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CHAPTER 1

DATA PRESENTED BY:-GROUPS. DISCRIMINATION

1.1 Introduction

Frequently data is presented or collected by groups in an attempt

to comment on possible differences between the groups. For example,
the performance in a battery of: tests-may be tabulated for male and
female; married and singlesy in-state or out-of«-state students and a
further classification may be according as the student was successful

(obtained a B.S. for instance) or was unsuccessful (in this respect).

Whilst.it is likely true that- observations made withip the in-state,
male, married. category; or the in-state, female, single category are
appréximately normally distributed, it is unlikely indeed that tests
relating to mental performance are normally distributed within the
class: of. people who cbtaini'a bachelors degree. This fact is recog-
nized quite easily by university teachers. Freshmer?s(@ performance in,
say, mathematics is distributed quite close to normality; due to drop-
outs -over -the foliowing years.some of the  weaker students are not
present in the senior year resulting in a discernable skewness in the
grades, the better students being present in larger numbers. The
grades of students accepted for graduate work are extremely skew, and

in advanced graduate -courses a final grade of A usually dominates all

other grades; -in fact, it. is rare indeed to find a conscientious student

in an advanced graduate- course who does "‘not achieve a grade of B or

better. It would certainly be unwise therefore to work with data
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relating..to mental performance-cf.graduate students under the assumption

that these data.were normally distributed.

It seems reasonzble to assume that-data collected on a student entering
college would have a multivariate normal distribution (in the United
States htt possibly not in,. for example, many European countries where
students .have: to meet shigh: qualifications in order to be permitted to
embark .on. a higher:education}.. Unfortunately, data pertaining to the
weaker -students.-is .unlikely. to..be: available in say the senior year due
to the.possibility of being.a drop-out., However, a student may often
be. categorized.in:.a broad-way; for example it is possible to adopt

the system of categorization

(1) student successful enough to proceed to a highsr degree
student successful at the bachelors level but not likely
to succeed in graduate school
students weak in their work at the bachelors level but who
were not required to repeat or dropout

(iv) students who dropped out.

For every student then we have a vector of correlated normal variates
X and an "index" d such that d takes on certain values according as
the student belongs toc group (i), (ii), (iii), or (iv) above. This
should be contrasted with Part IV of this contract wherein each

broad category contained only one student or vector observation and
d took on the set of integers 1,2,3,...,n where n was the number of

students sampled.

The classical approach to this problem has been to assume that §Jd

has a multivariate normal density, that is observations within a
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broad category are normally distributed. This has been discussed
in the previous paragraphs of this chapter and we reject the

premise as unlikely.

Before presenting an analysis of the problem we define our data

and notation. Suppose a sample of n individuals are available.

Their performance on a battery of p tests is noted and is represented
by the p elements of vector x (x' = (xl, Xor eeey xp)). In addition
each student is categorized as described earlier. We may conveniently
assign a characteristic random variable & to this student where 4 may
take any of c¢ different (scalar) value dl, d2, e, €tc. Our problem

is to £ind: -

(a) which elements of x have the same distribution in each broad
category
(b) which elements of x differ strikingly in different broad
categories
K (c) what linear combination of the elements of x are most indicative

of the category to which the student is assigned.

ANy

We will list the vector observations for the n students as

Poeeed Xy XogreeorX gy where

P Eanr Epar ccorEak,
C

SRS PLERR S|
ki students are aséigned to category i and k1+k2+...kc=n. Sometimes
the set {kl, k2, ceny ki} are themselves random variables; in some
circumstances they may be fixed, for example in the case where we

are concerned with the best three students we may set c=2 kl=n-3; k2=3.
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(1.2.1)

that is §ij has a multivariate normal density with mean By (possibly
different for each category) but with a dispersion matrix which is
the same (V) for zll categories. We have envisaged situations wherein
the assumptions of normality are invalid; the assumption of equal
dispersion matrix is of course seldom ever valid.

It is required to find a system of multipliers, B, such that the

scalar quantity

- ? -

takes on distinctive values as i varies. Now if (1.2.1) nolds then

for fixed 8
? (1.2.3) 2

so that the problem is that of selecting a 8 such that g'gi differ

PCEN Y “‘;.ie
.."F:A B ~
,ox

as widely as possible. Of course the {gi};:i are unknown (otherwise
there would be no problem) and the common dispersion matrix V is assumed
unknown too.

Write : 5

(1,2.4)
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then in a likelihood test of the hypothesis: £;=£,=....=f we

would construct for any given, fixed B

”~

(1.2.5) F(p)= 2/C=L
e/n-c
where
¢ - = |2
(1.206) h= z (Zi-Zoo) ki
i=1
2

(1.2.7) e=2:(Z2..-%..)
i3 1] 1

-

Clearly F(8) will take on small or large values according to the
value of 8 since if c<p we could find (if the {Ed}izi were
known) a vector 8 such that §i=§]2i=0 for all i=1,2,..., C.
Alternatively, it would be possible to select a 8 such that
£1<€2<...<£c whenever glfuz#u3#...#uc.

Classically one chooses the vector 8 which maximized the

value of the ratio h/e.

Now

(1.2.8) h

; (2,-2..) %k, = B'{5(F;-K..) (§;-%..) "k, )8

i=1
=g'HB (say) ,

(1.2.9) e=§§(zi

- 2_ ' = =
it =%;.) =8B {§§(§ij X:o) (x,5-X.)"18

J ~13j

=B'ER (say) .

-—

We therefore seek that § which maximizes




(1.2.10)

so that H and E are symmetric pxp matrices with E singular
whenever c<p. We will hold n>p>c so that E will be non-
singular and H singular.

It follows quickly that'@, the required value of 8,

is given by
(1.2.12)  (H-9E)B =0

where 6 is the largest root of
(1.2.13) |H-0E|=0

To emphasise we repeat the assumiption made to get to this

result.

Assumption I:

All vectors §ij have a multivariate distribution.

Assumption II:

Each vector Xi4 has the same dispersion matrix.

and also we repeat that if X; 5 represent measures of intelligence
and the categories are defined by differences in intelligence

then neither assumption is likely to be valid.




1.3 An alternative approach

We now make less restrictive assumptions to meet the case
where the mode of categorizagion is heavily related to the
observed variates as dgscribed in the last paragraph of
section 1.2,

We assume that'if an individual is randomly drawn from
some population then prior to categorization, X, the vector
of observations has a multivariate density. We shall not
for the moment assume a specific type of multivariate density,
only that a vector of means y and a dispersion matrix V
exists for this density. The individual is how ‘tategorized

and a valwe, d, characteristic of the category is assigned.

Our n observations can now be represented as

{di; )-{‘ij} j=l,2,...,ki; izl,Z,ooo,c'

We now seek a vector B and a set of values dl' d2""dc such
that the correlation between the scalar quantitites di and

B'x.. has as large a value as possible when taken over the

~

n individuals. Let {di};:i and é be the required system then

(1.3.1) T o
L. 1= =17 11d.B'x, .
ij S iq 1~ 7ij

_é_'zz (X..=X..)(x. -%..)'8 B'II(X, =X..) (X,.=X..)'B
ij Bt /e ij 43 = 0 TAT <

whenever ({di},ﬁ)#({éi},é)

It is convenient to "standardize" the {di} by requiring




(1.3.2) i

this leads to simplifications in the expressions for the

correlations and also in the further development.

The numerator of the right-hand side of (l1.3.1) can be

written

P Zdi?'{-i k- = Fdiki(?_{_i.-?_co)

by virtue of (1.3.2).

o - iy - '
Writing T §§(§ij §..)(§ij X..)

the denominatdr is then 1/ /@_'T}@

Our objective is to maximize corr ({di},g) where

\ —p ! Y -
(1.3.3) corr({d,},8)=8 zd k. (X, -X..)

i
/&' TB
. e =0 2, = . i=c
subject to ;:.dlki 0; idiki 1 over choice of {d,};_; and 8.

Since the scale of B is immaterial we choose to maximize

corr({d,},8) subject to g'Tg=1.

Case c=2

N

2
i—ldiki:o and iilaiki=l are

sufficient to determine dl and d2 since we have

In the case c=2, the conditions %
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( 4.k, +d,k,=0

J Lo L

d;k,+d k=1
171 7272

it follows tQPt

1= -/kz/k n

1 d,= VE /K n.

In this event

(1.3.5)

(1.3.6) {corr(d d .B)} 2

( -dik
1

O N

(g- .-go o)(gio-go o) ')E

B'TB

and thus g is the solution of

(1.3.8) (Xi*2

n

where A is the largest root of

(1.3.9) | ¥1K2 (%, -

2{_20) (‘}Slo-:}sz)."-AT \ =0.
n




19

Now since (X;.-X,.)(X;.-X,.)' is of rank 1 there is only one
non-zero A which is a solution of (1.3.9).

It is noted that

(1.3.200 oy _ - - .,
1 2 (&10-2{_20)(2{_10-?520) -g(ii.-i..)(ﬁi.-.}i'.) ki

n
=H

where H corresponds to the matrix H defined in the classical

situation (equation (1.2.8)). Also

t1.3.11) T=E+H

where E is defined in 1.2.9. Hence )\ is the largest root of

(1.3.12) |H=) (E+H) |=0

and B the associated eigen vector.

Evidently with c=2 and ¢ defined by (1.2.13) then
0

1+6

(103013) A=

Now if

(1.3.14) (8- (2+m))s=0.
140

then

(1.3.15) o=((1+e)H-e(E+H)>_§_

= (H-0E) 8

Since A is an increasing function of 6 we see that the vector
B is the same in our new approach as for the classical approach

(c=2) , a somewhat startling result.




Case c>2.

In the case of more than two categories we shall maximize
(corr (Idi},g))z defined by (1.3.3) over choice of {a;?
satisfying (1.3.2) holding the scale of 8 so that B'Tg=1,

Let ¢1,¢2 and A be undetermined multipliers and construct

- - 2 2
Q=(8 idiki(§i x..i) 2¢12diki ¢, (2d;k.-1)-A (8 'TB-1)

Using the theory of Lagrange undertermined multipliers the
required solution is given by

ig:Q; _§2=0; 3Q=3Q'_3Q =0
ad, g 3¢; 34, 3A

The maximal value is achieved as {ai},é_so that
(1.3.16)  (8'zd;k; (X;.-K..))k; (;-K..) " f=¢ Kk, +6,d.k,

i=1'2'oo¢00

~

(103017) Zdiki (-}—(-i.-.?_{-. . ) Zdiki (?_{.io-?so . ) '-A9 B=0

(1.3.18) zéiz =1

Summing (1.2.17) over i we have ¢l=0 whence

A - -

(1.3.19) 4, o, (x;.-X..)8
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Using (1.3.18) it is easily established that

"

A - -
(1.3.20) d,= (X,~X..)'8

Py
1 1 -

/ V B'HE
where, as usual,

(1. 3.21) Hz (§i‘-§.")(§i‘-§.°')'ki

e 1™

Premultiplying (1.2.18) by 8' we find

(1.3.22) A= max (corr({di},g))z
{a;1.8

But

2 o by '

therefore A is the largest solution of

(1.3.24) H88'HB X
P —— = ATE 5
B'ug

-~

that ig,the largest solution of

(1.3.25) (H-AT)B=0 -y

Define E by E=T-H so that, as in the classical case,

(1.3.26) E=I% (
ij

- - '
X353 51')(§ij X..)




then

A is the largest root of | H- ME+H)| =0 and §

vector. Alternatively, with a=¢/l+9,

|H-6E |=0 and é'satisfies.(n-eE)éfg. Either way, di is proportional

tO (gio"'go o) "’éo

It is seen then that for any ¢, the discriminant is numerically
the same for our system as in the classical case despite the fact
that our basic assumptions are widely different.

1.4 An example with three broad categories.

A group of eighteen math majors are critically examined by
their Taculty with the purpose of evaluating the departmental
admissions examination. The faculty agreed tc divide the
eighteen into three groups of six according to the performance
of the students in their junior and senior years. After this
has been done, the respective performances in the four-part
admissions exam were collated with the students. The results

are given below.

Top group: 88 82 70
87 94
92 82
88 82

-

- -

Middle group:-aiﬁ 94
[94 ' 79
72 85
181 i | 176

-
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Low group: 80 ]
69 76 76
71 69 69 691} 68 71
8ol (83  lesl . lsol |sal |66

The vector is

Score in part I of admissions exam
" 114 n I I ]} » "
" " L] I I I [ " "
[} [} n IV [} " "

It is the admissions examination which the faculty require to
evaluate with a view to using it to reject students unlikely to
derive great benefit from a college education. In broad terms
one may ask: "is the admission exam any indication of performance
in college; if so how should the results or scores on that
examination be used to select the more promising students."
Although we have not yet developed the distribution theory
relevant to this problem we have available a technique indicated:
the previous section.‘/It is believed that, tiﬁe? over the
population of students, each admission score(§£7;pproximately
normally distributed and is not a mixture of populations as
is required by the theory of discriminant functions.

Using the notation of the previous section we have. - e

R.=k,=k. =6,

17273



3406
1665
6044

1842

P1H
[

e ™
.

j =

26420
=L lg064
12 116244
= ~336

E=T-H= 1II(x..
-13j

- ij
(22014
. 1 -9729

12 10200
-2178
L

;) (X

1665
15882
19899
6774

Z()_(_. .-;(-o o) (z{_ij-zoo) '

-8064
27117
14742
1188

~-9729
11235

-5157

~-5586

6044
19899
28634
9546

16244
14742
39440
15378

“x; )
10200

~5157

10806
5832

1842 |
6774
9546
3192

-336
1188
15378

21780

-2178 |
~5586
+5832

18588




We need now to extradt'the largest root of

|H=A (E+H) | =0

(see equation (1.3.12)).

Since E+H=T is positive definite we can find a non-singular

matrix'M such that MIM'=I. This matrix is of course obtained

by performing a Doolittle on T. With F the Doolittle lower

diagonal matrix with {fii=l} then

FTF'=D with d;.=0  if] l

11

o Whence_M:D"%F. We now require the largest latent root of

( MHM' which can be obtained by the itterative methods. It is
noted’ that in the case of two groups, H, and therefore MHM',
is of rank one whereupon largest latent root of MHM' = trace MHM'.

In our case, the largest latent root is

, A = 0.8802

¢ and the  associated vector is —~0.116§.
10.5208
11.1623
1.0000

: -
. /\
0

or any muitiple of it.
The {&i} are now found from equation 1.2.20 tc be (after
standardization).

(0.2943; 0.00765~0.28477) .
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It is of interest to obtain §ﬂé for each of the 18 students:-
r'Top group: 2040 2173 2198 1994 2021 2062
{Middle group: 1882 1887 1969 1867 1824 1706

 Low group: 1628 1671 1655 1585 1650 1669 ;

The B used was [ 0.1165] .
10.5208
11.1625

1.0000;

The resulting values x'B divide themselves very nicely as we
would expect since- there is to be quite a large (0.8802)
correlation batween the §'é and the {d,}.

Given any other student (not a member of the set of eighteen)
and his-admissions' exam score X we could compute gﬂéég to
decide which category this new individual is most likely to
belong to.

Clearly the admissions exam is of value though only the
part II and part III scores appear to have a great deal of
correlation with the final group to which a student is judged
to belong.

Some common sense has to be applied to provide group
boundaries for the Top, Middle and Low groups. Looking at

the 18 values of X'8, a suitable system might be.

judge as top group if X'g>2000
judge as middle group if 1700<X"'B8<2000

judge as low group if .x'§51700.
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8. The probability of incorrect assignment of course depends

: on the actual value of X'R (not true in the classical cage).
Obviously if for some student X‘8=2400 then we would feel pretty

safe' in° judging him to be in the top group.

. Comparisons can also be made between new students. Suppose
§A and Xy are the admissions scores of two new students A and

, B then we may judge that A will succeed better than B if

again, the confidence of our judgement will be a function

% . of .
syt



CHAPTER 2

2.1 The null distribution of the largest latent root.

From eguation (1.3.26) we find that the values of 8 and {di}

-

hinge -on the value of the largest latent root, A, of H in the

- metric of H+E; that is, with

H= (g;o-guo)(ﬁio-go o)'ki

3

e 01

— — - 1
then A is- the largest solution of

|H- A(H+E) |=0.

If no element of x is correlated with the grouping scheme, that

.
. ¢

1ls

p(x| individual categorized in group j)

is independent of j then the grouping of the individuals results

\h

in a random arrangement of the X,

density of §ij is independent of j and also of i. It is then

. We have then that the

Cade

easy to show that H and E are independent variates of the

Wishart type when x.. is assumed to have a multivariate normal

3

density; -in fact

| E""\.\Q,(V;n--c: (0))

P Hm\Op(V;c-l:(O))



whenever

. [for ngtation see Part 4, volume I of this contract].

The joint distribution of the latent roots of |H-¢ (E+H) | is
known, see for example Part 4, volume I, chapter 6 of this
contract, and good approximations to the percentage points
- of the largest root are available. The case where c=2 can

be be handled in terms of the percentage points of the F-ratio.

2.2 Case c=2.

When c=2 we find that H is of rank 1, consequently there

B} ' «
@
MRS

exists only one non-zero solution of equation (1.2.26). Returning

}3 to section 1.3 we see that
kik, = = - -
(2.201) H"’ 2 (§lo-§zg)(§l.-§2a)'

n

Writing €=1/1-i, then 6 is the non-zero solution of

(2.2.2) | ¥iko

I k,+k

—_ - - - £

172

Now since for 6#0

t ' u .
|6B-uu' |=] ' T | = |eE]| <?-Z'E 12)
- }
)

u , 9E 8

we see that
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‘ k.k
0= A - 172 - e 1 -1 = —_—
(2.2.3) =T (%) =%, 'E " (X;.-%,.)

which given E and (gl.-gz,)) is easy to calculate by performing
a Doolittle on E carrying (gi.-gé.) [?art 4 Volume II of this

contrac;]. Finally

. (2.2.4) Ox 2B=1| o~

n-p-1
p p:n-p

large values of & are significant.

s 2.3 Case ¢>2.

- In the case c>2 we are committed to the use of percentage

points of the largest A satisfying

|H~ (H4E) |=0

the distribution of the largest latent root is discussed in

the statistical literature by several authors. In particular,

tables of percentage points are given by D.L. Heck (Ann. Math.

Statist., 1960, pp. 625-642).
Ag an alternative test of the hypothesis Ro.(1,2,..p)=0 one

may also use

~2p log|El/|E+H] ~ X

2
p(c-1)

where p_=n-l-%(c+p).

This does not require the evaluation of the largest root

o

and 'is computationally much simplier, however it is to be

remembered that if -2pologIEi/lE+H| proves significant,

the next step will likely be to establish é.for which the

largest latent yoot will be needed.
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CHAPTER 3.

THE ALTERNATIVE DISTRIBUTION

e

Case c=2

"..‘:b

3.1 Preliminaries

L

For the case ¢=2, the multiple correlation coefficient,

R say, between the vectors §djj=i,2,..k i=1l,2 and the

i;

$

scores (see eguation 1.3.5)

(3,1.1)
s _ P
' ] d2- /kl/kzn

may be obtained from

2 - -1 —
(3.1.2) R = EZd- (X. .-Xoo) C EZd- (X -Xe o) '
GUTN I L GLUC W)

—-— e -l b"3 '
“(idikiﬁi‘)c (idikizi')

=kl

n

k

- — -] - -
where

(3.103) C=22(§i.-g.o)(§ -'g’o)'
ijg —H T

Accordingly, we may use some of the work developed in Part

I of this contract (in particular chapter 2 of that part)

for a suitable underlying model.
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3.2 An underlying model.
-~ Assume that an unknown variable x... exists for every

013

individual. For the n individuals whose vector measurement
' §ij is available (i=1, 2: j=l,2,..ki) there is the wariable
i inj which is unobserved but about which the following infor-

mation is available.

(3.2.1) s?p{XOIi}<igf{x02j}

that is the variable xoljl for an indivi&ual is group 1 is less

than the x02j2 for any individual in group 2. We may imagine
. then that the dichotomy of n individuals into the two groups

is made on the basis of the unobservable xoij(hereafter called

the characteristic normal variable).

It is recognized that the existence of the characteristic

s normal variable represents an idealized situation. In effect
we are saying that the categorization of an individual is made
S on the basis of a single characteristic variable. Obviously

one can thirk of many ways of assigning an individual to one
gg% of varicus categories; however the use of the characteristic
normal variable seems to use not unreasonable and fairly simple ﬁ{‘
% to apply. Further the critical regions associated with the
test of hypothesis HO:R=0 do not depend upon the assumptions

‘; of the existence of characteristic normal variables although

Of course the investigation of the power of the critical

region does,




Al Il

' We shall suppose

]
Xo| Np+l o] * Voo o1

x v

€ (3.2.2)

=

=
>

L] AT

2

wheré x is the observed vector and X the corresponding

characteristic normal variable. That is to say (xo; %y xz.,xp)

o have a multivariate normal density with mean vector and

dispersion matrix as displaved in (3.2.2).
~ﬁi If it be required to divide n individuals into two cate-

gories with kl and kz'members then we construct two groups

{x

011’ Xg127°*****Xg1k } and {xozl x022“x02k2}

1

': which passes the property given in (3.2.1) that is
- sup {x01j}<inf{x02}.
J J

the groups are therefore uniquely constructed with probability

one.

by It is noted that in another problem kl and k2 (k1+k2=n)

maybe random variables; the dichotomy being achieved via
/‘\ sup(xOIj}<T<inf{x02j}).
, 3 -

fj? 3.3 Development.

The development of the distribution of R2 now parallels
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the development in Part I of this contract. In particular we

4

(-—R.+ h~1:{ﬁ3

Vl+h—1;D"]

] 2%
BhtGh ¥

£ n

w
(3.3.1) 2yh g L.

where .

3.3.2j a[k}= a(a-ljfa~2) ... {a-x+1)

) 2

. Vi1 andhll are independently distributed conditional on ix }.

0ij

. (3.3.5) A= s (53dyxg; )2 |
i3

<2, = 2
(3.3.6) Aytags= 6 i;(inj xo..)

:";_-\ ] With ‘

= -
(3.3.7) 6-RO//1 Roz

and Ro the population multiple correlation coefficient between
Xq and (xl, Xoreres xp)o

ar:d @

-

e Upon substituting values for d

1 2

2

2 (x

(3.3.8) 1 =x6% ¥1¥2

02" %01

n



Writing

(3.3.9)

(3.3.10) n?=N152 (%, %y °
n

we -have
W 6282
J l

(3.3.11)

3

2y

‘A2=52(32"n

From the form of equation 3.3.1 evidently

V- y Ihd
(353°12)Z?(lmgz}hgéil_rZ)h w§E.+ h“l}
=net

where r is the "multiple correlation® in the case p=1

and r=n-1,

3.4 The case p=l; moments of a corxrelation coefficient.

In the last section, we saw that the moments of our
test criterion (gemeral ») were a simple function of
the moments of a test criterion appropriate to the

case p=1l, Write

(3.4.1)




and suppose

(3.4.2)  x_|xp Ny (oxy ¢ 1-p2) 0=1,2, 000, 0.

Oot Oa

then with

(3.4.3) 6-1»;@»/.5,11—02

we £ind, using the techniques of chapter 3, part I of

this contract that
(3.4.4) 1-r’~w.,/(w. +h,;)
<% 11111
where Wiq and hll have independent xz-distribution condi~

} a=n
a=1

tional on {x . In fact

Oo

2
(3.4.5) gyl {xp;53Ax] (Ay)

2
(3.4.6) wlll{XOijhmxv(Az)

with A, and A, defined as in (3.3.11l), that is

2

2.2
(xl-ss

1

and

(3.4.8)

(3.4.9)




The condition joint density of hlf

(3.4.10)

SHOAER) by ey +5-1
e e

i

v+l .

2’5‘ r(a+i)223j!r(%+j)

Transforming from (hll'wll) to (Z,wll) where
(3.4.11) Z=w,./(w,  +h,,)=1-1°
£ 11 1177711

and integrating out the Wy, We find

(3.4.12) p(7{x 34 )=

“E{ ¥+ r) =
e 2 I
=0

over the regiomn 0<Z<l,

2 - .
The moments of r” condition on ixcii% are now a simple matter.

In fact

(3.4.13) é;(rzl{x 1=

ioj

. k

=k {i, 4r,)} (A #24.,) ®

e L2 % L 12 + %Alz
k=0 g2 (Bl 0

k
(A1+A2)

k:2k42§£+k>




(3.4.14) é(r4l{xoij})ae -
A

- k - k
35 (A;+2,) - 317 (A;+25) ;
1 ——— 12" 3 ) 2
0 kzzk(i‘-*z‘-l-+k) 0 klzk(ﬂ?i»k)
k
1. .2 @ (Ay#ry) :
VIS LA (2]
0 k!2k(9-§§- +K)
. 12 (A 42,)
3.4.15) F (xS 1Fr2)
( | 3g351)
o (A,+A )k © k
15 1+ 45 (As+1.)
-3 X + -3 Al I 1 "2 [3]
O k122 4x) L3 0O xi2k (%i +k)
151, 12 5 Oy0p)" 1,37 (a, 40K
=330 1 2 g A+,

0

+(54,)
)[3] 21 0

k n+7 .
1
Lo+ )
8 7))
(3.4.16) 5(r |{xoij}) e =
105 “‘1“2)k 105 “‘*1**2)k
16 0 ks [T TE M T[4
k125 (22 1) k128 (AL 4x)
2
k X
2 © (A.+A) \ | o (As+h.)
05y ¢ 12 + 142a,)3 p L2
2 2V T e w7y g e, [l
. k12® (2324 k12K

—7—-+k)
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To work toward the non-conditional moments we use

a=n

the fact that, for {x0a}cl=1 a set of independent normal

variates

2 2

(3.4.17) i1, Szg=péﬂ§%p(82)
S

wn

that is n2/S2 and 82 are independently distributed. Further

82 has a central xz-distribution with n-1l=v  degrees of

freedom.
Consequently

T 1,202 n-l-2k
(3.4.18)5{52’%'7 b= 2K(1462) 2 r (=5=+k)

Now, using (3.4.17) and
h h
(3.4.19) 5( n?/g2) =G VACRE

we have

..

6282

1
(3.4.20) é( 2iglky 2 )

.t é((—ni )h S2(h+k) --2-6 S

SZ

~

,-
WESL 1,

2 h

2,2
=G (s ®

. wAAT

2(htk) - 1725

L
X

N
el

n v ol
—_ e
5}

. 3
. v




(221 ih+k)
(n=-1) (n+1)... (n-1+2h) r(ﬂgl) (1+62) 2

The nonconditional moments of r2 are then, using (3.4.20)

(3.4.21) z(r2)=

i
2

L
i
i‘
b

»
1 m——— ’”"‘Wf P o

(3.4.22) é(r4)=
k]
52k (9-53- +k)£

(—?_+k) n+l

[2]

n-1

5 Ik+2 (T +k§‘k]
n+i +k
2832 *9)

n+3 (21

(146 k! (—3—' +k)
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3.5 Moments of n2. Case kl=n—l.

Clearly moments of r2 and thence R2 are available for given
GzaRS/l-Rg when moments ofr]2 are established; this section
is devoted to establishing moments of’)2 for the case of two
groups when one group contains n-1 individuals, the other
group only one individual. Such a situation arises when only
the "best"® individual is picked out or singled out; the
remaining (n-1) being lumped together in the category of
"not best",

For convenience we replace x0]<x02<..<x0n by
Uy <Uy<ees<uy SO that we can consider Uy <8, %eefuy to be

a ranked set of n independently drawn observation from

the standard normal population. With




PAFulToxt Provided by ERIC

(3.5.1)

then for kl=n-l

2
(3.5.2) n%= -2~ (u_-10)

n-1 n

2

The process of giving moments of n” in terms of moments

of u, is routine, however of some use is the fact that

un-E and u have independent distributions.

We find after a little algebra:

(3.5.3) E(n?)= %{5(1131)- ;11-)}
n-

2
(3.5.4) g(n4)=(ﬁ-§i- g(u )-- g(u2)+—2.)

3 .
(3.5.5) é (n6)= —E-i- g u ‘-}—ag(u4)+§-5- a(uz lg

, 28 6 2106 4
(3.5,6} ] l ""é(un)“l“-—'z"' (un)
n n

420 g( 2)
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Since the first ten moments of the extreme (un) from

I

<

a sample of n from a standard normal population are
tabulated by Ruben for n=1(1)50 we give the first four
moments of l~r2 using equations (3.5.3) thru (3.5.6) and

(3.4.21) thru (3.4.24) for the cases

kl=n—l; szl
n=4{1)20(5)50

RO=0.05, 0.10(0.10)0.906,0.95

these -moments which are of interest are given in Appendix A.

3.6 Moments of nz; general two group situation.

In the general case of two groups we shall, for convenience

put

(3.6.1) kl=n-k2=k

It proved more convenient to work with a function.

2 U, +ee o+l
(3.6.2) = DK 1 k.3
(n+2) 3 k
so that
2 (n+2)° ¢
(3.6.3) n<= B



then, since ﬁkk)"ﬁ and U are independently distributed we

£ind

(n+2)

2 if
E (nly B K - §'§ - 2
(30606) & ) (u(k)) (uik))

(n}ﬁ)

Using a method developed by Saw(1958) the moments of g(u (k))

can be obtained as a power series in 1/(n+2). In fact if

(3.6.7) w(pk,n,a,b)=

when u_ has the distribution of the rth largest of n

standard normal variates and where

(3.6.8) p,=k/(n+l).

is used for w(pk,n,a,b) when n and k are fixed




then it is easily shown {fellowing Saw, 1958) that
(3.6.9) [ it)=
Yo

l , - ' 3 - -5 -
g *R{k=1)(1=3¢, j)+n(k-1) (k-2)y, ,

3
(n+2)

(3.6.10) § (£2)=

2 2 i
g 40 (k-1) (3463 =11y ;-15¢; )

-

+n2(k-l)(k-2)(8¢2 -18V, 14250, ,43)

/0
#n° (k-1) (k-2) (k=3) (64, =100 1)

+n2(k-l)(k-2)(k-3)(k-4)w4’0

2 2
énk wo'Z-Gnk (k-l)(l-3wl’l)

-Gnkz(k-l)(k-z)w2'0+k4

For fixed values of pk=k/(n+1) we may write

-(i+l)

T H,(p, ,a,b)
(3.6.11) a,b i=1 i‘wkre’ + 0(n+2)

(n+2) *

Values of H(p,,a,b) were driginally given by Saw for

a+b<4, i=0(1)5 and pkw0.50(0.05)0;§0; however since
those computation were made on a mechanical hand

calculator the values were recalculated under this

q& 4«..;......& Vitote #“{’h;& e ‘J' &

A e e
e @ ;E‘P; W:”"-'-h u




project and the range sxtended to athsé; pk=ﬁ.50{0..€)5)0,95c

The recomputed tables {which will be of use elsewhere in

the theory of order statistics) arxe given in Appendix B.
Using (3.6.9), (3.6.10} the first two moments of t

can be expressed as a power series in L for a fixed value

a+2
of Py in fact if we may write

(3.6.12) éj(ts)z P, {p, .8} (n+2) 7
j=0

and values of Jj(pkgs) are given in Table I below for

S}b-p

2
P, =0.50(0.0530.95

0
{ i=0{1}5

(the choice pkt>%~ i since one group or

the other must have at least half the oghservations contained

in it).

The net result now is that for the case of two groups we

have four moments of Rz-for general p when klmnnl=n-k2

and two moments of R2 for general p and general El,(l<kl<n~l).
vit the basis of these moments we give in the next chapter

an indication of the power of our proposed method and find

that the power is suprisingly good.
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CHAPTER 4.

THE POWER OF THE TEST OF R§=0.

4,1 Introduction {
i

We consider the case of two groups only (i.e. c=2).

It is to be expected that, all else being equal, as the number
of groups increases, the powef of the test will also increase
since essentially more. information is at the statisticians
disposal. ‘When c=n we reach the case discussed in part I

of this contract when it was found that the efficiency of

the test based on a complete set of rankings was very close

+ Ya

n l)/(n(n 1))
12

to unity. This was the case when dj=(3 j=1,2,..c,0.

4,2 Large sample behaviour

Taking the case p=l; c=2 and general n we consider the
conditional moment generating function of -2plog(l—r2) where
o is some arbitrary constant and r is the correlation between

the dj and the (scalar) normally distributed observations X,

[ S

We write

Fr

-2plog(l~-r
"‘:. . A“ =3

(4.2.1) ¢ (8) i} } 20y 1.2
zﬁ n2/ ; éfsexp( 296103(1 r)) |n /SZX

- Efa-ed " 2],

Required then is the conditional (—ZFQLth moment of l-r2

which iz available using the work .ef section 3.4. JTn fact




51

n-1l
. n-i o n )
(4.2.2) 4 (98) o, =aerd) 2 pnieed (B (-7 7sh)
=2plog (1-r“) | n /2 °° . i5° S
S RN U |
1ij:
(n-l i+j) .1 v, .
r ] B(l+-2'; '2—+J-299)
-1
r(8z= 1w, .
2 B(it+3; 5+3)

where v=n-2.

Now, using the expansion for log T (x+h) in terms of the
Bernculli polynomials in h (see for example Part 4, of

volume I of this contract, in particular page 94) we have

A R |
(4.2.3) 1log DB(i+zi gti-2e8)
B(itg: 3+3)

~(i+3)log(1-20)+ & 'r|—— -1&
r=1 pr (l-29)r l

with
r
(4.2.4) 7 =" B, (5% + i+j-p)—Br+1(%i-j-p)’l('
r({r+l) N

and Bs(h) the sth Bernoulli polynomial in h,

In particular.

:
(4.2.5) 1y= ~2{i+3) (V423+i=20-3)




If we now set

(4.2.7) p=-§-\/+ a

with a of orderxr zero in n then

(4.2.8) 7. = (=" B. . (Y+i+3-a)-B
yIeese r r+l'2 J

r(xr+l)

r41 (373

so that T is of order zero in n.

With p defined by (4.2.7) we get

(4.2.9) B(i+s; j=2p6)

B(i+

.._...l_..,._._ (71

T+ |1+ A 0(=,)
(1-20) = (1-28) P P

and using this in (4.22) after performing the summations over

i and j

s2




I

'

n-2

| - T —
. (1-26) + 1l (n r2)2b
- - o 1

2 2] Bt o

(1-26)~26 n 2
2
S .
1 2
+ = (nro)b2

<
©

1

v‘fﬂ
+

b +0(l§)

Y

3

©

. where bl b2 and b3 converge tc limits which are constant in

’ & and Gznz/sz as n approaches infinity. For large n therefore

’ since p behaves as n, the first term of (4.2.10) describes
the behaviour of the moment generating function of

—2plog(1-r2) ¢onditional on nz/SZ.

Allowing n to go to infinity and 62=r§/(l-rg) to ¢~ to

zero in such a manner that

E:3
P
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(4.2.11) 1im né% =i,
n-+e
we have
2 (4.2.12) 1lim ¢ (9) 21 3 -
] n+e =2plog{l=xr")in /'
E 2 2
. né =i ]

2
(1~26§£exp£; .. An |
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Conditioml on n2/s2 therefore, -2plog(l-r2) is asymptotically
distributed as the square of a normal variate with mean

/ 2y 4.
22

an_ and unit variance.

2
S ®

2 . . . .
Thus Pr{r2>a | n‘/SZ} is an increasing function of A

A
JA e R
g

¢ 3,
e -N«éw{; 0

for any n2/ 2 and thus Pr{r2>q} is an increasing function
s

2
A. (non-conditionaily on n“/SZ).

4.3 Small sample behaviour

.
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To discuss the small sample behaviour, it is of interest
to consider the regular product - moment correlation coefficient
between the set of variables {(ui,vi)} =n

i=1

where.,

/
(403'1) ~ 0) . l i) izlazroo!n
o "\o»
1

The product moment estimate of p, call this p, is given as

- - 2 -
(4.3.2) p = Z(u,~T) (vi-v)2
(9,

Y,
2(u,-1 2 2(v.-9)
i i

Now set

.-
- 3 -
(40303) Gi—
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The distribution of ;2=p2/(pz+q2) is the same as that for

2

r2 except that for the case of o<, nd becomes identically equal to s

Conditional on {ui}n therefore r2 behaves as ;2 except
1

s 2 . L - - 2 2. . —: = a= -
.that 6" has to be replaced by § n/ 2. It follows from
the properties of the regular correlation coefficient
(or rather its square :-pz) that

(4.3.13) Pr{r2>a|n2/ 2} increases with rg
5

Pr{r2>aln2/82} increases with n; rg fixed.

eqi-.{, y
,:’-“- RN S O

It has been easy to discuss this in the context when

p=l. Obviougly, by comparing our R2 with the estimate

R2 : cf the square of the regular multiple
0(1'21901,)

et

correlation coefficient between X, and (xl, xz,.o.xp) we

LA
‘Li' .

draw the same conclusions for general dimension p.
Finally then if {dj;gj}J’“‘is the observed data

(=1
from a population with multiple correlation Ro (that
multiple correlation between the unobserved xoj and

the x ) then if
J

R = max corr (dj, E'gﬂ)
d.};
({ J} a)
as defined throughout this work, than

increases with Rg, n fixed

Px{R">a} increases with n , Ro fisxed

4.4 Numerical values of power in a specific case.

Since we have moments of R2 under the alternative
hypothesis it is possible to fit a frequency curve to the




mewents of Rz to obtain an approximation to the power. It

turns out that a Type I Pearson curve provides a good fit

as was o : T seé n=15 was considered:-

Power of the size 0.05 test of H, R_=0

n=15 o=2 +k2=15
* %

k,=12(p, =0.75) .

0.05
0.05
0.06
0.07
0.10
0.14
0.18
0.21
0.26
0.31
.37

(*four moment fit; see section 3.5)
(**two moment fit; see section 3.6)

The power, at least for n=15, is not high for the case of two
groups when one group has only one member in it; considering
the almost complete lack of information (on Rg) which this
situation represents, it is perhaps surprising that R2 is of
any use at all. For a more reasonable dichotomy of individuals
(pk=0.75 and pr=0.50) the power is quite high. It is noted;
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STy,

that that for given Rg the power in the case pk=0.50 is greater
than the corresponding figure for pk=0.75 which in turn is
higher than the corresponding figure for p,=7/8 (case k,=14).
This confirms what one would anticipate; Ehat for the B

case of two groups, the most information is to be had when

the group sizes are equal.
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SUMMARY
We have presented & possible. approach to the problem of
-he basis of a vector of
scores when the usual classical model does not hold. It
is .our contention that within a group homogeneous with

regard to background there does not exist two distinct

populations:- a "fail" population and a "pass" population;

. xlnf e D PR P! -

PO i Yo} ] £ o % R XS
PR A e e . 2y LA AN . 3, -,
Ja A A LAY 2Tl N O s aled B

rather there is a continuous spectrum: the upper end of

w",
'w!

Zirfa)

L 4
which are more likely to pass than those members to be

£l (TN 7S
2
i ™

A

found at the lower end of the spectrum.

Making use of this new model we are able to give a
method of evaluating the vector of scores (on admission
tests possibly) in respect of their value as indicators
of the ultimate worth or performance of the individual.
The efficiency of the method is surprisingly high.

It is noted that in addition to the critisms of the
use of the classical discriminent approach leveled above;
the classical approach requires a large calibration sample
(that is in our notation n must be large) in order that
the classical theory may hold approximately for in the
classical theory we must first pick out those individuals
which cannot be readily assigned to a group. In our
model, the individuals who cannot be readily assigned form
a {middle) group and the data relevant to such an individual

is likely to be of great value. Diagramiticailys=-




Calibration
Sample (n)
i
|

obvious "fail" ' obvious "pass"
group neither group
obviously "pass"
nor
obviously fail

Classical model:- makes use of kl+k3 observations.

Our model:~ makes use of kl+k2+k3 observations.

Experience in the field yields the fact that frequently
k2 is larger even than kl+k3.

Interestingly enocugh, if it were possible to use
all n members in the classical theory then the test function
and discriminant vector is algebraically the same though
the distribution of these quantities is different under
the two models.

Given the discriminant vector (é) under our madel,

. it may be treated as in the classical case to solwve the
problems.
{8) compare a new group of individuals with respect to

their predicted future performance.

(b} evaluate the choice of admission tests (for exXample)

as predictors of future performances.
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Moments of l-r
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(see Section 3.4; in particular equations

(3.4.21) thru (3.4.2%4)

Cases: -

\

Sample size n=4(1)20(5)50

Two groups c=2,

kl=n-l
Group sizes

ko= 1

2

Y

N

Vector dimension p=1l *

SN
i

Population correlation RO=O.05, 0.10{0.10) 0.9C, G.95
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(*The moments for general p are obtainable from the results

for p=1 using (3.3.12))
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ArPuNDIX B

Values of
v(Pr; a,b) = 4(x,._,)
(r) %
(r) '
P(x(r))

where x(l)<x(2)<.:.<x(r)<...<x(n) 1s an ordered sample
from the standard normal density with p.d.f. 2(x) and

c.d.f. P(x). (See section 3.6).

We write

(Pr; a,b) =  H,(Pr; a,b) (n+2)
i=0

and tabulate

i=0(1)5 .
H,; (Pr; a,b) Pr=0.50(0.05)0.95
’ l<a+b<4.
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