, 32 = 32 is true; but
3 = -3 is false. Therefore, the statement is not
always true.

(11) Indicate whether each at Ihs following statements
11 Alan true 2£ 11 n21 alwall.

(a) If x - 3 = 10, then (x - 3)2 = 100.

(b) Tf - 3)2 = 100, then x - 3 = 10.

(c) If x - 3 = -10, then (x - 3)2 = (-10)2:

(d) If (x - 3)2 = (-10)2, then x - 3 = -10.

(e) If x - 3 = 10, then x2 - 3x = 10x.

(f) If x2 - 3x = 1071 then x - 3 = 10.

Answers:

(a) Always true
(b) Not always true

(False when x = -7)
(c) Always true

(d) Not always true
(False when x = 13)

(e) Always true
(f) Not always true

(False when x = 0)

(12) Indicate or each of the following whether Iha
statement 11 true or false.

(a) If both sides of an equation are squared, all
numbers which check in the original equation
check in the resulting equation.

(b) If both sides of an equation are multiplied by
the same variable, all numbers which check in
the original equation check in the resulting
equation.
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r( If the square root of both sides of an equation
is taken, all numbers which check in the original
equation check in the resulting equation.

(d) If both sides of an equation are divided by a

variable, all numbers which check in the original
equation check in the resulting equation, in

general.

Amman:
(a) True (b) True (c) False (d) False

0

figil: The phrase, in general, is needed in part d

because there are some special cases involving
multiple zero roots; thus, all the numbers which check

in x3 = x2 also cbeck in x2 = x. The solution set of

each equation is to, 11.

9.5 -VERBAL PROBLEMS INVOLVING QUADRATIC EQUATIONS

For each of the following problems, represent the unknowns

as algebraic expressions, write an equation that may be

used to determine the unknowns, solve the equation, and
determine which root or roots meet the requirements of the

problems.

(1) g ,product, saa more than g, certain mud= sjia

three, Ina than this Dumber La a. Determine, the

Li2211 mainkar.

Answer: x = the number
(x + 1)(2x - 3) = 12
x = 3, x = 5.. The solution set is

2
[39 __11 since both roots meet the require -

2
ments of the problem.
The number is either 3 or _I.

2

(2) product gt three greater than :a. six=
jui gaga less Ilign twice Ihg integer ig equqltee
Determine, he given integer.

Anower: x = the given integer
(x + 3)(2x - 7) = 15
x = 2, x = -4. The solution set is E-41

2
since 2 does not meet the requirements of the

2
problem as it is not an integer.

The integer is -4.
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(3) Ike length of A rectangle exceeds twice Lhe
width D.,z inches. /111 Lam sf the rectangle La a
mum inches. Lind Seim In= and the width.

Answer: w = the width

2w + 5 = the length
w(2w + 5) = 52
w = 4, w = 13 . The solution set is (4)

2
since 13 does not meet the requirements of

2
the problem as the measure of the width of a
rectangle cannot be a negative number.
The length is 13 inches and the width is 4
inches.

(4) IL each at consecutive
And 02211.1 1122 eterminnell
three integers,.

Answer: x = first integer
x + 1 = second integer
x + 2 = third integer
x2 4. (x 1)2 (x 4. 2)2 = 50

x = 3 x = -5. The solution set
is (3, -5) since both roots of the equation
satisfy the requirements of the problem.
The three consecutive integers are either
3, 4, 5 or -5, -4, -3.

(5) Wag the following problems.
(a) The sum of the length and width of a rectangle

is what fractional part of the perimeter?

Answer: one-half

(b) If the perimeter of a rectangle is 40 feet, what
is the sum of the length and width?

Answer: 20 feet

(c) If w represents the width of the rectangle whose
perimeter is 40,write an expression for the
length in terms of w.

Answer: 20 - w

(d) The perimeter of a rectangle is 40 feet and its
area is 96 square feet. Find its length and
width if the length is greater than the width.

Answer:. w = width
20 - w = length
w(20 - w) = 90
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(6)

(7)

w = 8 w = 12. The solution set is

(8) since if w = 12, then the length of the
rectangle is 8 inches which does not meet
the requirements of the problem that the
length be greater than the width.

The length is 12 feet and the width is 8
feet.

Find a number 1291 IhAI g 22M gL Iht number
Ang 6 times 1.11 reciprocal la 2.

Answer: x = the number
x + 6 = 7

x = 1, x = 6. The solution set is (1, 6)

since both roots of the equation satisfy the
requirements of the problem.
The number is either 1 or 6.

This, difference between two numbers la 5 Ana ,their,
product laats. Find the numbers.

Answer: x = the first number
x + 5 = the greater number
x(x + 5) = 36

x = -9 x = 4. The solution set is
(-9, 4) since both roots of the equation
satisfy the requirements of the problem.
The two numbers are either -9 and -4 or
4 and 9.

(8) fl hypotenuse at g, right triangle la 4 inches
longer thaw one ,leg and 8 inches longer than the
other lag. Egg log La each side of the triangle?

Answer: x = length of the hypotenuse
x - 4 = length of one leg
x - 8 = length of the other leg
(x 4)2 4. (x 8)2 = x2

x = 20 x = 4. The solution set is
(20) since the root x = 4 of the equation

does not meet the requirements of the
problem.
The hypotenuse is 20 inches and the legs are
16 inches and 12 inches.

( 9) T ag altitude at a triangle is 8 Oches longer
than the aagg,to which it As drawn. The area a the
trianii; 11-24 sauare, inches. paterming the length
gt: =2 altitude.
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Answer: x = length of the base
x + 8 = length of the altitude

lx(x + 8) = 24
2
x = 4 x = -12. The solution set is
[4) since the root x = -12 does not meet the
requirements of the problem as the measure
of a base of a triangle cannot be a negative
number.

The base is 4 inches and the altitude is 8
inches.

(10) Find two consecutive lategerl such that 1.42
sauare 91 the first integer, 11 equal IQ 1112 sauare, 91
the second Integer.

Answer: x = first integer
x + 1 = second integer

x2 = (x 1)2

x =
2
1 . The solution set is 0 since there

is only one root to this Equation and this
root does not meet the requirements of the
problem as it is not an integer. There is
no integer that can satisfy the requirements
of the problem.

(11) Find three consecutive even integers such that
Ihg sauare, of the middle integer 11 4 ,less than hag
Ihg u si Ihg squares gt mu other Iwg =gum.

Answer: x = first integer
x + 2 = second integer
x + 4 = third integer

(x 2)2 4 = x2 (x .1. 4)2

2

x2 + 4x + 8 = x2 + 4x + 8

The equation is an identity so therefore the
solution set of the equation consists of the
set of all real numbers. Any three con-
secutive even integers will meet the require-
ments of the problem.
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