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PREFACE

This report is based on the doctoral dissertation of Leslie P. Steffe. Members
of the examining committee were Henry Van Engen, Chairman; Frank B. Baker;
Milton A. Beckman; Eric Immel; and Wayne Otto.

The goal of the R & D Center for Learning and Re-education is the improvement
of cognitive learning in children and adults, commensurate with good personality
development. Activities are focused on three main problem areas: developing
exemplary instructional systems; refining the science of human behavior and
learning as well as the technology of instruction; and inventing new models for
school experimentation, development activities, and so on. Through synthesiz-
ing present knowledge and conducting research to generate new knowledge, we
are extending the understanding of human learning and the variables associated
with efficiency of school learning.

This study is part of a program for the improvement of instruction in elementary
mathematics under the direction of Professor Henry Van Engen. It illustrates the
role of research in conjunction with the development of an exemplary instructional
program by means of television and related material. Mr. Steffe found that- some
first grade children have not acquired the knowledge essential for learning addi-
tion and that it is possible to identify those children when they enter first grade.
Two lines of further research are suggested: refining the instrument to predict
relative success in the standard curriculum and identifying suitable experiences
for those children who are not now profiting from the curriculum.

Herbert J. Klausmeier
Co-Director for Research
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ABSTRACT

A test of conservation of numerousness was developed to separate first grade
children into four different levels to study their relative performance when solving
arithmetic addition problems. The children were also placed into three different
IQ groups (78-100, 101-113, and 114-140) within each level, so that it was
possible to study the relative performances of the children in the three IQ groups
as well as the four levels when solving arithmetic addition problems. Two vari-
ables in problem solving were of interest: 1. The presence of a described trans-
formation versus no described transformation of the sets in an addition problem.
2. The presence of (a) physical aids, (b) pictorial aids, and (c) no aids when
solving addition problems. A study of the performances of the children in the
four levels and three IQ groups on a test of addition facts was also conducted,
as well as a correlation study of the scores of the children when solving addition
problems and their scores when responding to addition facts.

The children who were in the lowest level of conservation of numerousness
performed significantly less well than did the children who were in the upper
three levels, who did not differ significantly when solving addition problems.
The children who were in the lowest IQ group performed significantly less well
than did the children who were in the upper two IQ groups, who did not differ sig-
nificantly when solving addition problems.

The performance of the children in the four levels on the addition facts test
was significantly different with the mean of the scores of the children in the
fourth level the lowest. The performance of the children in the three IQ groups
on the addition facts test was significantly different with the mean of the scores
of the children in the IQ group 78-100 the lowest. The problems with a described
transformation were significantly easier than the problems with no described
transformation. The problems with no accompanying aids were significantly
more difficult than the problems with either physical aids or pictorial aids, which
did not differ.

A correlation of . 49 was obtained between the scores on the addition facts test
and the problem solving test. Correlations of .68 and . 60 were obtained for the
children inthe lowest level and lowest IQ group respectively, between the same
two tests. The correlations for the other levels and IQ groups were not as high,
but some were significant.

Correlations of . 46 and . 41 were obtained between the scores of the problems
with accompanying aids and the scores on the addition facts test and between
the scores of the problems with no accompanying aids and the scores on the ad-
dition facts test. Correlations of .65 and .56 were obtained between the same
three tests, respectively, for children in Level 4, and .52 and .54 for children
in IQ group 78-100. The correlations for the other levels and IQ groups were
lower, but some were significant.

The above correlations were all significant (p < . 01).
Excellent prediction of the relative success in solving addition problems and

learning the addition facts can be made for children entering the first grade.
There are three categories of children for which it can be justified that the types
of experience presently being provided produce different results with respect to
solving addition problems. There is need for further research as to the type of
arithmetic curriculum which would be most suitable for children in each of these
three categories. Drill procedure on addition facts is quite ineffective for those
children who experience difficulties in solving problems. xi



INTRODUCTION

Many present day arithmetic programs use
Set Theory as a foundation on which to base
the learning of natural numbers and operati-ims
on natural numbers! Even though other math-
ematical approache ' to the natural numbers
exist, Lhey have not been as amenable to the
elementary arithmetic curriculum as Set Theory.,
Attempts are now being made, however, to
construct arithmetic programs on other theo-
retical foundations, 2 but these materials are
still in experimental form. Since the children
who participated in this study were in a cur-
riculum based on Set Theory, the terminology
of sets only will be made clear in the iiext
few paragraphs.

MATHEMATICAL BACKGROUND

A set, even though "set" is an undefined
term,3 may be thought of as "... formed by the
grouping together of single objects into a
whole. "4 Or, equivalently, a set is a "well
defined collection of objects. ... "5 The opera-
tion on sets which is of concern in this study
is the operation of union. The union of two
sets, A and B, denoted by A U B, "...is the
set of all elements which belong to A or to B
or to both. "6

Two sets, A and B, are said to be equiva-
lent if and only if they caii be placed in one-
to-one correspondence,7 Two sets, A and B,
are said to be in one-,to-one correspondence
when there exists a pairing of the elements of
A with the elements of B such that each element
of A corresponds to one and only one element
of B, and each element of B corresponds to
one and only one element of A. 8 The successor
set of a given set A is the set which includes
the members of A as well as A itself.9

Using the above concepts, the natural num-
bers may be constructed. 1° First the number
0 is identified with { } = 0 that is, the set
with no members. The number 1 is identified
with {% }, that is, the set which contains the
empty set. The number 2 is identified with

{0, {0}}; the number 3 with {0, {0}, {0, {O} } }

etc. If the numbers are replaced for the re-

spective sets, then 0 = 0, 1 = {Of, 2 = {0, 1 },
3 = {0, 1, 2 etc. The concept of the union
of two sets is used implicitly in the above dis-
cussion since {0, {0}, {0, {0}}} = {0, {0}}
U U{j, {0}}}, or (0) 1, 2} = {01 1 } U { 2 }1

etc. Any set equivalent to {0} has the natural
number 1 associated with it; so in effect 1 is
the standard name of a set of equivalent sets
as are 2, 3, 4,

The sum of two natural numbers may now
be defined by making use of the union of two
disjoint sets; that is, two sets with no com-
mon members. 11 For this purpose let N(R) be
the notation for the natural number identified
with R. Then, for any two disjoint sets R and
S, N(RU S) = r + s. 12

There are many different substantive ap-
proaches to constructing an arithmetic cur-
riculum based on the use of sets among which
is the intuitive set approach. 13

Ir the intuitive set approach, sometimes
called the environmental approach,

...children learn first how to observe col-
lections or sets of objects in the room,
how to construct a set of objects, and how
to describe a set. Next they match two
sets of objects, by pairing elements, to
discover which set has more, fewer or the
same manyness of objects. It is essential
at the start that the learners recognize the
conservation of a set regardless of the ar-
rangement of the elements. Their recogni-
tion is further strengthened by making nu-
merous rearrangements of each set, and
numerous mappings in which the more,
fewer, or the same remain constant....

In all this work there is no symbolism ex-
cept the numerals, such as 3, 5, 2, ...
which are the number names. In fact, such
symbolism as n{ii, , } = 3 is a for-
malism, unnecessary and perhaps a hin-
drance to the intuitive grasp of number. For
later work in problem solving, which in-
volves the recognition of a concept in a real
situation, and the building of a model of re-
lated mathematical concepts to interpret a



physical situation, it may be that the intui-
tive... approach to first learnings is indeed
the best. 14

To learn the operation of addition, the
children study two separate sets of objects
and then study a new set of objects formed by
combining the two separate sets. The transi-
tion is then made to pictorial material where
the children must participate at a somewhat
higher level because the combining or separat-
ing of the two sets does not actually occur.
For the abstraction, the numeral is presented
along with the pictorial representation, and
the pictorial is gradually eliminated. 15

The intuitive set approach is exemplified
for the first grade arithmetic program by the
series Modern Arithmetic Through Discoverv.16
This is the arithmetic program used by the
school system that participated in this study.
Through physical objects and pictorial repre-
sentations the idea of setone-to-one cor-
respondence, more than, as many as, fewer
than, natural numbers and countingare de-
veloped. After the natural numbers 1 9 have
been developed and ordered, the sum of two
natural numbers is developed. Again, this is
done by means of physical objects and pic-
torial representations and is based on the
concept of set union. However, other than
merely developing sums, the program stresses
number stories and number sentences. 17

PSYCHOLOGICAL CONSIDERATIONS

In The Child's Conception of Number, Jean
Piaget related the following experiment: "Bes,
age 6 years, 2 months: (the experimenter had
drawn a picture of 12 girls and 2 boys). Are
there more girls or more children ? More
girls -- Why ? -- there are only two boys--But
are girls children ? -- Yes - -then are there more
girls or more children ?--More girls. 18 This
experiment exemplifies two goals that Piaget
has in this book: (1) to demonstrate stages
in the development of particular concepts,
and (2) to demonstrate the development of a
conceptualizing ability that u n der lies the
formation of any par ti c u 1 a r concept. For
Piaget there are four main stages in the de-
velopment of this conceptualizing ability: 1)
Sensory-motor, preverbal stage; 2) Preopera-
tional representation; 3) Concrete operations;
4) Formal operations. 19

For the purposes of this study, the first
and the fourth stages are not of much interest
and consequently will not be discussed. The

2

second stage, which occurs in children ap-
proximately between two and seven years of
age, can be characterized by the beginning of
thought, or preoperational representations.
According to Piaget,

...an operation is an interiorized action...
in addition, it is a reversible action; that
is, it can take place in both directions....

Above all, an operation is never isolated.
It is always linked to other operations,
and as a result, it is always a part of a
total structure....

To understand the development of knowl-
edge we must start with an idea which
seems central to me....the idea- of an
operation. Knowledge is not a copy of
reality. To know an object, to know an
event, is not simply to look at it and make
a mental copy or image of it. To know an
object is to act on it. To know is to modify,
to transform the object, and to understand
the process of this transformation, and as
a consequence to understand the way the
object is constructed. An operation is
thus the essence of knowledge; it is an
interiorized action which modifies the ob-
ject of knowledge. For instance, an opera-
tion would consist of joining objects in a
class. . . In other words, it is a set of
actions modifying the object, and enabling
the knower to get at the structure of the
transformation. 20

If a child is at the stage of preoperational
representation, Piaget continues,

There is as yet no conservation, which is
the psychological criterion of the presence
of reversible operations. For example, if
we pass liquid from one glass to another of
a different shape, the pre - operational
child will think there is more in one than in
the other. In the absence of operational
reversibility, there is no conservation of
quantity. 21

Moreover, Piaget further postulates that con-
servation of something is a necessary condi-
tion for any mathematical thought.

Our contention is merely that conservation
is a necessary condition for all rational
activity. . . . This being so, arithmetical
thought is no exception to the rule. A set
or collection is only conceivable if it re-
mains unchanged irrespective of the changes
occurring in the relationships between the



elements. In a word, whether it be a
matter... of sets and number conceived by
thought ... or of the most refined axiomati-
zation of any intuitive system, in each and
every case conservation of something is
postulated as a necessary condition for
any mathematical understanding. 22

This postulate has been verified in at least
one empirical study conducted by Smedslund. 23

In this study he used 160 children in an age
range of four years three months to eleven
years four months. The children were fairly
evenly distributed by age and sex. He found
that the conservation of discrete quantity pre-
ceded transitivity of discrete quantity in all
but four cases. He commented that in at
least two of the four cases, the transitivity
tasks involved a relative facilitation and hence
could have produced the exceptions.

The third stage, that of concrete operations,
is the stage in which the first operations occur.
Piaget calls these concrete operations because
"... they operate on objects, and not yet on
verbally expressed hypotheses. For example,
there are the operations of.... elementary
mathematics, of elementary geometry. f124

Piaget's first goal in The Child's Conception
of Number is to demonstrate stages in the de-
velopment of particular mathematical concepts.
These stages are: 1) Absence of conservation;
2) Intermediary reactions; 3) Necessary con-
servation. 25 Perhaps the best way to charac-
terize these stages is to recount experiments
reported by Piaget.

(Stage 1) Co, five years of age. Like
some of the other children at the first stage,
Co took the counters one by one, thus ap-
parently carrying out an operation of cor-
respondence belonging to a higher level,
but this was really not so, as we shall see.
Having divided the eighteen counters, one
at a time, into two heaps of nine, he was
not certain that the two halves were equal!
"Have I got the same amount as you ? " --
(He looked at the two heaps, which were of
slightly different density, then tried to
make them the same. )-- But how did you
divide them ?.. Are they the same ? No--
How do you know ? -- (He rearranged the
heaps. )....

(Stage 2) Pi, five years one month of age,
with a total set of eighteen, took one
counter after another and put them into two
subsets, making a mistake of one unit, the
result being ten and eight. He then re-
arranged each subset as a row of pairs,

and compared the lengths of the two rows.
Then, he spread out the pairs of the row of
eight so that it was the same length as the
other, but seeing the difference in density,
he took one counter from the ten and added
it to the eight, so that he had two similar
sets of nine. "Are they the same?"- -Yes --
(the elements of Al were then arranged as
two rows, six and three. ) Are they still
the same ? -- No -- Why ? I've got more.
( =A2 the unchanged figure)

(Stage 3) Dre, six years and ten months
of age, divided eighteen counters one or
two at a time into two sets of nine, and
was sure that they were equal even when
the distribution was changed. 26

On Stage 1, Co does not exhibit the property
of conservation of numerousness. By this I
mean, irrespective of how a set of objects is
rearranged, the number of objects remains the
same. Or, equivalently, if two sets are in
one-to-one correspondence, then the number
of objects in each is the same, regardless of
the arrangement or rearrangement of the objects.
On the second stage, Pi set up a correspond-
ence, but it was destroyed by a rearrangement
of one of the sets. On the third stage, Dre ex-
hibited the property of conservation of numer-
ousness. Piaget says of these stages: "The
ordering... is constant, and has been found in
all the societies studied.... However, al-
though the order of succession is constant the
chronological ages of these stages vary a
great deal. "27

C oxford gives an outline for the approximate
age range for the attainment of number con-
cepts. A first age range (Stage 1) is from four
and one-half to five years. A second age
range (Stage 2) is from five to six years. A

third age range (Stage 3) is from six to seven
and one-half years .28 This by no means implies
that if a child is from six to seven and one-
half years of age that he has a good chance of
being on Stage 3 in all of Piaget's tasks.

PROBLEM SOLVING

After reviewing the mathematical background
a substantive approach and some psychological
considerations of the attainment of number and
related concepts, the next thing to be reviewed
is problem solving in mathematics at the ele-
mentary school level. The meaning of "prob-
lem" as it will be used here is: "A quantitative
situatior5described in words,in which a quanti-
tive question is raised without an accompany-

3



ing statement as to the arithmetical operation
required. "29

Howard Fehr gives, as one among four
basic outcomes of mathematical learning at
the elementary school level, the acquisition
of basic concepts and the application of the
concepts to problem solving. 30 With reference
to problem solving,he goes on to state, "There
is no known system which the mind can prac-
tice for developing problem solving ability... ;
there are various hypotheses on the manner in
which problems are solved but certainly with-
out a host of well developed concepts, it is
very unlikely that a problem can be solved.
. "31 Henry Van Engen has this to say about
problem solving.

we want the child to grasp the struc-
ture of the problem before he looks for the
answer. . . . The basic difference between

good problem solvers and poor problem
solvers mustreside in differences in ability
to recognize the element which we have
called structure.... The method of problem
solving we have illustrated here is a math-
ematician's approach to problems in minia-
ture. One first searches for the fundamental
structure of the problem situation; then he
finds the appropriate symbols to express
this structure....0 er tainly no "cue"
method or mere admonition to think hold
the mathematical power that the search for
the structure of the physical situation can
command. 32

It seems then that two n(zessary conditions
for solving an arithmetic problem are: 1) To
have the arithmetical o p 3 r atio n(s) required
to solve the problem wel? mastered. 2) To be
able to recognize what &ithmetical operations
are relevant to the problem (if any).



II

BACKGROUND OF THE PROBLEM

EMPIRICAL STUDIES

Even though statistical studies which are
replications of the studies performed by Piaget
have detected variability in stages of conser-
vation of numerousness, these same statistical
studies have also supported the existence of
the stages.

In his first study replicating Piaget's ex-
periments, Elkind gives the following summary:

Eighty... children were divided into three
age groups (4, 5, 6-7) and tested on the
three Types of Material for three Types of
Quantity in a systematic replication of
Piaget's investigation of the development
of quantitative thinking. Analysis of vari-
ance showed that success in comparing
quantities varied significantly with Age,
Type of Quantity, Type of Material and two
of the interactions...

The results were in close agreement with
Piaget's finding that success in comparing
quantity developed in three, age related,
hierarchically ordered stages.... 33

The types of material Elkind used were 1)wooden
sticks 1/4" square by 1 1/4", 2) orange
colored water, a tall narrow glass, and two
drinking glasses, one a 16 ounce glass and
one an 8 ounce glass, and 3) large wooden
beads that would just fit into the tall narrow
glass in (2) above. The types of quantity he
compared were 1) gross quantity, 2) intensive
quantity, and 3) extensive quantity.

In explanation of these types of quantity,
Piaget says,

... the question to be considered let whether
the development of the notion of conserva-
tion of quantity is not one and the same as
the development of the notion of quantity.
The child does not first acquire the notion
of quantity and then attribute constancy to
it. . .At the level of the first stage,
quantity is therefore no more than the asym-

metrical relations between qualities, i.
comparison of the type "more" or "less"
contained in judgments such as "it's
higher, " "not so wide, " etc. These rela-
tions depend on perception, and are not as
yet relations in the true sense, since they
cannot be co-ordinated one with another in
additive or multiplicative operations.34

Elkind thereupon c7efines gross quantity as
"single perceived relations between objects
(longer than, larger than) which are not co-
ordinated with each other. "35

Intensive quantity is "the name given to
any magnitude which is not susceptible of
actual addition, as for example temperature.
Two quantities of water at 15' and 25' respec-
tively do not produce a mixture at 40'."36
Also, the relations Piaget talks about when
describing gross quantity begin to be coordin-
ated at the second stage and "result in the
notion of intensive q u a n t i t y, I. e., without
units, but susceptible of logical coherence. "37

Extensive quantity is "the name given to
any magnitude that is susceptible of actual ad-
dition, as for example mass or capkicity "311

As soon as... intensive quantification exists,
the child can grasp... the proportionality of
differences, and therefore the notion of ex-
tensive quantity. "39

In the study, gross quantities were easiest
to compare, intensive were intermediate, and
extensive were hardest. For the types of ma-
terial, quantities involving liquids were hard-
est to compare, with no difference between
sticks and beads. There was a significant
interaction of age groups and the quantity
compared. Comparisons involving gross quan-
tities was easy for all three groups. However,
comparison involving intensive quantities
was quite difficult for the 4-year group and
became increasingly easier for the two older
groups. The same was true for comparisons
involving extensive quantities, but these com-
parisons remained more difficult than the com-
parisons involving intensive quantities.



Since Piaget defines his stages in terms of
the type of quantitative comparisons children
are capable of making," it is clear from
Elkind's study that a child may be able to make
extensive quantity comparisons using materials
of a given kind and thereby be classified at
Stage 3, but changing the type of material
could affect the type of quantity comparison
the child is capable of and thereby alter the
stage classification. However, there is a def-
inite statistical relationship between age
groups and stages as exemplified by the inter-
action of age groups and quantity compared
and high and significant correlations between
types of material.

Dodwell, also has observed variability of
stages. He studiedusing 250 children in an
age range of about 5 to 8 years-1) relation of
perceived size to number using beakers and
beads, 2) provoked correspondence using
eggs and eggcups, 3) unprovoked corresponti-
ence using red and blue poker chips. 41

In the first category above, about twenty-
five per cent of the children at 6 years 2 months
of age showed Stage 3 responses, in the sec-
ond category, about sixty per cent of the chil-
dren at 6 years 2 months showed Stage 3 re-
sponses, and in the third category, about
twenty per cent of the children showed Stage
3 responses. In this same study he observed
a low but significant correlation (-.24) between
IQ and Stage 3 responses indicating that in-
telligence is a factor in conservation problems.
The name of the IQ test was not given.

Van Engen and Steffe42 in a study involving
100 first grade children have also observed a
low (. 24) but significant correlation between
IQ (as measured by the Kuhlmann-Anderson
Intelligence Test) and the success of the chil-
dren in four tasks involving concepts in addi-
tion.

Dodwell and Elkind have also performed rep-
lications of Piaget's experiments on the ability
of children to include partial classes within a
total class, i.e., if AU B = C (A n B =

then A C C or B C C. For his subjects, Elkind
selected twenty-five children from each of the
grades kindergarten to third. 43 The question
asked of each child was, "Are there more boys
(or girls depending upon the sex of the child
being q u e s ti on e d) or more children in your
class ?"44 Other questions were also asked to
gain assurance the children understood the
above question. On the basis of the responses,
the children were placed in three stages; Stage
1 if either C CA or C C B, (A = boys, B = girls,
and C =children), Stage 2 if C = A or C =B, and
Stage 3 if either C D A or C D B. A X.2 per-
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formed on age groups by stages was significant.
Fifty per cent of the five-year olds, thirty-two
per cent of the six-year olds, twelve per cent
of the seven-year olds, and eight per cent of
the eight-year olds were in Stage 1, Corre-
spondingly 48, 56, 76, and 92 per cent respec-
tively were in Stage 3.

Dodwell was interested in investigating the
responses to class inclusion questions and re-
sponses made on the tests of provoked and un-
provoked correspondence discussed earlier.°
In the discussion of the results, he states that
the "ability tc answer correctly questions which
involve simultaneous consideration of the whole
class and its (two) component subclasses, ap-
pears to develop to a large extent independently
of understanding of the concept of cardinal
numbers (as measured by the tests for provoked
and unprovoked correspondence.... "46

The above studies are what may be called
"one- shot" studies, that is, studies that test
an individual at a point or points in time. The
question immediately arises then, if a child
is on a given stage at a given point in time
with reference to a particular situation and
particular materials, will the same child be
on the same stage at a different point in time,
all other things constant ? Dodwell, using
the tests devised in an earlier study,47 made a
test-retest reliability study with intervals of
one week and three months. He comments,
The short term reliability of the test is highly

satisfactory, and compares well with the re-
liabilities of commercially available cognitive
tests. The long term reliability indicates con-
siderable stability in the development of num-
ber concepts.... "48

In this same study, Dodwell examined the
data from his original sample of 250 children
to detect differences due to sex and socio-
economic status. He reports, that "Differences
were extremely small, insignificant, and did
not favor either sex. "49 To test for socio-
economic status, the children were divided
into three groups on the basis of their fathers'
occupations: 1) professional, 2) clerical and
semi-skilled, and 3) semi-skilled or unskilled
trades. No differences were detected among
the groups, but the higher socio-economic
groups scored more favorably.

Van Engen and Steffe also have observed no
differences between first grade boys and girls
when studying addition concepts." These
chil dr e n were taken from five schools all
ranked as serving a middle-class population
by school officials. There was one school in
which the children did consistently better than
in the four other schools, but not significantly
better. 51



The difficulty of categorizing population of
children into three distinct stages notwith-
standing, the relationship between success of
children in arithmetic and the three stages of
Piaget has not been made explicit. However,
Dodwell has worked on this problem.52 He
gave forty kindergarten children his number
test in the final term of the school year. He
then f ollow e d thirty-four of these children
through the first term of the first grade in that
a group of first grade teachers constructed a
test involving number recognition, counting,
drawing different numbers of objects, etc.
which "seemed to the writer to be a fair test
of the curriculum covered. "" A correlation of
.59 was obtained between this test and the
test scores obtained previously. The interval
between the two was about seven months.

STATES AND TRANSFORMATIONS

It has been noted that Piaget says that
mental operations are interiorized actions.
With regard to these interiorized actions,
Piaget states, "Two quite different aspects of
knowing come into play, depending on whether
we are dealing with states or with transforma-
tions leading from one state to another. "" He
goes on to say that physical actions which
transform objects in any way and interiorized
actions are examples of transformations. The
connections between the physical actions and
the interiorized actions are made clear by
Piaget.

First of all, there is what I call physical
e x p e r i e n c e and what I call logical-
mathematical experience. Physical experi-
ence consists of acting upon objects and
drawing some knowledge about the objects
by abstraction from the objects. (Weight,
for example)... ; there is the second type
of experience which I shall call logical-
mathematical experience where the knowl-
edge is not drawn from the objects, but is
drawn from the action effected on the ob-
jects. This is not the same thing. When
one acts upon objects, the objects are in-
deed there, but there is also the set of
actions which modify the objects."

So, physical action and interiorized actions
are both examples of transformations on a set
of objects. However, once a set of objects is
transformed physically, at least three possi-
bilities then arise. The first is that the child
looks upon the transformation as two states,

the original and the final state of the objects,
and ignores the transformation. He is thus
unable to draw any knowledge from the trans-
formation. His experience with the objects
then, is of a qualitative type and even though
he says there are, for example, five objects
in the set in its original state and five objects
in the set in its final state, the fiveness as-
sociated with each state is not connected,and
when asked to compare the numerosity of the
objects in the original and final states, he
will be unable to do so correctly.

The second possibility is that the child
does not ignore the physical transformation
effected on the objects and knows a priori
that the "fiveness" associated with each state
is the same "fiveness." The action in this
case is not external to the child but has been
interiorized and has meaning.

A third possibility that arises is that the
child does not totally ignore the transformation
but neither does he know a priori that the
"fiveness" is the same in both states. That
is, he makes judgments that are inconsistent
with each other. As noted, Elkind and Dodwell
have both pointed out that both the materials
and situation may influence the judgments of
children in conservation tasks.

The application of the above discussion to
first grade children's learning addition has
been studied by Van Engen and Steffe. They
state, "The al lity on the part of the child, to
respond correctly to an addition combination,
for example 2 + 3, seems to have little or no
relation to his ability to ignore his perception
when two groups of objects, one of 2 and one
of 3, are physically transformed into a group
of 5. "56 The most feasible interpretation of
this phenomena is that, in their words, "the
children have not abstracted the concept of the
sum of two whole numbers from physical situa-
tions but have memorized the addition combina-
tions. "57

The children, then, may look upon the two
groups as one state, the combined group as
another state,and not be aware of the connec-
tion (that is, the physical transformation) be-
tween the two states and thereby be unable to
make correct comparisons between the two
states when asked to do so.

The idea of a physical transformation is
used in elementary arithmetic programs to teach
children addition, subtraction, multiplication,
and division. For example, in the series,
Seeing Through Arithmetic the operation of
addition is presented to first grade children
by means of joining one set of objects with
another. The authors describe the situation
in this manner.



In the illustration below, 4 blocks are be-
ing pushed toward 3 blocks, implying a
joining action. This situation is additive
and is symbolized mathematically as 3 + 4.
. . . The "3" gives the number of blocks
in the original set, the "4" tells how many
blocks are in the joining set, and the "+"
is used when a joining action occurs. The
phrase 3 + 4 is a name for the total number
of objects in the set. The phrase 3 + 4
names the number and also tells what is
happening in the physical situaticn. .

Pictures that show additive action. ..help
to develop an intuitive understanding of
what addition and subtraction mean. How-

ever, the operations of addition and sub-
traction and the phrases that correspond to
these actions deal with numbers, not ob-
jects.

Children think in terms of actionthat is,
in terms of what they have seen happen or
what they have caused to happen to objects.
In the... program, a wealth of opportunities
is provided for the children to work with
situations in which they see the joining of
sets of objects Pictures are used to
show action situations. It is important for
the children to learn to "read" and interpret
their pictures because at this level the
pictures are used in place of printed words. 58



III

THE PROBLEM

THE BASIC PROBLEM

As noted, Dodwell has made a correlation
study of number comprehension tests based on
Piagetian tasks and success on a test pur-
portedly constructed to measure achievement
in arithmetic. The substantial correlation of
59 obtained gives encouragement for a more

carefully designed study to be undertaken to
ascertain the performance of children who have
been categorized into groups by a test based
on Piagetiaa tasks, on a particularly important
aspect of first grade arithmetic.

It is well known that the ability to solve
problems is one of the most important outcomes
of the arithmetic curriculum. Because of the
importance placed on problem-solving and be-
cause addition is introduced by means of
problem-solving, this study is primarily con-
cerned with the performances of first grade
children (categorized into levels by a pretest
administered immediately before a test of the
ability to solve problems) in a uniform arith-
metic curriculum, when solving problems with
an additive structure.

ARITHMETIC PROBLEMS INVOLVING A

TRANSFORMATION

An arithmetic problem has an additive struc-
ture if it is an instance of the union of two or
more sets. For example, the problem "John
has three apples and Mary has 4 apples. How
many do both children have ?" has an additive
structure because the problem involves a set
of 3 apples, a set of 4 apples, and the union
of the two sets or the set of 7 apples. The
problem "There are 4 dogs on a rug. Seven
more join them. Now how many dogs are on
the rug ?" also has an additive structure but
differs from the first problem in an important
dimension. In the first problem, both sets
are static. Neither set has the possibility of
movement and the union of the two sets is
implied by the question only. In the second
problem, the movement of the set of seven

dogs is described in the problem. However,
both problems do involve set inclusion.

Piaget, while studying set inclusion, con-
cluded,

All the children quoted understood the nature
of the sets involved in the problems of
inclusion. . .These children were. . . clearly
conscious of the general definition of the
total set in question....It cannot there-
fore be disputed that all these children
possessed the notion of the total class re-
quired by the questions and were capable
of the general s tat em e n t defining that
class.

And yet, as soon as it becomes necessary
to think simultaneously of the whole and
the part, as our question requires, difficul-
ties arise. The child apparently forgets
the whole when he thinks of the part, and
forgets the part when he thinks of the whole.
Or rather, when he thinks of the whole, he
can envisage the parts which have not yet
been dissociated, but when he tries to dis-
sociate one of the parts he forgets the
whole.... In other words, the chil dr e n
quoted above cannot establish a permanent
inclusion between the whole and the parts:
as soon as the whole is divided, even in
thought, the parts cease to be included in
it and are merely juxtaposed without syn-
thesis. 59

As previously noted, Elkind has verified the
above results, using kindergarten to third
grade children.

In the first problem given above, the chil-
dren must think simultaneously of the whole,
the apples they both have, and also of the two
parts, the apples each has. This is also true
of the second problem. The children must
think of the whole, the dogs on the rug, and
the parts, the dogs originally there and those
that joined. However, while both problems
involve two states, the second problem in-
volves a described transformation from one

9



state to another. It may be true then, that
while the children are not able to supply their
own transformation from one state to another,
and have difficulty thinking about class inclu-
sion, the described transformation may connect
the states for the children and hence alleviate
the problem of class inclusion.

THE PRESENCE OR ABSENCE OF AIDS WHEN

SOLVING ARITHMETIC ADDITION PROBLEMS

In the intuitive set approach to learning
addition, it has been noted that children first
study addition by means of sets of physical
objects, then proceed to pictorial representa-
tions, and finally get to more abstract situa-
tions. Moreover, the children are encouraged
to verbally relate the number stories that go
with the problem in order that the problem-
solving abilities of the children will become
independent of visual aids. There are empir-
ical studies which do not support this approach.

Piaget calls the first operations concrete
because "...they operate on objects, and not
yet on verbally expressed hypotheses. " 60 In
a study on concrete reasoning, Jan Smedslund
has this to say as some of his concluding re-
marks.

the data are not inconsistent with the
hypotheses that perception tends to be
subordinated to and aid reasoning more
frequently in subjects above than in sub-
jects below seven years six months and
that perception tends to disturb or at least
not aid reasoning more frequently in sub-
jects below seven years six months than in
subjects above that age. Although the data
are restricted and not entirely compelling,
they invited certain speculation about the
role of perceptual materials, for example in
the teaching of elementary arithmetic, which
definitely involves the acquisition of con-
crete reasoning. The findings presented
here certainly do not support the hypotheses
that logical reas oning first occurs with per-
ceptual support and then gradually begins
to function in the absence of such support.
On the contrary, it is possible that early
training should be given mainly in situa-
tions without perceptual support.61

These conclusions are in direct conflict
with the intuitive set approach to learning ad-
dition at the first grade level.

In a study of the performance of second
grade children on four kinds of division prob-
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lems, Marilyn Zweng observed that "scores
for problems requiring a drawing (the subject
was required to make a drawing before solving
the problem) were in general lower than the
other scores (problems given with accompany-
ing physical objects for the subject to use to
solve the problem). "62

While the conclusions of these two studies
do not conflict due to the age differences of
the children, based on Smedslund's conclu-
sions Zweng may have observed different re-
sults at the first grade leve). Moreover, in
Zweng's study no attempt was made to cate-
gorize the children on any level of conserva-
tion of numerousness, so that no conclusion
could be drawn for second grade children rela-
tive to Smedslund's comments.

TESTS OF CONSERVATION OF NUMEROUSNESS

Relative to the basic problem of the study,
a test of conservation of numerousness was
developed based on the types of quantitative
comparisons that children are known to make,
that is, gross quantitative comparisons, inten-
sive quantitative comparisons, and extensive
quantitative comparisons. The tests Dodwell
constructed, which have already been dis-
cussed, were direct replicas of those used by
Piaget to assess number concepts in young
children. There are five different situations
on which the children were tested and on which
they performed quite differently. Dodwell re-
ports that the probability of a child's making
extensive quantitative comparisons in the case
of unprovoked correspondence, given that he
has correctly answered questions relative to
cardinal and ordinal numbers, was . 8. More-
over, if a child did not respond correctly to
questions involving cardinal and ordinal num-
bers (was not operational), then the probability
of his making extensive quantitative compari-
sons in the case of unprovoked correspondence
was . 06. Because of this high probability
(.8), situations that can be classified as un-
provoked correspondences were selected for
use in this study. Dodwell's test could not
be directly utilized since it involved subtests
which were not directly concerned with the
conservation of numerousness. Moreover, the
test on unprovoked correspondence involved a
physical transformation. When Dodwell re-
ported the results of a group paper and pencil
test which he constructed based on his original
test, he concluded that,

Although the group test measures under-



standing of number and related concepts in
situations apparently similar to those used
in the individual test, it is arguable that it
in fact measures a different aspect of the
child's cognitive abilities. In the individ-
ual test one is measuring ability or under-
standing when the child actually perceives
the transformation on the test materials; in
the group test, on the other hand, the child
is faced with fixed alternatives between
which he has to choose, and therefore has
to imagine the transformation...."

Since a long-term objective is to construct
a group paper and pencil test of conservation
of numerousness, it is apparent that quantita-
tive comparisons that do not involve a physi-
cal transformation are most amenable to that
objective.

Other tests have also been developed to test
conservation of numerousness, among which
are those developed by Almy, 64 Churchill,"
Elkind, 66 Feigenbaum, 67 Smedslund, 68 and
Wohlwill, 69 all of which involve a physical
transformation of the elements.

Lunzer reports that,

Phemister has recently shown that when
children are shown two circular arrange-
ments of beads of which one is larger so
that the beads are more spaced, but con-
tain only eight beads while the other, tighter
bracelet has nine, only a minority of chil-
dren before the third year of the junior
school [third year of junior school in Eng-
land is equivai3nt to the fourth grade] are
willing and able to count the beads in each
set. . . Children who failed in applying
their understanding of conservation and
number when the situation was difficult
had no difficulty recognizing these concepts
in . easier situations of Piaget.7°

Following Lunzer's comment, it seemed
quite reasonable to start with circular arrange-
ments of objects when constructing the test of
conservation of numerousness using situations
that are classifiable as "unprovoked cor-
respondence." Since Lunzer indicates that
the circular arrangement was quite difficult
for children before the second grade, it was
decided to use two more geometrical arrange-
ments. Figures 1, 2, and 3 depict the tests.
The question for each item of each test was
the same as follows: "Are there more
here (the experimenter pointed to one of the
collections) or are there more here (the
experimenter pointed to the other item) or are

there the same number of here as here ?"
The word "more" was selected rather than the
word "fewer" because in their analysis of
reasons for incorrect responses, Van Engen
and Steffe71 observed that no child gave the
response "fewer" when asked why they selected
candies either in two piles or in a combined
pile. The use of the word "more" was very
frequent. Moreover, Elkindu used the termi-
nology "the same number" in one of his repli-
cation studies and assumed that such termi-
nology did not provide clues to the type of
quantity that had to be compared. Smedslund,
too, when studying conservation of numerous-
ness has used a question similar to that used
in the present study." This terminology is
also used in the intuitive set approach to
learning arithmetic.

Through the intuitive set approach, it was
possible for the children to have at their dis-
posal the transformations of 1) one-to-one
correspondence and 2) comparison by counting.
The other types of comparison that were pos-
sible are: 3) guessing (no comparison), 4)
comparison by relative sizes, and 5) compari-
son by relative density of the objects. The
first and second methods of comparison are
comparisons of extensive quantity. The fourth
and fifth methods of comparison are compari-
sons of gross quantity. A combination of 4
and 5 can be thought of as a comparison of
intensive quantity. An example will illustrate
the types of comparisons.

In Test 3, Item 1, the children are asked to
compare two circles of blocks, each four inches
in diameter. One has six blocks on its perim-
eter and the other has eight. Here, if a child
judges on relative size alone (making a gross
comparison) he will no doubt get the item
wrong. Also gross comparisons can be made
on relative density alone. One circle is more
dense than the other, so it has "more, " a
"correct" response. A child may also make
an intensive judgment that the one circle has
more blocks because both circles are both the
same size and one is more dense, also a cor-
rect judgment. If a child sets up a correspond-
ence between the two sets or counts each set,
ho has made an extensive comparison.

Therefore, it is possible for a child to
respond correctly on this item without making
an extensive quantitative comparison. The
same can be said for Items 2 and 3. In Item
2, the circle with 8 has a four-inch diameter
and the circle with 6 has a seven-inch diameter.
A child could make a gross comparison based
on density and respond correctly on the item,
or he could make an intensive comparison

11
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Fig. 1

Test 1. White styrofoam balls about 1 1/2" in diameter arranged on orange construction paper.

based on the fact that the circle with a four-
inch diameter is smaller but the objects are
closer together than are the six objects rela-
tive to the circumference of the circles. A

similar discussion can be given for Item 3.
However, in order for a child to respond cor-
rectly on Item 4, an extensive comparison
must be made, disregarding guessing. Since
the two circles are of the same number but of
different diameters, any gross comparison will
lead to an incorrect result. An intensive com-
parison is impossible since there are the same
number of blocks in each circle, all equally
spaced, so that the distance between the blocks
is always in the same proportion to the diam-
eter. A similar discussion can be given for
each item of Tests 1 and 2.

The three tests are isomorphic in structure
but differ in the materials used and the geo-
metric configuration. Three tests were con-
structed because it was felt, consideri ng
Lunzer's comments, that a much more reliable
estimate could be made of the children's abil-
ity to make extensive comparisons than if only
one test were used. Moreover, the geometrical
configuration and materials were varied be-

cause of Elkind's and Dodwell's discovery
that the type of materials used and the partic-
ular situation involved may affect the quantita-
tive comparisons made.

In Test 1, Items 1, 2, and 3, the eight
styrofoam balls were held constantly on the
left with size varying. In Test 2, Items 1, 2,
and 3, the eight checkers were always on the
top with size varying. However, in Test 3,
the number of blocks was interchanged in
Items 1 and 2 but not 2 and 3, and the sizes
of the circles were varied. This was done to
eliminate any possible right-left response
bias which may have occurred from Test 1.

Sets of 6 and 8 objects were used because
experience has shown that many children of
this age are able to intuitively recognize sets
of four and sometimes even sets of five but
cannot readily recognize sets of 6 and larger.
The configurations used were more amenable to
an even number of objects than to an odd num-
ber since an odd number of objects would upset
the symmetry. The linear arrangement was cho-
sen because it may be more conducive to a one-
to-one correspondence for children. The rec-
tangular arrangement was chosen as a variant
of the two dimensional circular configurations.
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Test 2. Black checkers of 1 1/4" diameter arranged on orange construction paper.

Item 1

0 a

0 0

00
13

<> o

Item 3

000

Note: Circular patterns have 4" and 7" diameters.

Item 2

0
0 0

Item 4

Fig. 3
Test 3. Black 1" wooden cubes arranged on orange construction paper.
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THE PILOT STUDY OF THE TEST ON

CONSERVATION OF NUMEROUSNESS

After the three tests were constructed, an
operational definition of the levels of conser-
vation of numerousness still remained to be
made. A pilot study was conducted in early
November, 1965, using 81 first grade children
from a school using the arithmetic television
program, "Patterns in Arithmetic, " developed
by the Research and Development Center,
University of Wisconsin. "Patterns" uses es-
sentially the same substantive approach as
that described earlier so the children had many
experiences setting up correspondence, etc.
Procedure

The tests were arranged on tables with
boards placed vertically to prevent the sub-
jects from observing more than one item at a
time. Tests were assigned in random order to
the children, but the items were taken in order.
The child and experimenter walked from item
to item. The items were not assigned at ran-
dom because experience showed it was very
difficult for the experiment er and child to
move together in a random order around the
table without causing a lot of distraction for
the child. It was felt any gain made by ran-
domization would be more than an offset by
the confusion caused by a random order.

Discussion of Results

Table 1 shows that the children made more
correct responses on Test 1 than on either

Table 2

Table 1

Total Correct by Tests and Items

Test
Item

1 2 3 4

1 70 71 77 54
2 49 61 75 36
3 69 68 69 37

Test 2 or 3. Table 2, shows that more chil-
dren scored (1, 1, 1, 1) on Test 1 than on either
Test 2 or 3 and more children scored (1, 1, 1, 1)
on Test 3 than 2. These two observations
are consistent with the earlier discussion
that different materials and situations do, in
fact, influence the type of quantitative com-
parisons that children are able to make. It can
be hypothesized that the reason the children
were able to do much better on Test 1 than on
2 or 3 was that the rectangular arrangement
lends itself more readily to setting up a one-
to-one correspondence because the children
could conceivably compare, for example in
Item 4, four rows with four rows and two col-
umns with two columns to make an immediate
judgment of equinumerousness. Item 1 of
Test 2 warrants discussion. A reason for the
relative difficulty of this item probably was
that the children were more inclined to make a
gross comparison of length instead of density,
and in Item 1 of Tests 1 and 3, they made
either a gross comparison based on density or

Frequency of Response Patterns by Tests

(1, 1, 1, 1) (0, 1, 1, 0) (0, 1, 1, 0) (0, 0, 1, 0) (0, 0, 1, 1)

Test 1 47 17 5 2 2

Test 2 21 22 9 8 5

Test 3 27 24 5 3 2

(1, 1, 0, 1) (1, 1, 0, 0) (1, 0, 1, 0) (0, 1, 1, 1) (1, 0, 1, 1)

Test 1 1 1 1 1 3

Test 2 0 1 3 5 2

Test 3 6 5 6 1 1

(0, 1, 0, 1) (1, 0, 0, 0) (0, 1, 0, 0) (0, 0, 0, 1 ) (0, 0, 0, 0)

Test 1 0 1 0 1 0

Test 2 2 0 1 1 1

Test 3 0 0 0 0 1

0 = Incorrect Item 1 = Correct Item
(Item 1, Item 2, Item 3, Item 4)
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an intensive comparison.
Even though children are capable of making

extensive quantitative comparisons (5 children
scored (0, 1, 1, 1) for Test 2), they still may
not be able to ignore their perception in some
cases and are led to make gross quantitative
comparisons. However, there are possibly 8
children who responded correctly on the last
item and incorrectly on at least one other item
on all three tests. Inspection of Table 2 shows
that 8 children responded correctly to Item 4
and incorrectly on some other item for Test 1,
15 for Test 2, and 10 for Test 3. The greater
frequency for Test 2 is reflected in that only 49
of the 81 children correctly responded to the
first item while 70 and 69 respectively re-
sponded correctly to the same item in Tests I
and 3.

Table 1 shows a possible learning eff ect
for the sequence of items in Test 2. However,
in view of the correct responses for the two
other tests, and an investigation of the actual
test, a much more plausible explanation for
the increasing number of correct responses can
be given. Item 1 has been already discussed.
In Item 2, there was not a great deal of differ-
ence in the density of checkers in the two
rows. Therefore, those children making a gross
comparison based on density could very easily
make a wrong judgment. However, for Item 3,
the row of 8 was much more dense than the
row of 6, so that a gross comparison based on
density would give a correct answer. Table 2

supports this analysis as tnere sire 8 children
who scored (0, 0, 1, 0) and 3 who scored
(1, 0,1, 0).

Four levels of conservation of numerousness
were defined based on the data of the above
three tables, in particular Table 3. Level 1 was
made up of children who responded correctly
on each item of each test, Level 2 of all chil-
dren who responded correctly on all the items
of exactly two tests, Level 3 of all children
who responded correctly for all the items on
only one t e s t, and Level 4 of all children
who responded incorrectly for at least one
item on each test. On the basis of chance
responses, the probability of a child being at
Level 1 is 001; at Level 2, . 026; at Level 3,
.241; and at Level 4, .732. So any child who
guesses is almost certain to be in Level 3 or
4, with Level 4 having a much higher proba-
bility.

A child's responses at Level 1 were not
necessarily based on extensive quantitative
comparisons, but it is quite unlikely that he
would make no extensive quantitative compari-
sons: Item 4 of each test permits neither an

Table 3

Frequency of Tests Entirely Correct

Tests Correct
1 2 3 1,2 1,3 2,3 1 2 3 none

Frequency 8 7 9 4 23 2 6 22

accurate gross comparison nor an accurate
intensive comparison; the probability of a cor-
rect guess on Item 4 of all three tests is only
1/27. Also, the probability of getting the
other 15 items correct on a basis of gross or
intensive comparison or guessing would lower
the 1/27 and thus decrease the child' s chances
of being at Level 1. It is impossible to give
probabilities for a child making a correct
response by gross comparison on the first
three items of each test since concentration
on length or density is the choice of the in-
dividual and may even change from item to
item.

The largest probability that a child at Level
2 has of not making any extensive quantitative
comparisons is 1/9 and, as in the above dis-
cussion for Level 1, the probability of getting
the other items correct by gross or intensive
comparison or guessing will lower this proba-
bility, but it is impossible to tell by how
much. The largest probability a child at Level
3 has of not making any extensive comparison
is 1/3, and again this figure should be lowered
by consideration of the gross or intensive
comparison or guessing made on the other
items .

Level 4 children could have made extensive
quantitative comparisons, but it is much more
likely that the responses were based on either
guessing or gross or intensive comparisons.
Of the 22 children at Level 4, 14 of them had
Item 4 wrong in all three tests. Of these 14,
11 had other items wrong. There is a high
probability that these 14 children were respond-
ing on a basis of intensive or gross compari-
sons. Three of the 22 children had one of the
last items correct, but missed a total of 9 of
the 27 first three items of each test. This
again indicates a high probability of responses
based on gross comparisons or guessing, and
it is likely that the children guessed the cor-
rect answer for Item 4 of some test. Five of
the 22 children had 2 of the 3 last items cor-
rect. However, 26 of their 45 total responses
on the first three items were incorrect, again
indicating a high probability of guessing on
the last items. One of the 22 children had all
three of the last items correct but had 4 of the
9 responses on the first three items correct.
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STATEMENT OF THE PROBLEM

In the case of second grade children, as
noted, there are observations that division
problems can be solved more readily when the
children are given physical aids to which they
may refer during solution of the problem than
when the children are required to make a draw-
ing. For younger children, there are observa-
tions which do not support the hypothesis that
logical reasoning first occurs with perceptual
support, then gradually begins to function in
the absence of such support. In fact, the con-
clusion was drawn that early training should
be given in the absence of such support. It
certainly maybe inferred that these contradic-
tory conclusions may be a function of the age
level of the children, since Piaget and others
have confirmed that older children are able to
make extensive quantitative comparisons more
successfully than younger children, and the
age of 7 to 8 seems to be a usual dividing
point. This inference leads one to hypothesize
that first-grade children will perform differently
on problems with accompanying physical aids
depending on the degree to which they are able
to make extensive quantitative comparisons.
Since perceptual support is not limited to phys-
ical objects, the same hypothesis may be for-
mulated using accompanying pictorial materi-
als. The hypothesis also may be formulated
with reference to problems without accompany-
ing perceptual support, since Smedslund in-
dicated a need for this investigation.

Relative to these three levels of visual
supportphysical, pictorial and no support
different kinds of transformations are possible.

In the case of physical objects, a trans-
formation is possible. In the case of pictorial
objects, an indicated transformation is all
that is possible. In both cases, however, the
transformation may be described since the
problem is verbally presented to the child. A
description is the only possible transformation
in the case of a problem given verbally to a
child without visual support. It may then be
hypothesizedthat children will perform differ-
ently on problems involving a transformation
and problems that do not involve a transforma-
tion, depending on the degree to which they
are able to make extensive quantitative com-
parisons. There are, then, two variables in
solving arithmetic problems with an additive
structure that are of interest: 1) the presence
or absence of aids, and 2) the presence of a
transformation in the problem (described, in-
dicated, or actually present) or the absence of
a transformation. Three levels of the first
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variable were identified: 1) the presence of
physical aids, 2) the presence of pictorial
aids, and 3) the absence of aids. Therefore,
there are six problem types of interest: 1)
problems with physical aids present and a
physical transformation involved, 2) problems
with physical aids present and no transforma-
tion involved, 3) problems with pictorial aids
present and an implied transformation involved,
4) problems with pictorial aids present and no
transformation involved, 5) verbal problems
with a described transformation, and 6) verbal
problems with no described transformation.
It is to be noted that regardless of the type of
transformation (physical or implied) there will
always be the described transformation implicit
in the verbal statement of the problem. A

review of the literature shows no indication
that these six problem types with an additive
structure have been systematically studied,
nor has there been any study of the relation-
ship of the six types of problems to first-grade
children's ability to make extensive quantita-
tive comparisons.

Low but statistically significant correlations
have been observed between the types of
quantitative comparisons children are able to
successfully make and their scores on group
IQ tests. This indicates that IQ is a factor
in conservation problems. But it also indicates
that IQ tests measure factors other than the
ability to make extensive quantitative compari-
sons. Moreover, a review of the literature
indicates no determination of the relationship
of IQ to 1) the presence or absence of a trans-
formation, 2)the presence or absence of visual
aids, and 3) the six types of problems.

For purposes of this study it was decided
to partition first grade children on the basis
of the four levels of conservation of numerous-
ness and three IQ groups: 78-100, 101-113,
114-140. The lower bound on IQ was selected
to eliminate the "educable mentally retarded"74
chil dr e n. With regard to these children,
Klausmeier states, "To expect the majority of
them to achieve well in an algebra class, to
read at ninth-grade level, or to understand
abstract ideas is unrealistic. "75 The upper
bound on IQ was selected to eliminate the
highly gifted children. Klausmeier states,
"The child who is already consistently supe-
rior in most areas of school instruction or who
promises to be is called a gifted student....
IQ is usually one criterion of giftedness. "76
Terman has given a general classification,"
in which he interpreted an IQ of over 140 as
near genius or genius.

The IQ of 140 represented the 98.67 per-



centile of the first grade population on the
Kuhlmann-Anderson IQ test and an IQ of 78
represented approximately the 2.4 percentile
of the population. Only 10 children were elim-
inated from the original sample, 4 below an
IQ of 78 and 6 above an IQ of 140.

There are, then, twelve groups of first-
grade children who are identified for the pur-
poses of this study. Schematically, if Si rep-
resents level 1, i =1, 2, 3, 4 andGi represents
IQ group j, j =1, 2, 3, then (Si, Gi) represents
the set of the 12 possible groups. All of the
children in each group used the same arithme-
tic workbook.78 School officials judged at
least the first five-eighths would have been
covered by all the teachers in the system.79
Sums which add to 1 through 8 have been de-
veloped in this time through the use of concrete
objects (which the authors suggest to the
teachers) and the pictorial material of the
workbook. In the first five-eighths of the book
there are 71 problems which have accom-
panying pictorial representations with an im-
plied transformation, 25 which involve no im-
plied representations, and 44 which require the
children to draw pictures of objects to com-
plete number sentences in an additive situa-
tion. There are a total, then, of 96 problems
which involve a transformation and 25 which
do not involve a transformation. Moreover,
numerous opportunities are given for drill on
combinations. In this same time, however,
addends with two digits are being learned for
which there are 27 exercises which can be
classified as accompanying pictorial material
with no transformation present. While the
addition facts are being presented, the authors
direct the teachers to tell number stories about
the pictures and also have the children tell
number stories and write number sentences for
the number stories. This practice is started
from the first lesson on addition in which the
teacher is directed to tell number stories
which the children can act out. This progresses
until the children are asked to make up their
own stories for the pictures and write the ac-
companying number sentence. When learning
to add using two digit numerals, the children
are still asked to interpret the pictorial situa-
tion. All the above instruction has been given
using the intuitive set approach described
earlier in this paper.

The questions to be asked after children
have been through the above described curricu-
lum in problems involving addition are these:

1) Is the mean performance of children dif-
ferent for the six described arithmetic problems
involving an additive structure?

2) Is the mean performance of the children
in each of the 12 groups different when solving
arithmetic problems with an additive structure ?

3) Are the group profiles of the 12 groups
differentrelative to the means of the six tests
of addition problems ?

4) Is the mean performance of the children
different in the four levels of conservation of
numerousness ?

5) Is the mean performance of children dif-
ferent for the problems involving the three
levels of visual aids: Physical objects, pic-
torial objects, and no visual aids ?

6) Is the mean performance of children dif-
ferent for the problems describing a transforma-
tion and the problems that do not describe a
transformation ?

7) Is the mean performance of the children
different in the three IQ groups ?

8) Are the differences of the mean perform-
ances of the children among the four levels of
conservation of numerousness the same across
the problems with a described transformation
and problems without a described transforma-
tion ?

9) Are the differences of the mean perform-
ances of the children among the four levels of
conservation of numerousness the same across
the problems involving the three levels of
visual aids ?

10) Are the differences of the mean perforiu-
ances of the children among the three IQ groups
the same across the problems with a described
transformation and problems without a de-
scribed transformation ?

11) Are the differences of the mean perform-
ances of the children among the three IQ groups
the same across problems involving the three
levels of visual aids ?

12) Are the differences of the mean perform-
ances of the childrenthe same for the problems
describing a transformation and problems not
describing a transformation across the three
levels of visual aids ?

13) Are the differences of the mean perform-
ances of children at the four levels of conser-
vation of numerousness the same across the
three IQ levels ?

14) Are the differences of the mean perform-
ances of the children among the four levels of
conservation of numerousness and three IQ
groups the same across the problems describ-
ing a transformation and problems not describ-
ing a transformation ?

15) Are the differences of the mean perforM-
ances of the children among the four levels of
conservation of numerousness and three IQ
groups the same across the problems involving
the three levels of visual aids ?
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16) Is the mean performance of the children
in the four levels of conservation of numerous-
ness different on a test of number facts ?

17) Is the mean performance of the children
in the three IQ groups different on a test of
number faces ?

18) Is there a significant correlation between
children's ability to solve addition problems
and their knowledge of arithmetic facts ?

THE PILOT STUDY OF ADDITION PROBLEMS

A pilot study was conducted the first part
of December, 1965, using second graders, in
order to obtain further empirical evidence on
some of the above questions.8° Secondgraders
were used since they had been through an en-
tire first grade curriculum and, at the time the
pilot study was conducted, had been through
almost half of a second grade curriculum. A
study of problems with a subtractive structure
was concurrently conducted, so in order to ob-
tain optimal empirical information from the
pilot study for both studies, addition problems
and subtraction problems were used in the
pilot study.
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The subtraction test with a physical trans-
formation was easier than the verbal addition
test with a transformation and the pictorial ad-
dition test with no transformation was easier
than the verbal subtraction test with no trans-
formation. A surprising result is that the
children in Level 4 showed up quite well on
the subtraction test with a transformation and
also did better on the verbal addition test with
a transformation than on the addition and sub-
traction tests without transformation. Another
significant result is that those children in
Level 4 had a lower score for the four tests
than did those children in the upper three levels.
In the first three levels, the verbal subtraction
test with no transformation was more difficult
than the other three tests. Since a verbal ad-
dition test without a transformation was not
administered, what this can be attributed to is
not yet entirely clear, but since the verbal ad-
dition test without a transformation should be
still more difficult (since we have indicated
that problems with aids are easier to solve
than problems without aids, holding transforma-
tion constant), there is evidence that a trans-
formation does make problems easier to solve.



IV

DESIGN OF THE STUDY

SUBJECTS

The population for the study consisted of
2, 166 first grade children from the Unified
School District of Racine, Wi s cons in. A
sample of 341 children was randomly selected
from this population. The order in which the
sample was selected was recorded and used
as the study progressed.

In December of 1965, each of the 2,166
children took the Kuhlmann-Anderson Intelli-
gence Test, Form A, which was administered
by the first-grade teachers of the school dis-
trict. All the tests were graded by one grader.
The frequencies of the IQ's from 78 to 140 are
given in Table 4.,

The IQ point of 100 corresponds to a cumu-
lative frequency of 762 which is 40 more than
one-third of total cumulative frequency of 2,166.
Since the IQ point of 99 corresponds to a cumu-
lative frequency of 701, which is less than
one-third of the total cumulative frequency,
the IQ range of 78-100 was selected as the
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first IQrange. Similarly 101-113 was selected
as the second IQ range, and 114-140 was
selected as the third IQ range. The average
IQ of the population was 107.18 and the stand-
ard deviation 13.78.

MATERIALS AND PROCEDURES

After the selection of the ordered random
sample of 341 children from the population,
testing was begun on March 8, 1966. One
trained experimenter did all testing. Each
child was tested individually on three succes-
sive tests which took approximately 20 minutes.

The first test consisted of the conservation
of numerousness test described in Chapter III
from which the children were assigned to one
of four levels. Since, as noted earlier, the
study being conducted concurrently made it
possible for two children to be taking the pre-
test together, it was decided not to randomly
assign the three pretests to the children. The

Table 4

Frequencies of IQ from 78 to 140 for 2, 166 First Grade Children

IQ 78 79 80 81 82 83 84 85 86

Frequency 10 13 12 7 15 18 20 23 25

IQ 87 88 89 90 91 92 93 94 95

Frequency 21 23 38 30 29 43 38 49 40

IQ 96 97 98 99 100 101 102 103 104

Frequency 65 59 48 75 61 57 60 50 46

IQ 105 106 107 168 109 110 111 112 113

Frequency 48 37 58 55 59 42 66 65 47

IQ 114 115 116 117 118 119 120 121 122

Frequency 47 64 30 46 65 46 18 38 48

IQ 123 124 125 126 127 128 129 130 131

Frequency 20 33 31 19 22 38 7 31 14

IQ 132 133 134 135 136 137 138 139 140

Frequency 11 17 10 6 14 5 15 10 9
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pilot study of the test on cons ery ati on of
n urn e r o u s n e s s indicated that Test 1 was
easier than either of the other two tests, so it
was administered first, then Tests 2 and 3, in
that order. It turned out that Test 1 was still
much easier than either 2 or 3. (See Chapter
V. )

The second test consisted of eighteen ad-
dition problems. (See the Appendix.) Nine of
these problems involved transformation and
nine involved no transformation. Six had ac-
companying physical aids, six accompanying
pictorial aids, and six no accompanying aids.
Of each set of six problems, three involved
transformation and three no transformation.
Addition combinations that summed to from 5
through 8 were randomly assigned to the prob-
lems. No combination involving 1 as an addend
was used. All the words used in the problems
to describe the objects were 1) included as
part of the curriculum, or 2) on "Clarence R.
Stone's Revision of the Dale List of 769 Easy
words, " or on combinations of 1 and 2. The
18 problems were randomly assigned to each
child and were typed on cards. The experi-
menter and the child sat opposite each other
at a portable card table. The experimenter
selected the appropriate card and, depending
on the type of problem, she would 1) (a) if it
was a problem involving a transformation put
the first group of objects in front of the child
and then read the problem to the child putting
the second group of objects in front of the
child as she read the phrase describing the
transformation, or (b) if it was a problem in-
volving no transformation, put all the objects
in front of the child and then read the problem
to the child; 2) put the picture in front of the
child and read the problem to the child; or 3)
just read the problem to the child. In all
cases, no time limit was placed on the child
and the problem was reread if the child wished.
All questions the child may have asked were
also answered if they did not involve the cor-
rect response. Moreover, if a child did not
respond within a reasonable length of time
(determined by the experimenter), the problem
was read again. If the child still did not
respond, the experiment was terminated for
that child. Fortunately such trouble was en-
countered only in one or two cases.

The third test was a test of addition com-
binations with sums of 5, 6, 7 or 8. Again,
no time limit was placed on the child to finish
this test.
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THE SAMPLING PROCEDURE

Originally, eight hundred chil dr e n were
selected as an ordered random sample from
the total first grade population. Since two
studies were in progress concurrently, 400 of
these children were assigned to each study,
with the children from each school randomly
partitioned into two groups so that the two ex-
perimenters would have approximately an equal
number of children for each school. Each sub-
group of 400 still constituted an ordered ran-
dom sample. The children in the sample from
each school were tested. Any child in the
sample who was absent on the day of testing
for a particular school was not tested unless
the experimenters returned to that same school
the next day. At the end of the testing (April
12), an assignment of a subset of the 339 chil-
dren tested in the IQ range of 78-140 to the
twelve groups was made from the or der e d
sample by progressing through the sample in
order as signing children to the appropriate
groups until, say, group n was filled. Those
children left in the unassigned portion of the
sample who also were in group n were auto-
matically discarded. This procedure was fol-
lowed until all 12 groups were filled to 9 sub-
jects. Additional testing was then performed
on May 11 and 12 with children who were ran-
domly selected from a randomly selected
school until two more children were obtained
for the lowest group (Level 4, IQ range 78-100)
thereby increasing that group to 11. All other
groups were increased to 11 by reverting back
to the original remaining ordered sample and
proceeding as before. In effect, the last sam-
ple also constituted an ordered sample which
was considered an extension of the first sam-
ple. However, no more than two children de-
scribed needed to be used for Sample 2.

THE EXPERIMENTAL DESIGN

Table 5 ls a diagram of the design. N is
the number of subjects per group (11) and g is
the number of groups (12). Winer81 outlines a
repeated measures design whereby the main
effects of 1) visual aids and 2) a transformation
vs. no transformation and 3) levels and 4) IQ
and all possible interactions are tested which
will answer Questions 4-15 in the statement
of the problem. The analysis of variance
(ANOVA) table for this design is given in Table
6,82 in which all factors are assumed to be
fixed, as is the case in this study.



Table 5

Outline of the Design

Group

1

g

Individual
1

2

n

Means:

1

2

n

Means:

Means: All Groups:

Tests
1 2 6

X111 X121

X211 X221

Xnll Xn21

X.11 X.21

Xllg x12g

X21
g

X22g

Xnl g
Xn2g

X161

X261

Xn61

X.61.61 ..1

XI 6g

X26g

Xn6g

X. lg X. 2g
X. 6g

XX . X.2. .6. X

g

Table 6

ANOVA Table

Source of
Variation

d. f.

Between Subjects
A (Levels)
B (IQ)
AB
Subj. w. groups

Within Subjects
C (Visual aids)
AC
BC
ABC
C X subj. w. groups

groups

D (Action, no
action)

AD
BD
ABD

s-1
(p-1)(s-1)
(q-1)(s-1)
(p-1)(q-1)(s-1)

Dx subj. w.
groups

Pcl(n-1)(s-1)

CD
ACD
BCD
ABCD
CD X subj. w.

groups

(r-1)(s-1)
(P-1)(r-1)(s-1)
(c1-1)(r-1)(s-1)
(p-1)(q-1)(r-1)(s-1)
pq(n-1)(r-1)(s-1)

Note: p = levels of factor A
q = levels of factor B
r = levels of factor C
s = levels of factor D

Greenhouse and Geisser" outline a proce-
dure for developing tests to detect: a) dif-
ferences in the means of the six tests, b) dif-
ferences in the means of the twelve groups,
and c) differences in the test profile among
the groups. These three tests will answer
Questions 1, 2 and 3 in the statement of the
problem. The ANOVA table for their procedure
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is given in Table 7." In this table, the groups
factor is subdivided into factors A and B and
the interaction AB in Table 6. The subjects
within groups is the same in both tables and
is an error term in both analyses. The test
factor of Table 7 is subdivided into factors C
and D and the interaction CD of Table 6. The Within Subjects
groups x tests interaction of Table 7 is sub-
divided into the interactions AC, BC, ABC, AC

AD, BD, ACD, BCD, and ABCD of Table 6. BC

The subjects within groups x tests interaction ABC

of Table 7 is subdivided into the C x subjects C x subj. w. groups
within groups, D X subjects within groups,
and CD X subjects within groups interactions
of Table 6.

The conservative tests outlined by Green-
house and Geisser85 will be used when testing
for any within-subject variation. For Table 7
this amounts to entering the F table with 1 and
N-g degrees of freedom and g-1 and N-g de-
grees of freedom instead of (V-1) and (V-1)
(N-g) and (V-1)(g-1) and (N-g) respectively.
For Table 6, the degrees of freedom used to
test for variation within subjects is summarized
in Table 8.

A two-way analysis of variance will be
used to detect any possible differences in
the performance of the children on the test of
number facts in the four levels and three IQ
groups which will answer Questions 16 and 17
in the statement of the problem. Correlation
coefficients will also be calculated between
total scores on the problem-solving test and
total scores on the number-combination test
to answer Question 18 of the statement of the
problem.

Table 8

Degrees of Freedom for Conservative Tests

Source of Variation d. f.

D 1

AD (13-1)
BD (q-1)
ABD (p-1)(q-1)
D X subj. w. groups pq(n-1)

CD 1

ACD P-1
BCD q-1
ABCD (p-1)(q-1)
CD X subj. w. groups pq(n-1)

Table 7

ANOVA Table

Source of Variation d. f. SS

Groups

Sub. w. groups

Tests

Groups x tests

Subj. w. groups X tests

g-1

N-g

V-1

(V-1)(g-1)

(V-1)(N-g)

Q2

Q3

Q1

Q4

Q5

(N -q), Q2

F2

F = (N-g)
1

(N-g)
5

Q4
F3

(g-1) Q5
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V

JLTS OF THE PRETEST AND OF THE RELIABILITY STUDIES

In this chapter, reliability studies of (1)
the tests of conservation of numerousness,
(2) the test of arithmetic problems, and (3) the
subtests of the test of arithmetic problems
that are of interest for the study will be dis-
cussed. The purpose for conducting these
reliability studies is that when interpreting
the results of a statistical analysis such as
will be performed on the scores children re-
ceived on the test of problem solving, it is
essential to know the reliabilities associated
with the tests on which the statistical analysis
is based.

THE FOUR L EVELS OF CONSERVATION OF

NUMEROUSNESS

The following discussion is divided into
three sections: (1) the performance of the
children on the pretest of conservation of
numerousness which will be related to the
pilot study and to a follow-up study, (2) re-
liability consideration of the pretest, and (3)
the relation of the four levels to IQ.

The Performance on the Pretest of Conservation

of Numerousness

Table 9 summarizes the frequency and pro-
portion of the 341 children in the main study
and the 100 children in the pilot study in each
of the four levels. xi = .13 shows no signi-
ficance in the departure of the proportions of
the two groups considering the proportions
for the main study as the expected values.
The test then, functioned much the same way
in the two samples even though there was a
difference of at least five months between the
two testings.

Disregarding guessing, as noted in Chapter
III, in order for a child to score Item 4 of each
test correctly, he had to make an extensive
quantitative comparison. However, for Items
1, 2 and 3 of each test, a gross or intensive
quantitative comparison would suffice. It

seems, then, that in order for the. definition of
Level 4 to be meaningful, the frequencies of
the first three items of each test should be
much higher than the frequencies of the fourth
item for each test. That this is in fact true for
the 128 children in Level 4 is shown by Table
10.

Table 9

Frequency of Children in the Four Levels:
Main Study and Pilot Study

Main Study Pilot Study
Level Freq. Prop. Freq. Prop.

1 60 .18 8 .08
2 69 .20 20 .20
3 84 .25 . 31 .31
4 128 .38 23 .23

Table 10

Frequency of Children at Level 4 on Pretest
N = 128

Test
Item

1 2 3

1 114 123 109 5

2 87 126 72 1

3 108 120 85 7

Based on a chance response, the frequen-
cies under Item 4 could be expected to be as
high as 43. They are much lower than this,
indicating that generally the children were not
guessing on this item but were possibly basing
their judgment, on gross quantitative compari-
sons. Howevei, the possibility still exists
for a small proportion of the children at Level
4 to be capable of making extensive quantita-
tive compari sons. (No larger than about 1/30 as
can be seen from Table 11; that is, a four-tuple
having a 1 for the last entry and at least one
0 in the first three entries. )
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Table 11

Frequency of Children's Response Patterns by Levels

Level 1

(1 1 1 1)(11 10)(1 101)(1011)(01 11)

180 - M. 4M .1M

(1100)(1010)(1001)(0011)(01 10)(0101)(1000)(0100)(0010)(0001)(0000)

M. 6. m, MN MI IM MN MI MI 411. MIN

Level 2 128 50 6 4 1 1 1 - - 2 2 - 2 - - -

Level 3 84 125 7 3 5 9 2 1 - 10 1 - 4 - - 1

Level 4 - 225 3 1 4 69 8 - - 28 2 3 38 - 2 1

Total 402 400 16 8 10 79 11 1 40 5 3 44 2 2

Key: 1 = Correct Response; 0 = Incorrect Response; (Item 1, Item 2, Item 3, Item 4)

Table 12 Table 13

Frequencies of 20 Children on the Pretest: Frequencies of 20 Children on the Pretest:
Non-Random Order Random Order

Test Item Test
1 2 3 4

1

2
3

Item
1 2 3 4

19 18 19 15 1 20 20 20 15

16 18 15 10 2 19 19 17 10

17 18 15 8 3 19 19 18 10

Table 14 Table 15

Frequencies of Children at Level 3 on Pretest Frequency of Tests Entirely Correct, Level 2
N = 84

Test Item
1 2 3 4

1 83 82 81
2 66 84 69
3 82 79 79

69
20
12

Table 16

Tests
Entirely 1 2, 3 1 2 1 3 2 3 1 2 3 None
Correct

Frequency 60 36 26 7 66 11 7 128

Table 17

Frequencies of Children at Level 2 on Pretest Frequencies of All Children on the Pretest
N = 69 N = 341

Item Item
Test Test

1 2 3 4 1 2 3 4

1 69 68 67 63 1 326 333 317 197

2 64 69 64 47 2 227 339 265 128

3 67 65 65 41 3 317 324 289 120
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The possibility of a response bias exists
since the items were taken in the order 1 -2 -3-
4. However, if a classification at a level
was the result of a response bias, then no
differences should exist between levels. This
is not the case, as will be shown later. Too,
if the children had been responding on the
basis of extensive quantitative comparisons,
then the type of response given on the first
three items would have been irrelevant .
However, it is still true that response bias
could exist. In order to gain more information
about this question, a further study was con-
ducted using a sample of 20 children who had
just completed the first grade and were attend-
ing summer school. Ten of the children were
given the tests just as they were given to the
341 children in the main study and the remain-
ing 10 were given the tests and the items of
each test in a random order all on the same
day. Three days later, the 10 children who
took the tests in a non-random order took it
again, but this time in a random order, and
the 10 children who took it in a random order
took it again, but this time in a non-random
order. Table 12 gives the frequency distribu-
tion for the non-random administration of the
test and Table 13 gives the frequency distribu-
tion for the random administration. x = 2.60
(not significant at the .05 level) shows that
the frequencies of the two tables are not dif-
ferent except for chance fluctuation.

Tables 14 and 15 show that Test 1 was much
easier than Test 2 or 3 for the 84 children in
the main study in Leve13. A plausible expla-
nation has been already given in Chapter III
for this phenomena since the data in Table 15
is quite consistent with the data in Table 3.

The children in the main study in Level 2
usually scored correctly on Tests 1 and 2 or 1
and 3 as is shown by Table 15. Table 16 shows
the frequencies of these children on all items,
and Table 17 shows the total frequency for the
341 children on all the items of all the tests.

Reliability Consideration of the Pretest

On any one test, a child could score 0, 1,
2, 3, or 4. Using these scores, correlations
were calculated between Tests 1 and 2, 1 and
3, and 2 and 3. The results, given in Table
18, may be considered as comparable form
reliability coefficients S6 The coefficients are
significantly differ ent from a 0 correlation
but, since they are modest correlations, they
support the necessity of having more than one
test of conservation of numerousness.

Table 18

Correlations Between Total Scores on the
Three Subtests of the Pretest

Test 1

Test 2

Test 3

Test 1 Test 2

1

Test 3

. 40**

. 46**

1

p < . 01

If the 12 items of all three tests are con-
sidered as one test, the concept of an internal
consistency reliability coefficient becomes
meaningful." Table 19 gives the inter-item
correlation coefficients of the 12 items where
variables 1-4 are the items of Test 1, 5-8 are
the items of Test 2 and 9-12 are the items of
Test 3, all similarly ordered. Pearson product-
moment correlation coefficients were used
(0 coefficients). A computer program was used
to obtain the table. 88

Using the Spearman-Brown Prophecy formula

(1 + (k-1)7 '
k F where k = number of items and

F = average inter-item correlation of the k
items) for the internal consistency reliability
coefficient, a respectable coefficient of .69
is obtained.89 Considering just Items 4,8,
and 12 (those requiring the response "the
same number") an internal-consistency coef-
ficient of .72 is obtained, quite respectable
for a 3-item subtest. The inter-item correla-
tions of these three items are given in Table
20. For a 6-item test of the same kind of items,
a reliability estimate of .84 is given by the
Spearman-Brown Step-up formula"

n r
(rn 1 + (n-1) r

where r is the original reli-

ability, and rn is the estimated reliability of
a test n times as long).

Considering the first three items of each
test (variables 112, 3,51 6, 7, 9, 10 and 11),

an internal-consistency reliability coefficient
of .61 is obtained. An inspection of Table 17
indicates that, because of the large frequen-
cies, many small insignificant and significant
inter-item correlation coefficients should be
obtained. This is in fact the case as 26 of the
possible 66 inter-item correlations do not dif-
fer significantly from 0 and hence contribute
heavily to the unreliability of the total test.
Eighteen of these insignificant correlations in-
volve correlations between the first three items
of each test, of which there are only 36. As
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Table 19

Inter-Item Correlation Matrix of the Pretest

Var 1

Var 2
Var 3
Var 4
Var 5

Var 6
Var 7
Var 8
Var 9
Var 10
Var 11
Var 12

Var 1 Var 2 Var 3 Var 4 Var 5 Var 6 Var 7 Var 8 Var 9 Var 10 Var 11 Var 12

1.00 . 06
1.00

.16**

. 18**
1.00

.19**

. 06

.21**
1.00

.15** -. 02
-. 02 .24**

. 31**-. 02

. 21** . 09
1.00 -.04

1.00

.13*

. 06

.29**

. 37**

.36**
-.04
1.00

.13*

.04

.14**

. 47**
.23**
.06
.28**

1.00

.28**
-. 04

.20**

. 22**
.17**

-.02
.31**
.16 **

1.00

08
. 1 4**

-.01
. 02
.17**
.16**
.20 **
.01
. 1 0

1.00

.23**
07

.36 **

. 3 0**
.23 **

-. 03
.52 **
.24 **

37**
. 09

1. 00

.10
. 07
.11*
. 41**
.17**
.06
.16**
.49**
.05

-. 09
.14**

1.00

p < . 05
**p

< . 01

noted, the inter-item correlation of the last
items of the test are quite substantial and re-
sult in a quite reliable subtest.

In order to gain more information on the
stability of the levels, a correlation coefficient
was computed between the levels the 20 chil-
dren in the follow-up study were placed in on
the two days of testing. (See Table 21.) Four
of the five children who changed levels im-
proved on the second day of testing. Since
the tests were given only two days apart, some
improvement should be expected due to the
familiarity of the testing situation on the sec-
ond day. The correlation coefficient of .78
obtained indicates, however, good stability
of the levels.

The Relation of the Four Levels of Conservation
of Numerousness and IA

The frequencies of levels by IQ are given
in the Appendix. Collapasing this frequency
table on the IQ variable into the three ranges
defined for the study Table 22 is obtained,
from which xi, = 61.15 is significant beyond
the . 001 level of significance. The mean IQ
of the total sample as well as those of the
four levels are given along with the standard
deviation of the sample in Table 23.

As noted earlier, 11 children from each of
the cells in Table 22 were randomly selected
for the remainder of the study.
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Table 20

Inter-Item Correlation of Items 4, 8, and 12
of the Pretest

Items 4 8 12

4 1 .47 .41
8 - 1 .49

12 - - 1

Table 21

Levels Achieved by 20 Children on Two
Different Days

Day
Subject

1 2 3 4 5 6 7 8 9 10

Tues.

Fri.

1

1

1 2

1 2

4 3 2

2 2 2

2

2

3

3

2

2

4

4

Day
Subject

11 12 13 14 15 16 17 18 19 20

Tues.

Fri.*

1

1

1

1

4

3

3 2 3

2 4 3

2

2

4

4

4

4

4

4

*Random Order



Table 22

Frequency Table of Levels by IQ

Level
IQ Total

1 2 3 4

98-100 11 15 19 69 114
101-113 11 18 34 37 100
114-140 38 36 31 22 127

Total 60 69 84 128 341

Table 23

Mean IQ's for Levels and Total Sample and
Standard Deviation of Total Sample

Level Total
1 2 3 4 Sample

Mean IQ 116.23 112.87 109.76 98.20 108.21
Std. Dev. - - 14.33

RELIABILITY STUDIES OF THE TEST ON
PROBLEM SOLVING

The following reliability studies are based
on the performance of the sample of 132 chil-
dren on the test of addition problems. There
will be a total of 12 reliability coefficients
reported, one for the total test and the others
for subtests as well as an item analysis using
the total test as an internal criterion.

Total Test

On the problem solving test, it was possible
to obtain a total score from 0 to and including
18. Table 24 gives the frequency distribution
of these total scores.

For each item, four statistics are computed:
(1) difficulty, (2) item-criterion correlation,
(3) x50, and (4) beta. Underlying these four
statistics is the concept of an item character-

istic curve, which "is a smooth curve fitted
to the proportion of persons at each criterion
score level who made the particular response
being studied. " 91 In order to utilize the pa-
rameters of the normal curve (p., T11 the assump-
tion that the item characteristic curve has the
form of the integrated normal function (normal
ogive) must be made. 92 Once this assumption
is made, the definition of x50 and (3 may then
be given.

The parameters of the item characteristic
curve which specify the normal ogive fitted
to the item response data are the following.

x50, the criterion score at which the prob-
ability of correct response is . 5. The pa-
rameter is expres sed in units of the criterion
variable standard deviation.

13, a measure of the steepness of the item
characteristic curve which specified the
capability of the item to discriminate be-
tween the individuals possessing various
amounts of the criterion ability. This pa-
rameter is the reciprocal of the standard
deviation of the fitted normal ogive.93

p may also be thought of as "the slope of the
item characteristic curve at x50. "94

The difficulty of an item "corresponds to
the area under the item characteristic curve
and hence is a function of both x50 and p. "95

The correlation of an item with a criterion
score, such as total test score, may be com-
puted by using point biserial correlation, which
assumes the ability underlying the responses
on each item is continuous. The jormula for

xi - x isr
point biserial correlation is rb = sx (z) 96

where xi is the mean score of all persons
answering the item correctly; X is the mean of
the sample; sx is the standard deviation of the
sample; P is the proportion of persons answer-
ing the item correctly and Z is the ordinate of
the normal curve at the deviate which divides
the area of the unit normal curve into P and
1-P. A relationship between rb and (3 is given

Table 24

Frequency Distribution of Total Scores on Problem Solving Test

Total
Score

0 1

Frequency 1 1

2 3

1

4 5 6 7 8

10. .11111, 3 1

9 10 11 12 13 14 15 16 17 18

3 7 7 5 13 6 12 24 26 22

Mean: 14. 56
Std. Dev. : 3.49
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rb
by 1" which is utilized in the com-

41-rb
putation of (3.

The Hoyt reliability coefficient, an internal
consistency reliability coefficient, " is given

MS
by the formula rh = 1 - where MSww 99

ind
and MSind are two mean squares in a two-way
analysis of variance in which one of the factors
is the subjects and the other is the test item s.11111
The above procedures were used in all item
analyses that follow, which were performed by
a computer program. 101

Table 25 contains the analysis of variance
used to compute the Hoyt reliability coefficient
for the problem solving test and the reliability
coefficient.

An inspection of the table shows a signif-
icant difference of the individuals on the test.
An inspection of Table 24 shows the scores
distributed from 0 to 18 of which the signifi-
cant difference is a reflection. A more detailed
analysis of the individuals will be given later
when the performance of the children in the 12
groups-the 4 levels and 3 IQ groups-are
studied. The significant F ratio associated
with the items indicates that some were more
difficult than others which is seen in the item
analysis that follows. The reliability coef-

ficient of .83 indicates that the test is quite
reliable and compares favorably with commer-
cially produced tests,'" of which one reports
internal consistency reliability coefficients
from .78 to .93. In this test battery, the
arithmetic reasoning test of 45 items has a
reliability coefficient of .84, and the arithme-
tic fundamentals, addition and subtraction, a
test of 45 items, has a reliability coefficient
of .93. For a test three times as long as the
addition problem test (a test with 48 items)
the estimated reliability is .93 as calculated
by the Spearman-Brown Step-Up Formula.

Table 25

ANOVA Table for Hoyt Reliability of Total Test

Source of
Variation d. f. S. S. M. S. F H.R.

Ind.
Items
Error
Total

131
17

2227
2375

89.14
28.13

249.98
367.25

.78
1.65
.11

6.06**
14.74**

.83

**p < . 01

Table 26 contains the item analysis of the
test. The criterion variable is the total test
score on which the statistics are based.

Due to the fact that the test was constructed

Table 26

Item Analysis of Problem Solving Test

Item

Frequency
of correct
responses Difficulty rb x50

Beta

1 122 .92 .77 -1.86 1.21
2 113 .86 .86 -1.24 1.66
3 122 .92 .65 -2.21 .85
4 117 .89 .95 -1.27 3.08
5 110 . 83 .93 -1.04 2.56
6 100 .76 .83 . 84 1.50
7 125 .95 .76 -2.12 1.18
8 111 .84 .55 -1.80 -66
9 103 .78 .68 -1.13 .94

10 111 .84 .97 -1.02 4.21
11 103 .78 .93 - .83 2.59
12 118 . 89 1.09 -1.15
13 105 .80 .69 -1.19 .95
14 101 .77 .57 -1.27 .69
15 111 .84 .72 -1.38 1.04
16 97 .73 .82 - .76 1.42
17 60 .45 .57 .20 .69
18 93 .70 .70 - .77 .97
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to test the problem solving abilities of first
grade children who had been through three-
fourths of a first-grade arithmetic curriculum,
it is to be expected the test should be quite
easy for those children tested. This expecta-
tion is verified by the item analysis in that all
items except 17 have x50's below the mean of
the criterion test. Moreover, generally high
item-criterion correlations are present, with
large difficulty indices. However, the items
generally are good discriminators, with only
3 items possessing a p. below .85 (a slope of
about 40°). The smallest slope observed cor-
responds to an angle of about 33-1/2% The
mean of the 18 items for all 132 children was
14.76 and the standard deviation 3.49. One
standard deviation below the mean corresponds
to a score of about 110 and two standard devia-
tions below the mean corresponds to a score
of about 8. Since a large number of items
function between 8 and 11, these items are
discriminators for approximately 6 to 24 chil-
dren. Items which function from one standard
deviation below the mean to the mean are dis-
criminators for about 24 to 50 children. The
relationship of these lower scores to IQ and
conservation of numerousness will be made
clear later. The last 6 items were more diffi-
cult than the first 12 indicating that problems
with no accompanying aids were more difficult
than the problems with accompanying aids. No
other apparent differences in difficulty are dis-
cernable at this time except for a possible dif-
ference in 13, 14, 15 as opposed to 16, 17,
and 18 (verbal problems with a transformation
as opposed to verbal problems without a trans-
formation) and must await further analysis.

Table 27

Subtests

Detailed information on the remaining reli-
ability studies is available in the original re-
port o3 Reliability coefficients are given in
Table 27.

SUMMARY

The pretest of conservation of numerousness
partitioned two independent samples much the
same way even though five months separated
the two testings. Randomizing the items of
the pretest and the three tests does not seem
to affect the way in which children respond to
the items thus eliminating the possibility of
response bias influencing the level in which
children are placed. Those children who were
placed in Level4 scored very low on Item 4 of
each test of the pretest which was very con-
sistent with the definition of Level 4, which
was based on the type of quantitative com-
parisons of which children are capable. Test
1 turned out to be much easier than either 2 or
3 which is consistent with the results of the
pilot study of conservation of numerousness.

A short time-interval test-retest reliability
coefficient of .78 was obtained for the pretest.
An internal-consistency reliability coefficient
of .69 also was obtained. Both are substantial
and indicate that the results of the pretest
may be interpreted with some confidence. IQ
and the four levels are associated as determined
by a significant x2.

To facilitate the interpretation of the results,
reliability studies were conducted on the test

Internal-Consistency Reliability Coefficients of Problem Solving Subtests

Subtest Number of Items Reliability

1. Physical Aids; Transformation 3 . 40

2. Physical Aids; No Transformation 3 .60
3. Pictorial Aids; Transformation 3 . 47

4. Pictorial Aids; No Transformation 3 .77
5. No Aids; Transformation 3 .57
6. No Aids; No Transformation 3 .37
7. Physical Aids 6 .64
8. Pictorial Aids 6 .69
9. No Aids 6 .65

10. Transformation 9 .65
11. No Transformation 9 .81

29



of addition problems and 11 subtests of the
test of addition problems. Item analyses were
included in the reliability studies. The tests
(or subtests) and reliabilities associated with
them are given in Table 27.

Difficulties of interpretation may arise in
analyses that involve the six three-item sub-
tests (1-6 in Table 27) due to relatively low
reliabilities associated with three of them
(1, 3, and 6). Difficulties are not as prevalent
for 1 as for 3 and 6 since the items in 1 were
of very low difficulty and were not statistically
different. But in the case of 3 and 6, the item
difficulties departed significantly one from
the other, with those of 6 being much more
difficult than those of 3.

Considering the total problem solving test
as the criterion, the items all functioned be-
low the mean (had x5ols below the mean) ex-
cept one (number 17) which functioned above
the mean in all item analyses. However, the
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items generally were good discriminators at
the x50 points with the exception of three,
which had 13Is below .69. The item analyses
performed using the subtests as the criterion
revealed that the two subtests denoted by 2
and 4 in Table 28 were quite highly related in
that when Subtest 2 was used as a criterion,
those items in Subtest 4 possessed high item-
criterion correlations, good I's (those that
were non-zero) emd low x50Is; and vice versa.
No other pair of subtests in 1-6 of Table 27
di s p l a y e d this high degree of relationship.
However, when Subtest 7 was used as a cri-
terion, the items of Subtest 4 possessed high
item-criterion coefficients, low x5ols and good
p 's, which is not surprising. Also, when
Subtest 8 was used as the criterion, Subtest
2 possessed high item-criterion correlations,
low x501 s and good f3Is which again is not
surprising. No subtest displayed a high rela-
tionship to subtests 5, 6, or 9, nor to 1, 3,10,
or 11.



VI

RESULTS OF THE STUDY

THE PERFORMANCE OF THE CHILDREN IN THE
TWELVE GROUPS ON THE SIX PROBLEM TYPES

As noted earlier, the sample of first graders
was divided into 12 groups of 11 children each
on the basis of level of conservation of numer-
ousness and IQ classification. Due to the
large ranges of the IQ classifications (78-100,
101-113, 114-140,78-140)it could be entirely
possible for the mean IQ's of the children
among different levels within a given IQ clas-
sification to differ significantly. With this in
mind, four one-way analyses of variances were
performed, one within each IQ classification,
using levels as the main effect. Table 28 gives
the mean IQ's of the children in each IQ clas-
sification and Tables 29, 30, 31, and 32 are
the ANOVA tables. The F ratios in the four
analyses of variance tables are all less than
1, indicating no statistical differences in the
mean IQ's among the four levels within each
IQ classification given in Table 28. Any dif-
ferences, then, that might occur between the
mean performances of the children in the four
levels are not due to differences in IQ.

Each child of each group of 11 children took
all of the problems of each of the six tests.
The design was outlined in Chapter IV to de-
tect any possible differences in the mean per-
formance of the children among the 12 groups,
any possible differences in the means of the
six tests and any possible differences in the
group profiles. The analysis of variance is
outlined in Table 33.

The F ratio of 1.04 shows no statistically
significant interaction of groups and problem
types (no significant difference in the group
profiles). Table 34 gives the group profiles
(means) for the six problem types.

The F ratio of 2.98 for the 12 groups was
significant beyond the . 01 level of significance
indicating that the mean performances (Table
34) of the children among the 12 groups were
statistically different.

Table 28

Mean IQ's of Children Among the Four Levels
Across Four IQ Classifications

Level
IQ

78-100 101-113 114-140 78-140

1 93.18 108.09 124.36 108.55
2 94.18 107.91 121.73 107.94
3 94.18 106.82 122.36 107.79
4 91.73 108.73 119.82 106.76

Table "49

ANOVA for IQ Range 114-140 Across Four
Levels

Source of
variation d. f. MS F

Between Levels 3

Within Levels 40
Total 43

38.629
47.523

<1

Table 30

ANOVA for IQ Range 101-113 Across Four
Levels

Source of
variation d. f. MS F

Between Levels 3

Within Levels 40
Total 43

6.931 < 1
15.091

Since the interaction of groups and problem
types is not significant, the Newman-Keuls
method of testing the difference between all
possible pairs of means can be used.1" A
description of the test will be embedded in the
procedure that follows.

In Table 34 the means of all groups are
rank-ordered from low to high. The differences
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Table 31 Table 32

ANOVA for IQ Range 78-100 Across Four ANOVA for IQ Range 78-140 Across Four
Levels

Source of
variation d. f. MS

Between Levels 3 14.818 < 1
Within Levels 40 39.471
Total 43

Levels

Source of
variation d. f. MS

Between Levels 3 18.202 1

Within Levels 128 161.458
Total 131

Table 33

ANOVA for the Six Problem Types and Twelve Groups

Source of variation d. f. SS MS

Groups 11 57.662 5.242 2.98**
Subj. w. Groups 120 211.091 1.759

Problem Types 5 51.434 10.287 27.09***
Groups X Types 55 21.747 .395 1.04
Subj. w. Groups 600 227.818 .380

X Types

Total 791 569.753

**p < . 01
***p < . 01, Conservative Test

Table 34

Means of the 12 Groups on the Six Problem Types

Group
1 2 3

Type
4 5 6

Group
Means

Group
Ranks

Gil 2.82 2.36 2.64 2.55 3.00 2.27 2.61 9

G21 3.00 2.82 2.82 3.00 2.82 2.27 2.79 12

G31 2.82 2.36 2.64 2.45 2.09 2.09 2.41 6

G41 2.55 2.36 2.18 2.18 2.45 1.55 2.21 2

G12 2.91 2.82 2.91 3.00 2.45 2.27 2.72 11

G22 2.73 2.73 2.82 2.27 2.82 1.73 2.52 7

G32 2.91 2.64 2.82 2.73 2.45 2.09 2.61 10

G42 2.55 2.36 2.09 2.55 2.36 1.91 2.30 3

G13 2.82 2.73 2.91 2.55 2.27 2.00 2.55 8

G23 2.82 2.36 2.45 2.18 2.36 1.73 2.32 4

G33 2.64 2.36 2.36 2.55 2.45 1.82 2.36 5

G43 1.91 1.82 2.09 2.18 1.36 1.00 1.73 1

Problem
type
mans

2.70 2.48 2.56 2.52 2.41 1.89

Note: For group designation, first digit indicates level of conservation of numerousness (1-4);
second digit indicates IQ group (1 = 114-140, 2 = 101-113, 3 = 78-100).



Table 35

Difference Between All Pairs of Means of the 12 Groups
(Groups listed in rank order)

G41

G43 . 485
G41
G42

IMOG23
G33
G31
G22
G13
G11

G42

.576 .591

.091 .106
- .
-
-
-
-
-
-

G23

015
-
-
-
-
-
-

G33

.637

.152

. 061
. 064

-
-
-
-
-

G31 G22

.682* .788*

.197 .303

. 106 .212
. 091 .197
.045 .151

- .106
- -
- -
- -

G13

.819*
.334
.243
.228
.182
.137
.031

-
-

G11

.879*

.394
. 303
.288
.242
.197
.091
.060

-

G32

.879*
.394
.3 03
.288
.242
.197
.091
.060
.000

G12

1.00*
.515
.424
. 409
.363
.318
.212
.181
.121

G21

1.061*
.576
.485
.470
.424
.397
.273
.242
.182

AM/G32 - - - - - - - - .121 182
GNPG12 - - - - - - - - - . 061

*p < . 05

Table 36

Critical Values for Newman-Keuls Test

r 2 3 4 5 6 8 9 10 11 12

q, 95 (r, 120)2. 80 3. 36 3. 69 3. 92 4.10 4. 24 4. 36 4. 48 4. 56 4. 64 4. 72

SG q.95 (r,120) .457 .548 .602 .640 .669 .692 .712 .731 .744 .757 .770

between all possible pairs of means are com-
puted and entered in Table 35.

To obtain the critical values beyond which
the differences of the means are significant,
the standard error of the mean,j

SG = n q

is computed and then SG Q1...a. (r, d. f. ),

MSsubi, vr. groups_

which is the critical value, is computed,
where d. f. = degrees of freedom associated
with SG (120), r = the number of steps the two
ordered means are apart in an ordered se-

Mi M
J

quence, and q1....cv (r, d. f. ) - where
S 'G

Mi = mean of group 1, and Mj = mean of group
J, and q is the studentized range statistic.
The above computations are summarized in
Table 36. The two means G21 and G43 are 12
steps apart, so the difference must exceed
.770, which it does, and is therefore signifi-
cant. This procedure is continued for r = 11,
10, until the first critical value, ix any,
is met which is not exceeded, in this case at

r = 5. The process is then terminated for that
row and performed for all subsequent rows 105

Using the above procedure for testing dif-
ferences of group means, the difference of
the means of the pairs (G43, G21), (G43,
G12), (G43, G32), (G43, G11), (G43, G13),
(G43, G22) and (G43, G31) are all significant
as is shown in Table 35. The differences of
the means of the four other groups and G43
were very close to being significant. This
test indicates, then, that the mean performance
of the children in the low IQ and low level
classification is lower than all other groups
and significantly lower than seven of them.
The reliability of . 83 reported in Chapter V
for the total test indicates that the test was
a reliable estimate of the children's ability
to solve addition problems. Moreover, in the
analysis of variance for each subtest reliabil-
ity study, the main effect of individuals was
always significant. In this analysis, groups
of individuals have been identified which
were contributing to that difference. An in-
spection of Table 22 of Chapter V shows that
69 of the 341 children in the sample were in
group G43 (slightly over 20% of the sample).
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It is interesting to note in Table 35 that within
an IQ classification the means generally are
lower for the lower levels. The same is true
for IQ across levels. A more complete eluci-
dation of these two factors considered sepa-
rately will be deferred until later.

The F ratio of 27. 09 which corresponds to
problem types, shown in Table 34, is highly
signigicant. The means are given in Table 34.

Again, the Newman-Keuls method of testing
the differences between all possible pairs of
means can be used. Table 37 gives the dif-
ference of all possible pairs and Table 38 con-
tains the critical values.

The low reliabilities reported in Chapter V
for Problem Types 1 (.40), 3 (.47), and 6 (. 37)
dictate that the results of this analysis must
be interpreted with caution. However, the
differences of the means of Problem Type 6

( verbal problems with no transformation) and
all the other problem types far exceed the
n e c e s s a r y critical values as is shown in
Tables 37 and 38. In view of this fact and the
fact that three of the six problem types (2, 4,
and 5) had substantial reliability coefficients,
the conclusion that the mean of Problem Type
6 was significantly lower than the means of
the other five problem types is well supported.
Moreover, the difference of the mean of the
problems with accompanying physical a...ds

and each of the Problem Types 2 (accompanying
physical aids with no transformation), 4( ac-

companying pictorial aids with no transforma-
tion), and 5 (verbal problems with a transfor-
mation) were significant.

THE PERFORMANCE OF THE CHILDREN IN THE
FOUR LEVELS AND IN THE THREE IQ GROUPS

In this section, the 12 groups are sub-
divided into four levels and three IQ groups.
Table 39 gives the analysis of variance for
these two factors.

The interaction of levels and IQ is not sig-
nificant, indicating there is no statistical dif-
ference of the IQ profiles among the four levels,
which are given in Table 40.

Due to this lack of interaction, it is pos-
sible to again use the Newman-Keuls test of
ordered means tp contrast all possible differ-
ences of the means of the four levels and three
IQ groups. Table 40 gives the means of the
four levels, Table 41 gives the matrix of dif-
ferences of the ordered means of tie four
levels, and Table 42 includes the critical
values.

Table 43 gives the matrix of difference of
the ordered means of the IQ groups reported
in Table 40, and Table 44 includes the critical
values.

Table 37

Difference Between All Possible Pairs of Means of Six Problem Types
(Problem types in rank order)

6

5
2
4
3

5 2 4 3 1

ON.

.1011.

ION

.515* .583*
. 068*

.621*

.106

. 038

.667*

.152

. 084

. 046

.811*

. 296*

.228*

. 190*

.144

*p < . 05

Table 38

Critical Values for Neuman-Keuls Test of Ordered Means

2 3 4 5 6

g 95 (r, 600) 2.77 3. 31 3.63 3.86 4. 03

S
p

q
. 95

(r' 600) .149 .176 .195 .207 .216

S
iMStypes X subj. with groups

p
= n g
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Table 39

ANOVA for the Four Levels and Three IQ
Groups

Source of
variation d. f. MS

Between subj.
Levels (A) 3 11.450 6.51**

IQ B) 2 7.085 4.03*

AB 6 1.524 <1

Sub. w. groups 120 1.759

Total 131

*p < . 05
**p < 01

Table 40

Means: Levels x IQ

Levels 0Mgm...M.1001=1MOMMOMMOmme
114-140 101-113 78-100 Mean_

1 2.61 2.73 2.54 2.63
2 2.79 2.52 2.32 2.54
3 2.41 2.61 2.36 2.46
4 2.21 2.30 1.73 2.08

Mean 2.50 2.54 2.24

Table 41

Differences of Means of the Four Levels

Level 4 3 2 1

4
3
2 00

.379 ** .459 ** .545 **
. 080 .166

. 086

**p < . 01

The overall test to detect differences in
the means of the four levels was significant
at the . 01 level of significance as is shown
in Table 39. Moreover, Table 41 indicates
that the mean performance of the children in
Level 4 differed significantly (at the . 01 level)
from each of the other levels. However, no
statistical differences exist between any pair
of the means of Level 1, Level 2 and Level 3.
As has been discussed earlier the proportion
of children in Level 4 who were capable of

Table 42

Critical Values: Newman-Keuls Test
(. 01 Level)

r 2 3 4

q, 99 (r,120)

SS q .99 (r, 120)

3.70 4.20 4.50

.349 .396 .424

SS = Ssub. w. groups
n. q. r. s.

Table 43

Difference of the Means of the Three IQ
Groups

IQ 78-100 114-140 101-113

78-100

114-140

Oa

OW

.266* .300*

. 034

*p < . 05

Table 44

Critical Values of Newman-Keuls Test
(. 05 Level)

r

q. (r, 120)

SI
q. (r, 120)

2 3

3.36

.229 .274

2.80

MS

In. p. r. s.

making extensive quantitive comparisons was
quite low. However, the probability w a s
quite good (better than 2/3) that children in
Level 3 had made extensive quantitative com-
parisons. The probability of children making
extensive quantitative comparisons increased
for each of Levels 2 and 1, and, in the case of
Level 1, it was almost certain that a child
had made an extensive quantitative comparison.
Moreover, the differences in the mean perform-
ance of the children among the four levels are
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differences obtained in the mean performance
of children on a problem solving test with an
internal consistency reliability of .83. In
summary, then, a rando.n sample of the group
of children (38 per cent of the sample) for which
it was highly improbable that extensive quan-
titative comparisons had been made performed
significantly lower on a test which reliably
measured their ability to solve addition prob-
lems than children for which the probability
was higher for making extensive quantitative
comparisons. This result is not inconsistent
with Piaget's postulate that conservation of
something is a necessary condition for any
mathematical understanding. (See page 3).
The fact that the children at Level 4 did solve
approximately 2 of every 3 problems does not,
however, completely support Piaget's hypoth-
esis if it is interpreted in the strictest sense.
(Note the word any in the cited postulate. )
This result is also not inconsistent with the
correlation of .59 that Dodwell obtained be-
tween a test of conservation and a test cover-
ing the content of the first term of an arithme-
tic curriculum. Among differences that do
exist, however, is the time of administering
the pretest. In this study, the pretest was
administered immediate 1 y before the prob-
lem test; and in Dodwell's study, the pretest
was administered seven months before the
test over the content was administered. Table
9 shows, however, that the pretest did func-
tion much the same in two different populations
over a five-month time interval. This five-
month interval should include much that is
crucial for a good performance on the pretest
(counting and correspondence, as well as age
differential). However, no long-term test-
retest reliability study has been made as of
yet, but the above observation indicates con-
siderable reliability over the five-month period.

With reference to the IQ variable, Cronbach
notes that the Kuhlmann-Anderson Intelligence
Test has been constructed pragmatically by
"trying items awl retaining those which cor-
relate with such c r it er i a as school suc-
cess.cess. . . . In this test nearly all of
the subtests require adaptation to new situa-
tions but do depend on experience and require
special abilities. No one specialized ability
plays a large part in the score. However,
verbal ability is important because the pupil
must comprehend directions, but the test de-
signers use simple vocabulary and introduce
reading only in the later tests, and not in those
for first grade. The subtests have a low cor-
relation with each other, thus increasing the
comprehensiveness of the test by bringing in
many aspects of ability. The K uhlm a nn-
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Anderson test measures substantially the same
thing as the Binet " The Binet scores are
also strongly weighted with verbal abilities
as the great majority of test items call for
facility in using and understanding words. 108

As shown by Table 43, the mean performance
of the children in the IQ range of 78-100 was
significantly lower than the mean performances
of the children in the two other IQ ranges,
which did not differ from each other. This
lower mean performance certainly can be at-
tributed, in part, to the fact that the Kuhlmann-
Anderson test was constructed using items
which correlated well with school success.
Moreover, as noted, the Kuhlmann-Anderson
test requires the pupils to comprehend direc-
tions, thus requiring a verbal ability. The
tests on problem solving also required the
children to comprehend the direction to find
an answer forthe question asked using the in-
formationthey had been given by the experi-
menter.

The rank order of means given in Table 34
for all twelve groups indicates that the lowest
mean was for the group of children in Level 4
and IQ range 78-100. This indicates that the
mean performance of the children in the lowest
combination of the two variables, about 20
per cent of the sample studied, was signifi-
cantly lower than for many other combinations
of the two variables, which is consistent with
the above discussion.

THE EFFECT OF VISUAL AIDS

In this section, the effects of the six tests
are partially subdivided into the aids variable
of which there are three levels: Physical,
pictorial, and no aids. The reliabilities of
these three subtests were reported in Table 27
as .64, .69, and .65 respectively. Moreover,
the profiles of the four levels, the three IQ
groups, and the twelve groups are assessed
with respect to the variable under study.
Table 45 gives the analysis of variance per-
taining to the above discussion.

The table shows a highly significant F ratio
for the effect of aids in problem solving, but
none of the interactions of aids and levels,
aids and IQ and aids by levels and IQ were
significant. The means of all the children
with respect to the aids variable are given in
Table 48. Tables 46 and 47 are the usual
tables of the Newman-Keuls test. Instead of
q.95 (r, 240), q95 (r, 120) is used because
linear interpolation between 120 degrees of
freedom and co degrees of freedom is impossi-
ble. Moreover, if significance is obtained



Table 45

ANOVA Table for Effect of Aids

Source of
variation d. f. MS

Aids 2 15.187 37.91***
Aids x Levels 6 .126 <1
Aids X IQ 4 . 541 1.35
Aids X IQ x 12 . 589 1.47

Levels
Aids X Subj. w. 240 . 401

Groups

***p < . 01, Conservative Test

Table 46

Differences of Means of the Three Levels of
Aids

Verbal Pictorial Physical

Verbal
Pictorial
Physical

.386** .439 **
. 053

=1

**p < . 01

Table 47

Critical Values: Newman-Keuls Test
(. 01 Level)

r 2 3

4.20

.144 .164

q .99 (r' 120)

A
q .99 (r' 120)

3.70

j MSaids x subj. w. _group
0A n. p. q. s.

using 120 degrees of freedom, then significance
must be obtained using 240 degrees of freedom.

The above observations are consistent with
those observed by Marilyn Zweng in the case
of second graders solving subtraction problems.
They are also consistent with Piaget's inter-
pretation of concrete operations; that is, that
concrete operations operate on objects and
not yet on verbally expressed hypotheses.
They do not, however, support Smedslund's
speculation that early training should be given
in the absence of perceptual support. It is

true that the children have received a lot of
training with perceptual support. They have
also received training without such support,
but perhaps not the same amount. There was
no difference in the means of the problems
with accompanying physical aids and accom-
panying pictorial aids. This could be a result
of the training received (heavy emphasis on
pictorial aids) or a result due to the fact that
the use of physical aids is not superior to the
use of pictorial aids as a training device.

There was no interaction of levels x aids
as is shown by Table 48. The table reflects
the fact that the mean performance of the chil-
dren in Level 4 was significantly different
from the mean performance of the three other
levels and that the problems without aids
(verbal) were significantly more difficult than
the problems with accompanying aids. The
children in Level 4 only made a mean score of
approximately 59 per cent on the verbal prob-
lems; that is, they had an average of only about
3.5 of the 6 verbal problems. These same
children were not highly succes sful or the prob-
lems with aids either, although more success-
ful than on the verbal problems. They had an
average score of only about 4.5 of the 6 prob-
lems with accompanying physical aids and an
average of about 4.4 of the 6 problems with
accompanying pictorial aids. The children in
the top three levels scored just as well (on the
basis of the mean score) on the verbal prob-
lems (those in Level 3 scored slightly lower)
as the children in Level 4 did on the problems
with accompanying physical aids.

Table 48

Interaction of Levels and Aids:
Mean Scores

Levels
Aids

Physical Pictorial Verbal

1 2.74 2.76 2.39
2 2.74 2.59 2.29
3 2.62 2.59 2.17
4 2.26 2.21 1.77

Mean 2.59 2.54 2.15

The interaction of IQ X aids was also not
significant as is shown in Table 49. The chil-
dren in the low IQ range (78-100) only made a
mean score of approximately 63 per cent on the
verbal problems, or about 3.8 out of 6 prob-
lems. The children in the other two IQ ranges
were not highly successful (mean scores of
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Table 49

Interaction of IQ and Aids: Mean Scores

IQ
Aids

Physical Pictorial Verbal

1 2.64 2.56 2.32
2 2.71 2.65 2.26
3 2.43 2.41 1.88

below 80 per cent) on the verbal problems but
were certainly more successful than those in
the lowest IQ range.

Table 50 represents the interaction of levels
X IQ X aids. This.interaction is not statis-
tically significant, but there are, however, in-
teresting observations to be made. The chil-
dren in Level 1, IQ range of 114-140 did just
as well on the verbal problems as on the prob-
lems with accompanying aids. The children in
Level 2 of the same IQ range also did well on
the verbal problems. Due to the significance
of the IQ factor and the lack of interaction be-
tween IQ and aids, the mean scores on the
verbal problems generally steadily decrease
across IQ within any given level. This is es-
pecially true for the first, second and fourth
levels. The high IQ group in Level 3 performed
much like the low IQ group in that same level
which is attributable to an artifact of the sam-
ple. It is significant that the high IQ group
of Level 4 performed no better than any IQ
group of Levels 1, 2 and 3. However, the
children at Level 1 in the low IQ group per-

formed at least as well as the children at
Levels 3 and 4 in the high IQ group, at least
as well as the children in Levels 2, 3 and 4 in
the middle IQ group, and, of course, no worse
than the children in Levels 2, 3 and 4 of the
low IQ group. Of the children at Level 4,
there was not much difference between the
first and second IQ groups, but the third IQ
group warrants special discussion. These
children had a mean score of only about 62
per cent for the problems with physical aids,
71 per cent for the problems with pictorial
aids, and 39 per cent for the verbal problems.
The curriculum these children have been
through clearly has not given them a mastery
of addition problems. Moreover, the first two
IQ groups in Level 4 are also performing mini-
mally. For them, the use of visual aids did
not seem to be as helpful (relative to the scores
on the verbal problems) as for the low IQ
group. Among other groups that did not perform
highly are those children at Level 2, IQ group
3; Level 3, IQ group 3; and perhaps Level 3,
IQ group 1, which again can be attributed to
an artifact of the sample.

TRANSFORMATION VS. NO TRANSFORMATION

In this section, results of the main effect
of a transformation: described or actually pres-
ent, versus no transformation, hereafter re-
ferred to as Factor D, will be given, thus con-
tinuing to subdivide the effect of the six tests.
The reliabilities of these two subtests of .65

Table 50

Interaction of Levels, IQ and Aids: Mean Scores

Level IQ Physical Pictorial Verbal

1 1 2.59 2.59 2.64
2 2.86 2.96 2.36
3 2.77 2.73 2.14

2 1 2.91 2.91 2.54
2 2.73 2.54 2.27
3 2.59 2.32 2.04

3 1 2.59 2.54 2.09
2 2.77 2.77 2.27
3 2.50 2.46 2.14

4 1 2.46 2.18 2.00
2 2.46 2.32 2.14
3 1.86 2.14 1.18
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Table 51

ANOVA for the Main Effect of Factor D

Source of
variation d. f. MS F

D 1 13.657 21.8644**
D X Levels 3 .414 <1
D X IQ 2 .077 <1
D X Levels X IQ 6 .495 <1
D X Subj. w. .625

groups 120

***p < . 01, Conservative Test

Table 52

Interaction of Levels and Factor D:
Mean Scores

Level
Factor D

Transformation No Transformation

1 2.75 2.51
2 2.74 2.34
3 2.58 2.34
4 2.17 1.99

Mean 2.56 2.30

and .81 are given in Table 27. The results of
the interactions of D with levels and with IQ
along with the interaction of D by levels and
IQ will be also given. Table 51 gives the
analysis of variance.

The main effect of Factor D is highly signif-
icant using the conservative test. Table 52
gives the means for this factor.

Due to the fact the children tested had been
through an arithmetic curriculum which had
given children problems which involved both
a transformation and no transformation, it
could be possible that Factor D would tend to
become insignificant. The fact it remained
significant should support the hypothesis that
having a transformation, described or actually
present, does, in fact, facilitate problem solv-
ing for the children. The question arises, then,
does it facilitate problem solving more for some
children than others? The answer for the chil-
dren at the four levels studied is, statistically
speaking, no, because of the insignificant in-
teraction of levels and Factor D, shown in
Table 52.

The interaction of IQ and Factor D was also
insignificant so that the variable operated much
the same for the children among the three IQ

groups, as is shown in Table 53.
Table 54 shows the results of the insignifi-

cant interaction of levels, IQ and Factor D.

Table 53

Interaction of IQ and Factor D: Mean Scores

IQ
Factor D

Transformation No Transformation

1 2.65 2.36
2 2.65 2.42
3 2.37 2.11

Table 54

Interaction of Levels, IQ and Factor a
Mean Scores

Level IQ
Trans-
formation

No trans-
formation

1 2.82 2.39
1 2 2.76 2.70

3 2.67 2.42

1 2.88 2.70
2 2 2.79 2.24

3 2.54 2. D9

1 2.52 7-.30
3 2 2.73 2.49

3 2.48 Z. 24

1 2.39 2.03
4 2 2.33 2.27

3 1.79 1.67

Due to the way the pretest was constructed,
the children had to make a comparison of two
states for every item of each subtest. When
the children made a comparison of the two
states in Item 4 of each subtest, they had to
supply the transformation of either counting
or setting up a one-to-one correspondence in
order to make a correct response on the item,
disregarding guessing. It has been observed
that the children of Levels 1, 2, t ld 3 had
very good probabilities of not guess .&ng when
responding correctly to at least one of the
three last items of each subtest, while the
children on Level 4 had a very good chance of
not supplying the types of transformation de-
scribed above. Moreover, it has been noted
that curriculum builders work on the assump-
tion that children think in terms of action

39



(transformations), and develop at the outset
the operation of addition in terms of action
situations, and then progress into no action
situations, with the heavier emphasis on the
action oriented problems. One would hypoth-
esize then, that a statistical relationship
should occur as an interaction of levels X D2
where the difference in the means of the prob-
lem with a transformation and those problems
with no transformation are smaller for at least
Level 1 than for Level 4. This same hypothe-
sis could be formulated for IQ x D and IQ x
levels X D. As has been noted, these inter-
actions are all insignificant, which says that
Factor D operates the same for all groups
studied. This does not, of course, invalidate
the assumption that children think 'n terms of
action. However, the fact that there were 96
problems which involved a transformation in
the workbook the children used and at most 52
which did not involve a transformation raises
the question of whether the significance of
Factor D is not the result of the relative em-
phasis placed on the two types of problems in
the curriculum,

THE INTERACTIONS OF AIDS AND FACTOR D

In this section, the remaining effect of the
six tests, the interaction of aids and Factor D,
is given along with the possible interactions of
levels or IQ by aids and Factor D, for which
the analysis of variance is given in Table 55.

Table 55

ANOVA for the Interactioas of Aids and
Factor D

Source of
variation d. f. MS F

Aids X D
Levels x Aids x D

2
6

3.702
.379

15.67***
1.60

IQ X Aids X D 4 . 083 < 1

Levels X IQ x Aids
D 12 .399 1.69

Aids X D X Subj.
w. Groups 240 .236

***p < . 01, Conservative Test

The interaction of aids X D is highly sig-
nificant; mean scores are given in Table 56.
In view of the facts that some of the six stib-
tests have low reliabilities associated with
them, and that Problem 17 was much more dif-
ficult than either 16 or 18, the interaction
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Table 56

Interaction of Aids x D: Mean Scores
Aids

D Physical Pictorial Verbal

Transformation 2.71 2.56 2.41
No Transformation 2.48 2.52 1.89

must be interpreted with caution. It may not,
in fact, exist with a more reliable subtest.
This does not, however, invalidate the main
effect of Factor D nor the main effect of aids
since these subtests had substantial reliability
coefficients associated with them.

The interaction of levels by aids and Factor
D is given in Table 57. This interaction is
not statistically significant as shown in Table
55, but there are observations that are of in-
terest. The verbal problems with no trans-
formation turned out to be considerably more
difficult for the Level 1, 2, and 3 children
than the corresponding verbal problems with a
transformation, which may be due to the fact
that in the verbal problems with a transforma-
tion, the two sets that corresponded to the
addends in all three problems had equivalent
objects in them and the Joining objects were
going to be doing the same thing as the objects
atrest, which was an accurate reflection of the
type of experience given to the children by
the particular curriculum in which they partici-
pated. But in the verbal problems with no
transformation there was the one relatively dif-
ficult problem in which there were two sets of
equivalent objects (kittens) but the kittens
were doing different things which could have
placed them into the category of non-equivalent
objects, so that the children had no equivalent
situation in which to place both sets. It has
been already discussed that the differences in
the means of the verbal problems with no trans-
formations and verbal problems with a trans-
formation was perhaps over-emphasized by
this one problem. We now see that the magni-
tude of over emphasis was approximately the
same for all groups involved, which could in-
dicate a training factor, as noted above. Also,
the possibility of an over-emphasis may be
partially explained on the basis of a quotation
by Dodwell . . ability to answer correctly
questions which involve simultaneous consid-
eration of the whole class and its (two) com-
ponent subclasses, appears to develop to a
large extent independently of an understanding
of the concept of cardinal number . . . "1" If
an over-emphasis exists, it could be the re-
sult of the greater emphasis of training on



Table 57

Interaction of Levels by Aids and Factor D:
Mean Scores

Level
Transformation

Physical Pictorial Verbal
No Transformation

Physical Pictorial Verbal

1 2.85 2.82 2.58 2.64 2.70 2.18
2 2.85 2.70 2.67 2.64 2.48 1.91
3 2.79 2.61 2.33 2.46 2.58 2.00
4 2.33 2.12 2.06 2.18 2.30 1.48

addition situations involving a transformation
using sets with equivalent objects or the pos-
sibility that the ability to simultaneously con-
sider partial classes and the whole class de-
velops independently of cardinal number. An
investigation of the interaction of IQ X aids X
D (Table 58) could perhaps throw more light on
the problem. Since within any IQ group all
levels are present, any observation made can-
not be attributed to the effect of levels. This
table is quite similar to Table 57 in that there
is a larger difference between the means for
the verbal problems with a transformation and
the verbal problems without a transformation,
than either physical or pictorial. This seems
to give support to the fact that if the over-
emphasis of the difficulty of the verbal prob-
lems with no transformation is in fact a true
over-emphasis, then the training of the chil-
dren is playing an important role in their per-
formance on the problems. Because of the
retardation of the children at Level 4 and
those in IQ Range 3 when solving problems,
Table 59, which gives a four way interaction,
is of special interest, even though the inter-
action is insignificant. This table certainly
does not support the fact that the visual aids
helped the Level 1, high IQ children when
solving problems. There are also other groups
for which the visual aids did not facilitate
problem solving. In the problems involving
a transformation, children at Level 4, IQ
groups 1 and 2 did about the same on all types
of problems regardless of the aids used. The
same can be said for the children at Level 2
in the IQ groups 1 and 2. However, the same
observation does not hold for the children at
Level 3 in the first two IQ groups, for any of
the children in the case of the prr.blems with
no transformation, and for any of the children
in IQ group 3, except for Level 3.

The children at Level 4, IQ group 3 did ex-
tremely poorly on the verbal problems with no
transformation. They also did poorly on the
verbal problems with a transformation and

certainly did not score high on the problems
with accompanying visual aids, regardless of
whether the problems had a transformation or
not. Children at Level 4 across all IQ groups
generally did poorly on the verbal problems
with no transformation. These observations
are made with due regard to the fact that the
interaction was not significant and that three
of the six subtests discussed can be consid-
ered as fairly unreliable. However, they are
o b s e r v a t i o n s which indicate considerable
group fluctuation and thereby warrant further
research.

THE PERFORMANCE OF THE CHILDREN IN THE
FOUR LEVELS AND IN THE THREE IQ GROUPS
ON THE TEST OF ADDITION FACTS

A two-way analysis of variance was per-
formed to detect any possible differences in
the mean performance of the children in the
four levels of conservation of numerousness
and in the three IQ groups. The ANOVA was
consideredas a fixed model so that the within
group variation was used as the error term for
each main effect as well as the interaction
term. Table 60 gives the results of the ANOVA
which shows that the mean performances of
the children in the three IQ groups and the
four levels on the test of addition facts were
of sufficient difference (see Table 61) so as
to be significant at the . 05 level of signifi-
cance. An inspection of the means (see Table
61) shows that the children in Level 4 had
only approximately an average score of 76 per
cent while the next lowest mean was approxi-
mately 89 per cent (Level 3 children). The
interaction of IQ and levels was not significant,
but due to the significance of both levels and
IQ, itis to be expected that the mean perform-
ance of the children in Level 4, IQ group 3
should be considerably lower than that of
many of the other children, which is the case
as is shown in Table 61.
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Table 58

Interaction of IQ by Aids and Factor D: Mean Scores

IQ Physical Pictorial Verbal Physical Pictorial Verbal
Transformation No Transformation

1 2.80 2.57 2.59 2.48 2.54 2.04
2 2.77 2,66 2.52 2.64 2.64 2.00
3 2.54 2.46 2. J 1 2.32 2.36 1.64

Table 59

Interaction of Levels X IQ X Aids X D: Mean Scores

Level IQ
Transformation No Transformation

Physical Pictorial Verbal Physical Pictorial Verbal

1 2.82 2.64 3.00 2.36 2.55 2.27
1 2 2.91 2.91 2.45 2.82 3.00 2.27

3 2.82 2.91 2.27 2.73 2.55 2.00

1 3.00 2.82 2.82 2.82 3.00 2.27
2 2 2.73 2.02 2.82 2.73 2.27 1.73

3 2.82 2.45 2.36 2.36 2.18 1.73

1 2.82 2.64 2.09 2.36 2.45 2.09
3 2 2.91 2.82 2.45 2.64 2.73 2.09

3 2.64 2.36 2.43 2.36 2.55 1.82

1 2.55 2.18 2.45 2.36 2.18 2.55
4 2 2.55 2.09 2.36 2.36 2.55 1.91

3 1.91 2.09 1.36 1.82 2.18 1.00

THE RELATIONSHIP OF THE SCORES ON THE
ADDITION FACTS TEST AND THE PROBLEM
SOLVING TEST

Table.60 In order to gain more insight into the rela-
AN OVA of Performance of Children in Four tionship between the scores on the problem
Levels and Three IQ Groups on a Test of solving test and the scores or the addition

Addition Facts facts test, 24 correlation coefficients were

Source of
variation d. f. MS F

IQ 2 28.705 4.25*
Levels 3 18.081 2.68*
IQ X Levels 6 4.634 < 1
Within 120 6.756
Total 131

computed, the first of which is the correlation
of . 49 (significant at the . 01 level of signifi-
cance) between the scores on the addition
facts test and the total scores on the problem
solving test for all 132 children.

In view of the fact that the mean perform-
ance of the children in the four levels and
three IQ groups was significantly different
both for the problem solving test and for the
addition facts test, with those children in Level
4 and IQ group 3 having the lowest itscores,*p < 05 was decided to compute correlation coefficients
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Tf.tble 61

Mean Scores on the Addition Fact Test by IQ
and Levels

IQ Level
1 2 3 4 Mean

1 10.00 9.55 8.64 8.73 9.23
2 9.73 9.55 9.55 7.82 9.16
3 7.44 8.73 8.64 6.36 7.80

Mean 9.06 9.27 8.94 7.64

between total scores on the problem solving
test and the number facts test for each of the
four levels and the three IQ groups. The re-
sults of these computations are given in Table
62.

Coefficients for the children at Level 4
and for the children in IQ group 3 are sub-
stantial and indicate that for 'these children
the scores on the two tests are not at all in-
dependent which in turn indicates that these
children have not completely mastered the ad-
dition facts. Their difficulties with them can
therefore be explained in a large part by their
ability to solve addition problems in spite of
the fact that the curriculum advocates that
children must have automatic responses to
certain basic facts.110 These correlations are,
however, consistent with the fact that children
learn the addition facts as a result of solving
many addition problems.

The correlation coefficients for the children
at Levels 1 and 2 are small but significantly
different (p < . 05) from a zero correlation;
however, the correlation coefficient for the
children at Level 3 is not significant. These
results are inconsistent and are not explainable
in terms of the data collected. The insigriifi-

Table

cant correlation of .23 observed for those
children in the top IQ group indicates that
generally, for these children, the goal of
learning the basic addition facts via problem
solving has been achieved.

Further correlation coefficients were com-
puted between the scores on the six problems
without accompanying aids and the scores on
the addition facts test and between the scores
on the twelve problems with accompanying
aids and the scores on the addition facts test.
The results, given in Table 62, are quite sur-
prising in that the correlations do not differ
to any great extent. One would suspect that
the correlation would be greater between the
addition facts test and the problems with no
accompanying aids than between the addition
facts test and the problems with accompanying
aids because the children did not need to know
the addition facts to score a problem with ac-
companying aids correct. All they had to do
was to count the total objects present. How-
ever, in the case of the problems with no ac-
companying aids, the children had greater
need of the addition facts in order to obtain a
correct score for the problem. They could,
however, have counted mentally or on their
fingers. Table 62 gives the analogous correla-
tions for the children in the four levels and
for the children in the three IQ groups. The
only large difference in the corresponding cor-
relations given in this table is for the children
in the second IQ group. For these children,
a knowledge of the addition facts apparently
explained more of the variance of the scores
on the problems with no aids than on the prob-
lems with aids. This does not necessarily
mean, however, that more drill should be
given. on the addition facts for the children
of this group. It certainly could be the case
that more work should be given on the verbal

62

Correlations Between the Scores on Six Problems Without Aids and the Scores on the Number
Facts Test and Between the Twelve Problems with Accompanying Aids and the Scores on the
Number Facts Test for the Children in the Four Levels and the Children in the Three IQ Groups

Problem Level IQ
Solving Zest 1 2 3 2 3 Total

No Aids .33 .39* .16 .65** .16 .47** .52 ** .46**

Aids .31 .34 -.04 .56** .24 .14 .54** .41**

Total Test .39* .39* . 05 .68** .23 .36* .60**

*p < . 05
**p < . 01
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interpretation by the children of the pictorial
or physical representation of the problem or
more work on constructing problems on their
own, both of which give added emphasis on
the addition facts. Again, substantinl correla-
tions are present, both in the case of problems
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with accompanying aids and no accompanying
aids, for the children at Level 4 and for the
children in IQ group 3. These four correlation
coefficients are no doubt lowered by the rela-
tive emphasis on drill on the addition facts.



VII

CONCLUSIONS

The results of this study have many impli-
cations both for actual classroom practice as
It applies to the arithmetic curriculum of the
elementary school and for more detailed re-
search pertaining to the numerous unresolved
problems in learning arithmetic. This duality
of practice and research will be discussed as
they pertain to the four levels of conservation
of numerousness defined for the purpose of
this study, the three IQ groups, and to each
question asked In the statement of the problem.

THE FOUR LEVELS OF CONSERVATION OF
NUMEROUSNESS

The extensive reliability study of the three
tests of conservation of numerousness con-
ducted and reported in Chapter V indicates
that it should be possible to construct a test
of conservation of numerousness with a higher
internal consistency reliability coefficient.
The three items of each test for which the
children had to compare two sets of eight ob-
jects had very substantial inter-item correla-
tion coefficients, significant beyond the . 01
level of significance. Also, Item 3 of Test
1 (a comparison of 6 and 8 styrofoam balls,
with the rectangle of 6 the larger of the two),
Item 1 of Test 2 (a comparison of six and eight
checker.; in line segments of the same length),
Item 3 of Test 2 (a comparison of six and eight
checkers with the line segment of 6 the larger
of the two), and Item 3 of Test 3 (a comparison
of six and eight blocks in circles, with the
circle of eight having the longer diameter of
the two) all have significant inter-item cor-
relations in pairs and also each of these items
correlates significantly with the three items
for which the children had to compare two sets
of eight objects. Using only these seven
items, an internal-consistency correlation co-
efficient of .74 is obtained. A test twice as
long has an estimated internalconsistency
reliability coefficient of . 85. Moreover, it
should be possible to construct more items
which require comparison of two sets with the

same number of objects in each set that cor-
relate well with the above seven items. After
the above research has been completed, an
operational definition, much like that used in
this study, of levels of conservation of nu-
merousness must then bt made and a test-
retest reliability computed. It would then be
desirable to attempt to construct a group test
using analogous items for the sake of expedi-
ency of administering the test. It is felt that
the above research is necessary in order to
make the test of consert ation of numerousness
amenable for use in the elementary schools.
It must be emphasized, however, that even
though it is desirable to carry on further re-
search on the test of conservation of numer-
ousness, this in no way invalidates the results
of the present study. Sufficient evidence has
been given to support the internal-consistency
reliability of the three tests (a coefficient of
. 69 was obtained) and the test-retest reliabil-
ity of the four levels (A short time interval
test-retest reliability of .78 was obtained and
too, the test partitioned two independent sam-
ples of first graders in much the same way over
a five month time interval. ).

In view of the fact that the pretest did
partition two independent samples in the same
way over a five month time interval and in
view of the substantial short time interval
test-retest reliability obtained and with con-
sideration given to the substantial longer time
interval (3 months) test-retest reliability that
Dodwell reports kr his test, there is no reason
to believe that a good test-retest reliability
coefficient cannot be obtained with a revised
version of the pretest (or for that ma ter, with
the pretest used) over a period of six to eight
months. Hence, when considered along with
IQ scores from the Kuhlmann-Anderson IQ test,
it appears that excellent prediction of relative
success in solving addition problems and learn-
ing addition facts can be made for children
entering the first grade. The prediction of the
relative success of children in achieving other
important outcomes of the first grade arithme-
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tic curriculum (such as order of numbers, the
ability to write a number sentence for a given
problem, measurement, numeration system,
etc. ) all must await further research, but it
now appears that the relative success of chil-
dren in achieving these outcomes may be also
predicted very well.

QUESTIONS ASKED IN THE STATEMENT OF THE
PROBLEM

For convenience, each question asked in the
statement of the problem that had a significant
F ratio associated with it will be repeated and
followed by a discus sic in which implications
for classroom practice or further research will
be given, whenever they are relevant and ap-
propri ate.

QUESTION I. Is the mean performances of chil-
dren different for the six described arithmetic
problems involving an additive structure ?

The verbal problems with no transformation
were significantly more difficult than all other
problem types. Also, the problems with accom-
panyIng physical aids with a transformation
were significantly easier than the problem
types with accompanying physical aids with
rzo transformation, ac co rri pa n ying pictorial
aids with no transformation, and verbal prob-
lems with a transformation. At the present
time, due to the low reliabilities reported,
the above observations are in question. Fur-
ther research with longer and thus more reli-
able tests is needed in order to completely af-
firm the above conclusions. however, if the
above conclusions are valid (at present there
is no reason to believe they are not), then
theyhave implications for the type of research
that should be undertaken to determine the op-
timal types of classroom experience first grade
children should have. As noted, the arithmetic
curriculum the children in the study participated
in stressed problems with physical and pic-
torial aids with a transformation more than the
same type of problems withot.t a transformation.
Also, there was not much stress (relatively
speaking) placed on the solution of verbal
problems. The above =phases perhapF arm in
part reflected by the significant differences
obtained between the six problem types as the
problems with accompanying pi ctoria 1 aids
with a transformation were neither statistically
more difficult than the same kind of problems
with physical aids nor statistically easier
than the same kind of problems without cit.:COM"'
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panying aids while the problems with accom-
panying pictorial aids without a trans-
formation were not statistically more difficult
than the same kind of problems with physical
aids, but were statistically easier than the
same kind of problems without accompanying
aids. This indicates that perhaps the greater
emphasis placed on problems with a transforma-
tion hi the curriculum may be having an equil-
izing effect on the ability of children to solve
problems in varying degrees of abstraction.
At this time it is not clear, based on the re-
sults of this study, that the same relative em-
phasis on problems without a transformation
would not result in a better performance by
the children on those problems and in particular,
a better performance on the verbal problems
without a transformation. Since more emphasis
on the problems without a transformation would
undoubtedly result in less emphasis on prob-
lems with a transformation, thenresearch must
also be conducted on an optimal balance of
the two types of problems for different groups
of children, which is discussed in the next
few questions.

QUESTION 2. Is the mean performance of the
children in each of the 12 groups different when
solving arithmetic problems ?

The mean performance of the children in
the group defined by Level 4 and IQ group 3
scored significantly lower than all other groups
except the four groups defined by Level 4, IQ
groups 1 and 2; and IQ group 3, Levels 2 and
3. These latter differences were, however,
very close to being significant. Since the
reliability of the total problem solving test
was substantial (.83), one can indeed safely
conclude that even though all the children
have gone through the same arithmetic curric-
ulum, they have not all gained the same amount
in terms of solving addition problems. (The
highest scoring groups had a mean score of
93 per cent and the lowest scoring group a
mean score of 58 per cent. ) More detailed im-
plicc.tions for research and classroom practice
are contained hi trio discussion of the next
question.

QUESTION 4. Is the mean performance of the
children different in the four levels of conser-
vation of numerousness ?

The children in Level 4 performed signifi-
cantly lower than the children in the top three
lovas. In terms of percentages, the mean per-
formance of the children in Level4 was 69 per



cent and:the mean performances of the c.hilen
in Levels 1, 2 and were 68, 65, and 62 per
cent respectiyely. The differences in the last
three percentages was not srignificant. The
above observation sipports well a com-
ment made by Howard Fehr, quoted earlier
that ". . . without a host of well developed
concepts, it is very unlikely that a problem
can be solved . ."

Moreover, general intelligence also appears
to be playing a vital role in childrens ability
to solve problems as the mean performances of
the children in the three IQ groups was signif-
icantly different, where the means in terms of
percentages were 75, 85, and 83 per cent for
the IQ groups 78-100, 101-113, and 114-140
respectively, where the mean of 75 per cent
differed significantly from each of the other
two, which answers Question 7: Is the mean
performance of the children different in the
three IQ groups ? The interaction of the four
levels andthe three IQ groups was not signifi-
cant which indicates that within any level, the
children in the lowest IQ group may be expected
to perform less well than the children in the
two higher IQ groups. There are, then, at
least 12 groups of first grade children with
which curriculum builders must concern them-
selves when constructing an arithmetic cur-
riculum. In view of the results, it certainly
is not clear that the present first grade arith-
metic curriculum is the optimal curriculum for
each of these groups. It is entirely possible
that a different type of curriculum is in order
for the three groups of children in Level 4,
which constitute 36 per cent of the sample,
than for the other nine groups of children.
Too, based on the results of this study, the
curriculum for the children in the IQ range
78-100 in Level 4, which constitute 20 per
cent of the sample, perhaps should be different
than for the two other IQ groups in the same
level. Moreover, it is entirely feasible those
children in IQ group 78-100 who are in Levels
2 and 3 should be treated differently than
those children in the two higher IQ groups
across the same two levels. Hence, based on
the results of this study, there is a total of
three categories of children for which it can be
justified that the types of experiences presently
being provided produce different results:

1) The seven groups of children (52 per
cent of the sample) that had mean scores
above 80 per cent and whose mean scores
were not statistically different. These
seven groups are defined by Levels 1, 2,
and 3 in IQ groups 101-113 and 114-140

and 'Level IQ group 76-:CC. It must ze
emphasized, however, that there are con-
siderable fluctuations within these seven
groui.s which is apparent by a range in the
means of .2 per cent Oil to ca3 per cent).
More will be said later about these seven
groups andthe groups in the two, categories
that follow.

2) The four groups of children (2t, per cent
of the sample) that had a mean score between
74 and 79 per cent defined by Level 4,
groups 101-113 and 114-140 and IQ group
78-100, Levels 2 and 3. This category
denotes a "middle" category in that the
mean performance of tne children in the
groups that constitute It were not statisti-
cally different from the mean performances
of the seven groups of Category 1 nor sta-
tistically different from the mean perform-
ance of the children in the group of Category
3 below. However, the mean performance
of the children in the group of Category 3
was statistically different from the mean
performance of the children in seven groups
in Category 1.

3) The one group of children (20 per cent
of the sample) that had a mean score off 8
per cent defined by Level 4, IQ group 78-
100.

QUESTION S. Is the mean performance of chil-
dren different for the problems involving the
three levels of visual aids: 1) physical objec.s,
2) pictorial objects, and 3) no visual aids ?

The problems with no accompanying aids
were significantly more difficult than ,21ther of
the other two types of problems for all children
involved. The lack of an interaction of levels
and aids; IQ and aids; and levels, IQ, and
aids indicates that the variable of aids oper-
ated much the same way for all groups of chil-
dren of interest for this study. There was,
however, the exception that the chlidren in
Level 1, IQ group 114-140 performed much the
same at all three levels of aids indicating
these children at the time of year this study
was conducted were able to work very effec-
tively without the presence of 41thx. (This Ob-
servation was made with due regard to an in-
significant interaction but does warrant further
research. ) It may be the case, however, that
these children are capable of working at a
higher level of abstraction sooner than they
are expected to in the present curriculum.
That is, it is entirely possible that these
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children could be moved through an arithmetic
curriculum at a higher level of abstraction
without as much attention given to the visual
aids as is presently being glien, and thereby,
be moved through the curriculum more rapidly.
The same thing may be also true for the children
at Level 2 in the IQ groups 114-140. Twenty-
two per cent of the sample was in these two
groups.

The children in Level 1, IQ groups 2 and 3,
Level 2, IQ group 2, and Level 3, IQ groups 1
and 2 all have quite similar profiles with refer-
ence to the variable of aids. While it certainly
is possible that many of these children are
capable of being treated much like those chil-
eren in the two groups just discussed, ingen-
eral, the children in the above five groups did
worse on the verbal problems than on the prob-
lems with aids. (Again, no significant inter-
action was present to justify the conclusion,
but it does warrant further research. ) Due to
the insignificant differences observed among
the performances of the children in all seven
of the above groups, one cannot say the latter
five groups should be treated a lot differently
than the first two groups in the curriculum,
but due to the fact of the relatively lower per-
formance on the verbal problems, it certainly
could be the case that the latter five groups
need more experience with visual aids than
the first two. However, it may be that too
much emphasis is being placed on the visual
aids, both physical and pictorial, for these
children .so that perhaps the same thing may
be accomplished without as much work in the
realm of the concrete. Thirty per cent of the
sample was in these five groups. The seven
groups just discussed are in Category 1 de-
fined earlier.

The mean performances of those groups of
children in Category 2Level 2, IQ group 3;
Level 3, IQ group 3; Level 4, IQ groups 1 and
2did not, as has been noted, differ signifi-
cantly from the mean per f or m a n c e s of the
seven groups in Category 1 nor from the one
group in Category 3 so that the groups in
Category 2 may be thought of as "middle"
groups. In view of the mean scores the chil-
dren in these groups obtained on the variables
of aids, it is feasible that further work in the
realm of concrete visual aids would be desir-
able. This is especially true of those children
in Category 3, that is, those children in
Level 4, IQ group 3, which coastituted 20 per
cent of the sample.

QUESTION 6. Is the mean performance of chil-
dren different for the problems describing a
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transformation and the problems that do not
describe a transformation ?

The problems that involved a( described
transformation turned out to be significantly
easier for the children than the problems tha t
did not involve a described transformation.
However, due to the lack of significant inter-
actions, no conclusions could be drawn rela-
tive to the assumption made on the part of
curriculum builders that children think in terms
of action and thereby ought to have more prob-
lems involving a transformation than problems
not involving a transformation. More research
is needed in order to ascertain the optimal
balance, if any, of problems with a described
transformation and without a described trans-
formaticn for the three categories of children
defined earlier. Even though the interaction
of levels, IQ, and Factor D was insignificant,
there is a slight trend for the difference of the
means of the groups of children in Categories
1 and 2 to be larger than the difference of the
means of the group of children in Category 3.

QUESTION 12. Are the differences of the mean
performance of the children the same for the
problems describing a transformation across
the three levels of visual aids ?

The significance of this interaction remains
in doubt due to three fairly unreliable subtests.
However, if the subtests are in fact true rep-
resentations of the relative ability of children
to solve arithmetic addition problems, due to
the insignificant higher-order interactions of
aids by Factor D and levels or IQ, than it cer-
tainly seems advisable that experimentation be
performed in order to define the optimal se-
quence of the combination of the two variables
of aids and Factor D for each category of chil-
dren discussed earlier.

QUESTIONS 16 AND 17. Is the mean performance
of the children different on a test of number
facts in the three IQ groups and the four levels
of conservation of numerousness ?

The mean performance of the children in IQ
group 78-100 was lower than for each of the
two other IQ groups (78, 92, and 92 per cent
respectively). The differences of the mean
performances of the children in the four levels
was significant at the . 051 level of signifi-
cance. (The range of mean performances was
76 per cent to 93 per cent.) These results in-
dicate that even though drill on the addition
facts is emphasized, for many children, the



facts are still not automatic. It is quite sig-
nificant that the children in Level 4, IQ group
78-100 only had a mean score of 64 per cent,
which indicates that these children are experi-
encing great learning difficulties not only with
problem solving, but with learning the addition
facts.

QUESTION 18. Is there a significant correlation
between children's ability to solve addition
problems and their knowledge of arithmetic
facts ?

Twenty-four correlation coefficients were
calculated in view of the above question. The
correlation between total scores on the problem
solving test and scores on the number facts
test of .49 (p < . 01) indicates a substantial
relationship between the two tests. Since the
curriculum in which the children were involved
operates on the basis of obtaining the addition
facts from problem solving, this relationship
was expected. Since the curriculum also ex-
pects automatic responses from the children
in the case of the addition facts, drill work
was interspersed along with the discovery pro-
cess which certainly could have resulted in a
lower correlation coefficient than otherwise
would be the case.

The correlation coefficient of .68 obtained
for the children in Level 4 indicates that the
drill these children received has not been
highly beneficial for memorizing addition facts.
It does indicate that for these children a strong
relationship (perhaps stronger than the correla-
tion coefficient indicates due to the retarding
effect drill on the addition facts would have
on the correlation) between problem solving
abilities and a knowledge of addition facts
exists which implies that less attention be
spent on memorizing the facts and more. atten-
tion be given to solving problems relevant to
the interests of the children. The correlation
coefficient of .60 obtained for those children
in IQ group 3 results also in the same con-
clusion for these children as that just given
for the children in Level 4. A correlation co-
efficient was computed for the 11 children in
Level 4, IQ group 3 which turned out to be . 83.
This correlation coefficient is, however, quite

unstable since it was computed on only 11
children. But in view of the two given for the
children of Level 4 and IQ group 3, it indicates
that drill procedures for these 11 children have
been quite ineffective, and their knowledge of
addition facts is dependent upon their problem
solving abilities.

Small, but significant (p < . 05) correlation
coefficients were obtained for children in
Levels 1 and 2 and IQ group 2 which indicates
that the curriculum has been more effective in
rendering these two variables independent for
these three groups of children and,too, for the
two additional groups defined by Level 3 and
by IQ group 1, which had insignificant correla-
tion coefficients associated with them.

A surprising result of this correlation study
was that the correlation of the scores on the
problems with accompanying aids and the
scores on the addition facts test was not much
different than the correlation obtained on the
scores of the problems without accompanying
aids and the scores on the addition facts test.
This indicates that the relative difficulty of
the verbal problems cannot be explained on the
basis of a knowledge of the addition facts,
which lends support to the conclusion that the
presence of visual aids does in fact facilitate
problem solving for first grade children. This
same phenomenon was observed across all
levels and IQ groups except for IQ group 2,
which had a higher correlation in the case of
no aids than in the case of ads (. 47 versus
.14). These over-all small differences in the
correlations indicate that the teachers may not
be taking full advantage of the visual aids
when teaching problem solving; that is, they
may not be building in the children the ability
to solve any addition problems with any ac-
companying visual aids independently of the
knowledge of addition facts, perhaps by a
counting process. The question remains, then,
is it possible to teach children to solve arith-
metic addition problems so effectively, by an
appropriate teaching method, that they will be
able to solve any addition problem independ-
ently of their knowledge of the associated ad-
dition facts which are, at best, isolated bits
of information that should obtain only after the
appropriate problem solving abilities are de-
veloped ?
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APPENDIX A

THE TEST OF ADDITION PROBLEMS

A. Physical Aids with a Transformation

1. There,are four jacks in a pile and four more
are put with them. Now how many jacks are
in the pile ?

2. There are three airplanes in a hanger and
five more are put with them. Now how many
airplanes are in the hanger ?

3. There are four pegs in a pegboard and two
more pegs are put with them. Now how
many pegs are in the pegboard ?

B. Physical Aids Without a Transformation

1. There are three cars in one parking lot and
there are three cars in another parking lot.
How many cars are in these parking lots ?

2. There are five cookies on one plate and
there are two cookies on another plate.
How many cookies are on the plates ?

3. There are six blocks in one pile and there
are two blocks in another pile. How many
blocks are there in the piles ?

C. Pictorial Aids with a Transformation

1. There are five pails on the floor. Two more
are put with them. Now how many pails
are on the floor ?

2. There are two fish eating seafood. Five
more fish swim up to eat with them. Now
how many fish are eating seafood ?

3. There are two cakes on a table. Six more
cakes are put with them. Now how many
cakes are there on the table ?

D. Pictorial Aids Without a Transformation

1. There are four houses on one side of a
stream and two houses on the other side
of the stream. How many houses are by
the stream ?
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2. There are five balls in a pile and three
balls in another pile. How many balls are
there in the piles ?

3. There are two candles on a table and three
candles on a n o t h e r table. How many
candles are there on the tables ?

E. No Accompanying Aids with a Described
Transformation

1. Three ducks are swimming on a pond and
four ducks join them. Now how many ducks
are swimming on the pond ?

2. Two rabbits are playing in the garden. Four
rabbits come to play with them. Now how
many rabbits are playing in the garden ?

3. Mike picked five apples and put them in a
basket. He then picked two more apples
and put them in the basket. Now how many
apples are in the basket ?

F. No Accompanying Aids Withouta Described
Transformation

1. John has three pennies in one hand and
four pennies in his other hand. How many
pennies does he have in his hands ?

2. There are some kittens in the kitchen. Two
kittens are drinking milk and five kittens
are sleeping. How many kittens are in the
kitchen ?

3. In a zoo, there are three bears in one cage
and five bears in another. How many bears
are there in the cages ?



APPENDIX B

FREQUENCY DISTRIBUTION OF SAMPLE BY IQ AND LEVELS

IQ

78

Level 1 Level 2 Level 3 Level 4
Total

Frequency

79 2 1 3

80 1 2 3

81
G2 3 3

83 1 5 6

84 2 2

85 3 3

86 4 4
87 4 4
88 1 1

89 1 6 7
90 1 2 3

91 2 2 4
92 1 1 1 5 8

93 1 1 2 5 9

94 2 3 5 10
95 1 1 2 4
96 3 1 2 2 8

97 1 1 1 5 8

98 1 1 2 1 5

99 1 1 2 1 8

100 1 1 1 8 11

101 2 3 5

102 1 2 2 3 8

103 1 3 2 6

104 1 0 3 2 6

105 1 1 1 1 4
106 1 2 1 4
107 2 2 2 5 11

108 1 4 3 5 13

109 1 6 3 10

110 1 2 2 5

111 1 2 5 8

112 2 5 2 9

113 2 3 1 5 11

114 1 5 4 10
115 5 6 3 2 16

116 3 2 5

117 3 2 2 2 9

118 1 2 2 5

119 3 3 1 7

120 1 2 1 4
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2.111.10.1.11...t

IQ Level 1 Level 2 Level 3

121 1 1 2
122 2 3 1
123 2 3
124 1 1 2
125 3 1 1

126 1 1
127 1 1
128 2 1
129 3
130 2 2 1

131 1 1
132 1 1

133 3 1 2
134
135 1

136 4 1

137 1

138 1

139 1

140 2
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Total
Level 4 Frequency

2 6
1

5
4

2
1 3
1 3

3
3

1 6
1 3

2
6

1

1

1

6
1

1

1

3
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