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PREFACE

The research and development program of the R & D Caater is fecused on im=
proving efficiency of learning by children, youth, and adults. Efficiency of
learning in school settings is related to six main groups of variables: the char-
acteristics and behaviors of the learners, conditions oflearning, characteristics
and behaviors of the teacher, the subject matter, instructional materials and
media, and forces outside the classroom. In this technical report relationships
among variables pertaining to the learners and subject matter are reported. Spe-
cifically relationships of sex and IQ level to the acquisition of the concepts of
addition and conservation of numerousness were ascertained,

This is the first technical report of the R & D Center that deals exclusively
with concapts in a subject matter fiela. Other studiss are underway in mathe~
matics and also in other gubject fields. A total instructional program in first
grade mathematics comprised of video tapes, pupil exercises, and teacher notes
is being developed and field-tested on a small scale during 1965-1966. This
yrogram will be given extensive field testing during 1966-1967 and will very likely
by available for distribution nationally in 1967-1968. These research and de-
velopment activities directed by Professor Henry Van Engen exemplify the R & D
plan of simultaneously extending knowledge through research and improving the
quality of learning through the development of instructional materials and pro-
cedures.,

Herbert J. Klausmeier
Co~Direcior for Research

March 1, 1966
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ABSTRACT

One hundred first grade pupils from five schools ssorving a middle-
class population were individually tested on four concept~of-addition
items. For each item, two piles of candy wers placed before the child
and then moved together. The child was asked if he had a preference for
either the two separate piles or the combined pile and why he had answered
as he did. After responding to all four items, the child took a paper and
pencil test that included sums representing two of the test items.

Analysis of variance showed no significant differences between boys
and girls, among pupils from the five schools, or among items which
varied in number of candies used (complexity). ‘

fhe request for the child to state his preference, if he had one, for
the separate or combined piles of candies had been made in two different
ways. A x® test showed that the two questions did nothave significantly
different effects on the child's responses.

A significantrelationshipwas found between 1Q and ability to abstract
the concept of addition of whole numbers from the physical situatica.
Children scoring higher than chance on the four tasks had previously
obtained higher IQ's than children scoring at or below chance level.

Scores on a paper and pencil tect, which wis used as a means of
determining the relationship between knowledge of arithmetic facts and
understanding of the concept of addition, indicated that nearly all pupils
knewthesums 2+3 = 5and 4+5=9. However, only 54 correctly stated
no preference for separate or combined piles of candies when five candies
were used, and only 45 when nine candies were used.

Two possible interpretations of the results were offered, the more
logically acceptable being that children at the first grade level have not
abstracted the concept of addition from physical situatinns but have
memorized the addition facts. Implications for arithmetic instruction were
discussed, and a number of researchable questions were raised.



INTRODUCTION

The sum of two whole numbers can be de-
fined in terms of the union of two sets. Many
arithmetic programs for the elementary school
use this definition as a model when introduc~
ing addition of whole numbers. Such programs
direct the children to consider first two col-
lections of objects and then a new collection
formed by combining the two original collec-
tions into a single collection, where the
number of objects in the single collection is
the sum of two numbers associated with the
two original collections. The combining may
take place physically, using objects, or con-
ceptually. If it takes place physically, then
the concept of conservation of numerousness
is immediately involved when forming the sum
that represents the number of objects in the
single collection.

Conservation of numerousness means that,
irrespective of how a set of objects is re-
arranged, the number of objects remains the
same. In The Child's Conception of Number,
Jean Piaget (1952) set forth the following
three stages for the child's acquisition of this
concept:

1. Absence of conservation. A child is
totally unable to igiiore his percep~
tions. He may think that there are
more objects in the single collection,
perhaps because it is more dense. Or
he maythink that there are more cobjects
in the two collections, perhaps be-
cause they are farther apart.

2. Intermediary reactions. This isa
transition stage from Stage 1 to Stage
3. In some cases, the child may give
whatcan be termed Stage 3 responses,
andinothers, the child may give what
can he termed Stage 1 responses.

3. Necessary conservation. A child is
able to ignore his perception. He
knows that the number of objects in
the single collection is the same as

the number of objects in the twoorig-
inal collections because ''none has
been taken away or added'" or perhaps
because ''they are the same objectr."

Of these stages, Piaget (1964) stated,
"The ordering . . . is constant and has been
foundin all the societies studied. . . . How-
ever, although the order of succession is
constant, the chronological ages of these
stages varies a great deal (p. 10)."

Dedwell (1960), using 250 children ranging
in age from 5 years 6 months to 8 years 10
months, found a low but significant negative
correlation between the IQ's of the first and
second graders involved and the Stage 1 re-
sponses given in his five tasks: (1) relation
of perceived size to number (conservation of
numerousness), (2)provoked correspondence,
{3)unprovoked correspondence, (4) seriation,
ayd (5) ordination and cardination. In the
cuse of conservation of number (numerous-
ness), only 50% of the children at 6 years 5
months exhibited Stage 3 responses, 80%at
7 years 6 months exhibited Stage 3 responses,
and 80% at 8 years 6 months exhibited Stage
3 responses. For this phase of his study,
he ussd two beakers of different diameter and
had the child put, one by one, the same num-
ber of beads in each beaker. He then asked
the child to make numerical comparisons
between the beads in the two beakers.

A study by Kenneth Feigenbaum (1963)
suggests that the number of objects in the
collection may affect the child's ability to
ignore his perception. Feigenbaum's popula-
tion consisted of 90 children whose ages
ranged from four to seven years. The children
were placed into three experimental groups
that received the same treatments with dif-
ferent materials. The first treatment involved
a correspondence test using 28 beads and
two glasses of the same size, a conservation
test using the same beads (the beads were
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_poured into a smaller glass), a test for the
understanding of ''more" and 'bigger,'" and
finally a further correspondence and conser-
vation test. Treatment II was the same as

Treatment I except 14 beads instead of 28 -

were used. Treatment III was the same as
Treatment II except the size differential of
theglasses used in the conservation test was
smaller. Feigenbaum cited evidence that the
complexity of the stimuli (28 vs. 14 beads)
affected the subjects' frequency of success
in cases of incomplete assimilation of the
principle of 1-1 correspondence.

From Dodwell's study and Piaget's three
developmental stages, it appears that many
chiidren at the first grade level are not able
to ignore their perception when responding to
questions about the combining of two groups
of physical objects and that IQ has relevance
for this ability. Moreover, as Feigenbaum
suggested, the number of objects in the col-
lection may influence the ability of the children
to ignore their perception. As Piaget has

stat>d, children in all societies studied gc -

through the threc stages in understanding
conservation of numerousness but perhaps at
different rates and at different ages. It ig

interesting to explore the possibility of dif-
ferences in the ability to ignore perception
among children in different schools within
the same school system.

The nine hypotheses tested in this experi-
ment are: .

(@) There is no significantdifference

among the mean scores on the four
' test items.

{b) There is no significant difference
among the mean scores of pupils from
the five schools.

(c) Thereis no significant difference
between the mean scores of boys and
girls.

(d) There is no significantinteraction
between schools and sex.

(e) There is no significant interaction
vetween schools and test items,

(f) There is no significant interaction
between sex and test items.

(g) There is no significant interaction
among schools, sex, and test items.

(h) There is no significant correlation
betweenIQand the total scores on the
testitems or between IQ and the indi-
vidual items,

There is no significant effect on the
success or failure of a test item from
the manner in which the questions are
asked. '

There is no significant correlation
betweenchilcren's knowledge of addi-
tion facts and their ability to perform
related tost items correctly.




SUBJECTS

Subjects were 100 first grade pupils, 50
boys and 50 girls, randomly selected from
five elementary schools in a large highly-
supervigsed district. An additional 50 pupils
were selected at the same time as aiternates
for any possible absentee or rejection, as
described below. The children were individu=-
ally tested, by one experimenter, in their
own schools. School officials had designated
nine schools serving a middle-class popula-
tionfrom which the five participating schools
were randomly selected. IQ's were obtained
from previously administered Kuhlmann-
Anderson Intelligence Tests.

As a preliminary test to ascertain whether
S was prejudiced against candy, two piles of
candy were placed before S, one of twelve
and one of seven. The E asked §; "If I let
you take some candies home for your friends,
would you take this pile (pointing to the pile
of seven), or this pile (pointing to the pile of
twelve), or would it make any difference to
you which pile you took home ? .. ., Why ?"

The crucial response to the above question
1s 8's response to "Why ?" IfS gave a reason
such as "It doesn't make any difference be-
cause my friends don't like candy,' he was
excluded from the experiment. But if he gave
a reason such as (after taking the one of
twelve) ''Because it has more,'" he was ac-
cepted for the experiment. In any case, the
exclusion oracceptance of any S was entirely
based on E's judgment of the child's bias
against candy. Regardless of the outcome
above, E proceeded directly into the experi-
ment.

]
METHOD

MATERIALS AND PROCEDURES

In the diagram below, the solid circles
represent two collections of hard butterscotch

candy in cellophane wrappers and the dotted

circles represent these two collections com-
bined into one. The numerals in the circles
represent the number of candies in that collec~
tion. Thearrows denote that both groups were
moved an equal distance.
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Four testitems were randomly administered
on an individual basis to each child. The
procedure for each test item was the same, so
a general procedure will be recounted.

The E placed two piles of candies before S,
stated, ''Here are two piles of candies,' and
pointed to each one. After a seven second
interval, E moved the two piles together and
stated, "I put them together and made one
pile." The E again waited seven seconds and
then asked § one of the following two questions,
Questiona if the item was the first or third in
the sequence of items and Question b if the
item was gecond or fourth in the sequence of
items.

Question a: If I let you take the candies for
your friends, would you take the
two piles of candy or the one
pile of candy after I put them
together, or would it make any
difference? . . « Why?




Question b: If I let you take the candies for
your friends, would you take the
one pile of candy after I put
them together or the two piles of
candy, or would it make any dif-
ference? . . . Why?

For any item, if S's response was, "It
doesn't make any difference! he received a
score of 1. Any other response was scored
0. In the event S scored 0, his cholce of the
one pile or the two piles of candy was recorded.
All responses to the "why' question were also
recorded,

After the four test items were administered,
@ paper and pencil test involving the following

nine addition facts was administered to each
S.

(1) 2 @) 2 (3) 5 (41 (5) 4
2 43 #4448 3

i-!-

(6) 3 (7) 4 (8) 4 (9) 5

2 5 a3 43
A response of "5" to Numbers 2 and 6 was
considered evidence that S '"knew' the correct
response to the sum of 2 and 3, Likewise, a
response of '"9" to Numbers 3 and 7 wascon-
sidered evidence that S "knew'" the sum of 5
and 4, In the event a subject responded cor~
rectly to both 2 and 6, he was given a score
of 1. A similar procedure was followed for 3

and 7. Numbers 1, 4, 5, 8, and 9 were not
scored,




RESULTS

A three way analysic of variance (ANOVA)
was used to test Hypotheses a to g. Main
effects were (1) schools, (2) sex, and (3)
testitems (complexity), where each § received
all test items. Correlation coefficients were
used intesting Hypotheses h and j. A x? test
of significance was used to test Hypothesis
i,

The results of the ANOVA are shown in
Takle 1. The main effects of schools, sex,
and test items did not result in significantly
different test scores. However, it is interest=
ing to note the consistently superior scores
of pupils in School 2 across the four items.
In addition, since the three two-way inter-
actions ard the three-way interaction were
not significant, there is no evidence for re-
jection of Hypotheses a~-g.

Table 1

Analysis of Variance Table of Mean Squares,
Degrees of Freedom, and F Ratios for the
Factors of Item Complexity, Schools, and Sex

e e — . ]

Source of
variation df SS MS F
Between subjects
Schools (A) 4 4.06 1.02 1.64
Sex (B) 1 .64 .64 1.04
AXB 4 2.21 .55 K1
SUBJECT W/G 90 55.60 .62

Within subjects
Test Item (C) 3 .81 .27 2.22
AXC 12 2.44 .20 1.67
BXC 3 .14 .05 <]
AXBXC 12 .81 .07 <i
Cx SUBJ. W/G 270 32.80 .12

Note: No significant differences at . 05 level
of significance.

For the purpose of correlating IQ with total
socre, a dichotomized total score was used
with 0, 1, or 2 in one category and 3 or 4
(higherthanchance) in another. Average iQ's
for eagh item and for the dichotomized total
score are shown in Table 2. The point-
biserial correlation of .22 between IQ and
this dichotomized total score was significant
at the .05 level, refuting the first part of
Hypothesis h, Onthe basisof the correlations
for the separate items with IQ, the last part of
Hypothesis h can be rejected for Items 2 and
3 but not for Items 1 and 4. These findings
seem to be, in general, consistent with those
of Dodwell who found a low but significant
negative correlation between IQ and Stage 1
responses. (A distribution of total scores by
IQ is shown in Table 3.)

Table 2

Average IQ's and Correlation with Correct
and Incorrect Responses on Each Item and with
Dichotomized Total Score

p=e T T

Average IQ
Correct Incorrect r
Item response response pb
1 107.9 106.6 . 04
2 111.1 104.2 . 22%
3 111.0 104.3 L21%
4 100.5 103.6 -. 10
Dichotomized
Total Score  111.83 10432 L 22#
Total Score - - . 24C
*p <05

a Total score of 3 or 4.
b Total score of 0, 1, or 2.
C No significance test made.
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Table 3

Distribution of Total Scores by IQ

e e e e e e e e e

Total score
1Q 0 1 2 3 4

145-126
125-121
120-~116
115-111
110-106
105-101
100-96
95-91
90-86
85~65
Total
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- The manner in which the gquestion was
asked had no effect at all on the outcome of
correct and incorrect responses as can be
seen by the nearly identical frequencies of
responses shown in Table 4 (x = .10). Alto-
gether, 72 of the 400 reasons for responses
were in the ''No Reason,'" "Don't Know' and
"Other'" categories, 45 of them bkeing in the
'""No Reason' category, that is, noreason at
all, Of the remaining 27 nonspecific re=
sponses, 8 were in the '"Don't Know'' category.
In general then, about 12% of the responses,
those in the '"No Reason' category, could not
be validated through the "why' question.
These responses, and those in the "Don't
Know'" category, were not excluded from the
experiment because no decision can be made
relative to their validity. The entries in
Table 5 indicate that 93% of the correct
responses were given by children who seemed
to know why they gave them and were able to
verbalize the reason to the experimenter. The

Table 4

Analysis of Questions and Responses

e

Question

Response a b
Incorrect and the One Pile 73 75
incorrect and the Two Piles 34 32
Correct 94 92
Total 201 199

Table 5

Analysis of Reasons for Correct Responses

Percernit

"Why't response giving response

Same Number 79.6
Same Candies 745
Just Know 5.9
No Reason 5.4
Other 1.6

children who gave 5.4 %of the correct re-
sponsos made no verbal response tothe "'why"
question.

The frequencies of the two types of incor-
rect responses are given in Table 6 for each
item. Analysis of the reasons given by chil-
drenwho made incorrectresponses is shown in
Table 7. It is interesting to note that none of
the children gave the response of ''Fewer."
Of those children who chose the one pile,

Table 6

Frequencies of Incorrect Responses
by Type oi Errcr and Item

item
Error 1 2 3 4 Total
One Pile 32 36 41 39 148
Two Piles 14 18 14 20 66
Table 7

Analysis of Reasons for Incorrect Responses

"Why* Per cent Per cent
response one pile two piles
More 71.6 45. 4
Larger 6.8 3.0
Fewer 0.0 0.0
Smaller 3.4 3.0
No Reason 12.2 25.8
Don't Know 2.7 6.1
Other 3.4 16.7




aside from the fact that in 12,2% of their
responges they were not able to verbalize a
reason, the results were well categorized.
However, the responses of those who chose
the two piles were not so well categorized,
Some of the 16.7% of the responses in the
""Other'' category were not nonsense responges
and could be interpreted although no interpre~
tation was attempted. Some of these responses
are listed below.

'""Not so much together, "

"Doesn't make any difference but I want

the two piles. " i

""They are more spread out, "

"They are separate. '

'"Like them. "

"Use for a party. "

"Divide easier."

'"Make a lot together, '

Considering the dichotomous responses
(conservation of numerousness vs. no con=
servation of numerousness). it could be ex~
pected, since a child has one chance in two
of making a correct response, that at least
50 correct responses would be present for
each item. x% =2.6 shows that the actual
frequencies presented in Table 8 do not depart
from the expected value of 50 by any more
than a chance fluctuation. This is in harmony
with Dodwell's finding that only 50% of the
children studied at 6 vears and 5 months of
age exhibited Stage 3 responses. However,
considering just those 72 children who had at
leastone item wrong, the frequency of corrent
responses, also in Table 8, falls considerably
below the chance level (x* = 36.2, p <.01},
indicating there was a factor involved other
than chance which influenced the children's
responses.

Knowledge of addition facts does not seem
to be a good indicator of a child's ability to
perform the related test items corcectly. The
theoretical frequency of total scores in Table
9 is based on chance responses to the test

Table 9

Table 8

Frequency of Correct Responses to
Separate Items

-

Item
Group 2

Total
N =100
Children
having
at least'
one wrong
N=72 26 17 17

items, with the probakility of a correct re-
sponse being taken to be .5. A x® of 168.7
with four degrees of freedom shows that the
observed total scores depart grossiy from the
theoretical total scores. As nearly all of the
pupils tested knew the basic addition facts
of 2+ 3 =5 and 4 +5 =9 (Table 10), the
theoretical frequency of total scores in Table
9 might be considered unrealistic. If knowl-
edge of addition facts affected performance,
a total score of 0 or 1 would be almost non-
existent and the frequencies would be dis=-
tributed among the total sccres of 2, 3, and 4
with perhaps 2 receiving the most, then 3 and
4 inthatorder. On this basis for the expectaed
frequencies of total scores, x? would still be
very large. In the event of taking an expected
frequency of 20 for each total score, x3 = 10. 5,
still significant at the .0l level of signifi~
cance., Hypothesis j cannot be rejected on
the basis of thisx® or on the basis of the es~-
sentially zero correlation between knowledge
of addition facts and performance on related
items.

Theoretical and Actual Frequencies of Total Test Scores

Frequency

Total test score

2

Theoretical
Actual




Of those 27 children who received a total Table 10

score of 1, 15 respondud correctly to Item 1

as is ¢t own in Table 11, However, of those

19 who made total scores of 2 or 3, the core Fregg?r;c;};):: z%rr:::cl}fz%%r:ses
rect response frequer:icy was fairly evenly .
distributed cver the items. Table 12 shows Sums 2 + 3 and 4 + 5 By Sex f
that the frequency of correct responsges on 2 y
Trials 1 and 2 were a little higher than on

Trials 3 and 4, This can be attributed to the Group 2+3 4+5 Total g
fact that six of the children who had a total

score of 2responded correctly on the first and Males 49 49 98

second trials, Otherwise, no observable dif- Females 50 45 95

ferences in frequencies of correct responses Total 99 94 193

on trials are present.

Means i.nd standard deviations for both
IQ"s and total test scores are given in Table
13,

Table 11

Frequency of Correct Responses On Items for Total Scores of 1, 2, and 3

e e e e, Sy

Item
Total score 1 2 3 4 Total

27
20
27

A

Table 12

Frequeucy of Correct Responses On Trials for Total Scores of 1, 2, and 3

Trial
Total score 1st 2nd 3rd 4th Total

Tabla 13

Means and Standard Deviations
Of IQ and Total Test Score

ma——————
——

Standard
Measure Mean deviation

1Q 107.3 15. 61
Total Score 1.89 1.59
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DISCUSSION

Five schools were randomly selected from
a group of nine schools that serve a middle
class populstion. At the first grade level,
10 boys and 10 girls wers randomly :slected
froia each of the five schcols. Pour test items
that involvad the concept of addition and con-
servation of numerousness were individually
administered to each child. The test items
were identical except for the number of objects
involved.

The study showed no differencs in the mean
performance of the children between schools,
sex or test iteams. The ability, on the part of
a child, to respond correctly to an esddition
combination, for example 2+ 3, seems to have
little or no relation to his ability to ignore
his perception when two groups of objects,
one of 2 and one of 3, are physically trang~
formed into a group of 5. Two possible inter=
pretations may be given to this phenomenon:
(1) the children did not understand what they
wers asked; or (2) the children have not abe
stracted the concept of the sum of two whole
numbers from physical situations but have
memorized the addition combinations.

With regard to the first interpretation, ap-
proximately 5/40 of the total responses to
the "why' question were in the '"'no reason" or
"don't know'" categories, and approximately
2/40of the responses were categaorized in the
"other" category. Although a large number of
responses in the "other" category were inter~
pretable, approximately 7/40 of the total
responses were not validated by the "why"
question. But, it must be noted that 14 of the
72responses inthe "no reason," "don't know,"
and "other" categories came from children
who had the test item correct but couldn't
state why. If a child had &nh item wrong and
theresponse (or lack of it) to the "why'" ques-
tion fell into one of these three categories,
whether he understood what he was asked is
an open question. However, for the purposes
of arithmetic instruction, the inability to
understand what he was asked (indeed, if
that is the case) is significant in itself. Of
the remaining 184 correct responses, those

children who gava them stated quite affirma=
tively that there ware tho 'same number" or
that they were 'the same candius" or that
they ""just know." A similar statement could
be made for those,children who gave the re-
maining incorrect "l“esponaes, thus indicating
that they understood what they were asked.
From the above riscussion, one can con-
clude ithat most of the children understood
what they were asked (with the exception of
a poasible 70 of 400 responses). The other
alternative that exists then is Statement 2:
the children have not abstracted the concept
of the sum of two whole numbers from physical
situations but have memorized the addition
combinations. Thisis of serious consequence

when one considers that the children were:

tested after they had studied arithmetic for
one yaar,

Since this study was conducted ina middle=
clags district, further studies would be neces-
sary to determine whether the phenomena ob=
served are operative across the continuum of
cultural levels, and whether at these different
cultural levels they are operative at the same
agelevel. Moreover, questions can be raised
relative to the problem~golving abilitiesof
elementary school children who are working
at variovs levels of abstraction with regard
to the conservation of numercusness, the
operation of addition, etc. There is also a
question about a variety of experiences (and
what experiences, if any) being sufficient to
raise the level of abstraction of elementary
school children with regard to the concepts of
number and its operations and the generaliza~
tion of these concepts. The latter two quesz-
tions may also be considered in the context
of cultural levels.

To answer some of the above questions,
studies are now in progress relative to problem=
solving abilities of first grade children at
various stages in number comprehension and
the type of expsriences that may raise the
level of abstraction of elementary school chil-
dren with regard to the concepts of number.




APPENDIX
Raw Data Tables

School 1

M%
Item Paper and
Boys ) 2 3 4

pencil test IQ

[

i 0 0 0 0 2 117
2 1 0 0 o 2 121
3 0 } 0 S | 2 144
4 0 0 0 0 2 116
] 1 0 0 0 2 96
6 1 1 1 1 2 109 §
7 0 0 £ 0 2 84 ;
8 0 0 1 0 2 133
9 1 0 0 0 2 70
10 1 [] [] [] 2 87
Total 5 2 2 2
Girls .
! 0 0 0 0 2 115
2 1 1 0 0 2 119
3 1 0 0 0 2 73
4 1 1 0 0 2 103
5 1 0 0 0 1 106
6 0 0 0 0 2 123
7 1 1 1 1 2 128
8 1 0 1 0 2 121
-9 1 1 1 1 2 112
19 1 S 1 1 2 119
Total 8 5 4 3

L e

Note: For test items, 0 indicates mdorrect response; 1 indicates correct response.
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Paper and

Item

IQ

pencil test
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