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DIRECTIONS TO THE STUDENT

™i3 mimeosrarhed booklet called the Material fur the Stuldent 1o yo o
coudy sulde for the course., It 1s sometimes referred to as the
syllabus,

As you proceed through this ccourse, you wlll find 1t easy to follcw
Jirections, for at each step you will be tcold exactly what to 4o ne:t--
what materials to study, what written work or activities are to be
done, when to take each test, what papers to mall, ete. Here are =z

few prellminary explanatlons that wlll help you understand how to study
by ccrresrondence.

As you study this course, you will frequently run across flve asterisks
(* *» # *» ¥}, These are to be your stop slznals. Whenever you come to
them, be sure to complete the work which has been assipgned before ynou
study further.

Raguirements

Courses ars generally arranzced in units. They may rot be of equal
length; you will be tuld at the beginning »f each unit about how much
time you may expect to spend on it, If you wlsh, you may take mcre
tlme tran 1s Indicated, or less time; but to finish the course in 2

i

cemezter of elghteen weeks it will be necessary to follow the schedule
gulte closely.

It 1s expected that you wlll spend approximately sixty to eighty min-
utes each day on this course--about the same amcunt of time as high
schocl students generally spend on each of their courses.

Your Supervisor and Your Teacher

Your supervisor 1s the person in your own communicy who has been ap-
polnted by your superlntendent cr high school principal to assist you.
He will iive you the materlals furnished by our department and make any
special arrangements that may be required. He will also administer all

tests and be responsible for wailing your papers and other materlzls
to the Correspoundence Center.

Your teacher is the person at the Correspondence Center who has charge
of your wort. To avold confusion let us call him your correspondence
instructor. He willl take a very personal interest in your progress,
and you will soon f 1 that you know him well. He 1s eager to help yocu

and to make any spe arrangements that may be needed to give you the
zgreatest value from .. 3 course.

How to Get Help from Your Instructor

Feel free to call on your correspondence instructor for help and advice.
Always consult your supervisor when you do so; he may be able to clear
up your difficulty. When you write a letter to your instructor or
enclose a note with your work, let your supervisor see what you have
wrltten and glve it to him for mailing. He can be of most help to you
1f he knows and approves everything that is done. When you, your
supervisor, and your correspondence instructor work in close coopera-
tion, this course can be made of greatest value.



ERIC

“

Weltten Assisnments

- ——— "

When you are asked to send in written material (exceptiwhen paper 1is
provided in the course), we prefer that ycu write on 83 x 11 inch
parer. All material must be legibly written. (Pencil work will be
acceptable 1f done neatly with a pencll that writes black.) It is
recommended vhat you write on both sides of the paper, unless otherwise
directed. However, we do not wish to have the wrlting crowded.

Test Instructions

Expllicit directlons, such as when to take testa and what written work
to send in, will be found in the units at the time when such worlk
directlons are to be followed. Two types of tests appear in the course.
The Self«~Check Tests are planned toc help you know how well you have
mastered your assignments. They are taken without supervision and are
nct to be mailed to the Correspondence Center. The tests over the

vinlts will be administered by your supervisor, who will mail them to
the Correspondence Center.

After completing a supervised test, continu= to work ahead unless you
recelve instructions to do otherwlise. If the correspondence instructor
decldes, after checking your test, that you have not sufficiently
mastered the work covered by the test, your supervisor will be notified
promptly. He willl direct you to do further work in accordance with the
suggestilons of the correspondence instructor.

Permanent Place for Material

In working through this course, you may find 1t more convenient to
remove the binding and place the sheets in a loose-leaf notebook.

Your supervisor will provide a safe place in which to keep all the
papers that are returned from the Correspondence Center. When each
lesson or paper is corrected, 1t will be returned to him. He will, in
turn, ailow you to have the corrected paper for a reasonabvle length of
time in order that you may benefit from the corrections and suggestions
made by the correspondence instructor. At any time, you may have
access to your papers by securing pe-mission from your supervisocr., Be

sure to study the teacher's comments and suggestions cn your papers and
then return them to your supervisor.

The mailling dlirections are glven on the cclored sheet. Fill in the
guestionnajre which follows the malling directions.

* 3 9
* % ¥
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MAITLING DIRECTIONS
Whenever material is to be sent to the Correspondence
Center, follow these malllng directlons.

Ask your supervisor for an endorsement wrapper and fill
it in as follows:

Name i {print your name)
Course ... | .(give title and number)
Unit No. o (f111 in the number of the unit)
Test e A T111 in the number and lett
Papers .(l%, ......... (what is includeg) er)

Date MALleqd s (date material is mailed)

On the lines provided, write plainly the name and
address of your supervisor. Fold the materlal in the
wrapper, following the directions on the wrapper. Give
your work to your supervisor, who will mail it to the
Correspondence Center.

* 3 K ¥ X
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QUESTIONNAIRE

Please fill out this questionnaire and mail it with the [irsi mailing
in the course. There are many things wve should like to know about you
as we read ycur papers.

1201 L= SO T SR TRTUY U - - S ISIIIRE s |- | ST
SChOOL AQATESS ..o ssssssrsssmsessss e G LEAE, . Blrthda.
Home AQATESS ..ot NO o <11 FOUL ClASS e
NaME OF SUP OV L SO e ettt evresssrtss s sttt simstesresssees e oris o

Do you live in town or country?. ...

What are the names of your parents or guardian?.. .. . .. .

What 1s your father's oCCUPAtIONT . . . . e s e o e+ rnmcns ot

Does your mother have an occupation outside your home? . ... o

What are the hobbiles of your ParentsS? .. . .o s e e o

How many brothers and Sisters QO FOU NAVE T o o e v e i e e
What work do you do outside of school? .

When do you expect to graduate from high SChOOLT .o
What do you expect to do upon completing high sSchool? ... i e
What 1s your favorite subject . ..

What subject do You 11Ke LEESET .. ... e s

What high school mathematlcs courses have you had? . .. o i .

Why are you taking this very demanding mathematics course? ...

Will you study on this course at home or at school? ... . o e,
Do you take part in (1) SChO0L PLay S oo o e e oo o

(2) any musical groups. .... ... .(3) any other group?.. ... .o oo,

Mathematlecs XVxAP, Questionnaire, page 1
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What are your hobbies?. ... ... ..
Do you enjoy reading®... . . .. ..What type of reading dc you enjoy most--
books, magazines, NEWSPapPers? . . ... . . e .
What papers or magézinés'do you read ... ... |
which articles or sections of the papers and magazines interest you '
most? ..
Do you have access to a library?,mwhum.“m“where?qmmmwmmwwww.wmnw
Do you make use of a library?.. . ..
Have you worked on any special projects where you have used mathematilcs
| R IS LV Ly 2. . oo e v o b esssee bR R e L e e i e e e <
What are your favorite radio or television programs? ... ... ... ...
What traveling have you AONE? . . o al e e e e e . 1
What academic honors have you had? . . .o e i i s e
If you wish to add other comments about‘yourself which will help us
kncw you better, please feel free to do so. If you have a pilcture
of yourself, please send it along.
‘i
* KKK
¥* ¥* %
*
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THE UNIVERSITY OF NEBRASKA
UNIVERSITY EXTENSION DIVISION
HOME STUDY COURSE

PREFACE

Mathematics is a subject which requires more than a minimal
amount of effort on behalf of the student if he is to succeed
in mastering its fundamentals. In particular the study of the
» " calculus will, reap many harvests 1f one is willling to work and
work consistently.

This course, based on the text Elements of Calculus and Ana-
lytic Geometry by George B. Thomas, Jr., is the first of a
sequence of two courses. The material to be covered in this
course 1s essentially that which is found in the first filve
chapters of this text. Another text is belng included as a
supplementary reference for this course. This is Edward A.
Cameron's Algebra and Trigonometry. Thilis reference is included
to insure that the student has a gcod text to use as a review
source for the first few lessons and as a practical reference
thereafter.

The subject 1s bullt up gradually and one must understand each
step before proceeding to the next. The chapters to be covered
are not disjointed, they depend upon one another. Conseguently,
one cannot know one section well and others not so well and
expect to succeed. A conscientious disciplined schedule of
study is absolutely necessary for an average or above average
performance.

‘Before beginning your first lesson you should read carefully
the preface found on pages v-vi of the text, as well as the

general instructions for correspondence study on the colored
sheet at the front of this syllabus.

This course 1s divided into 21 lessons. Each lesson includes

a reading assignment in the text and a list of problems to be
worked. In almost every instance further supplementary explan-
ation and comments will be found in this syllabus. The supple-
mentary explanations should be regarded as a part of the reading
assignment. This section is included wlith the following pur-
poses in mind:

1. To provide a wlde variety of examples illustrating the
concepts and techniques whlch are discussed in the text

2. To supplement and clarify ‘mportant definitlions and proofs
given in the text

3. To broaden the scope of the course by lntroducing and
discussing important related concepts not treated in the
text. =

Mathematics XVxAP, Preface, page 1
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Pleagse read and study the assigned section(s) before you read
the supplementary explanation and before you attempt your
asslgnment. You should build up a l1list of the definitlons

and the important theorems as you progress in the course.
Additions to this list should be made after each lesson. More-
over you are strongly urged to read the text with paper and
pencil at hand, so that you willl be able to follow the proof of
a theorem by writing out each step, filling in additional de-
talls where necessary.

ﬁeel free to send in any ¢uestions you may have along with your
assignment, since 1t is essentlial that you master each topic
in the text before going on to the next.

Textbook

George B. Thomas Jr. Elements of Calculus and Analytic Geome-
try. Reading, Massachusetts: Addison-Wesley Publishing

Company, Inc., 1959 (Second Printing 1962).

Edward A. Cameron. Algebra and Trigonometry. New York: Holt,
Rinehart and Winston, Inc., 1960.

* ¥ * X *
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Lesson 1

REVIEW OF ALGEBRA AND TRIGONOMETRY

Reference Materilial

Any algebra and trigonometry texts which might bve available can
be used. For a specific reference the text Algebra and Trigo-
nometry by Edward A. Cameron. New York: Holt, Rinehart, and
Winston, Inc., 1960, is suggested.

Supplementary Explanation

1. Review extensively your algebra and trigonometry. The
following topics should be included in your review:
fractions, factoring, inequalities, absolute value,
linear equations, quadratic equations, completing the
square, quadratic formula, mathematical induction,
binomial theorem, logarithms, theory of equatlions,

exponents determinants, systems of equations, functlons,
graphs, progressions, definition of the trigonometric

functions, radian measure, inverse trigonometric
functions, graphing of the trigonometric functions
and their inverses, fundamental identities, trigoc-
nometric equations, DeMoivre's Theorem, law of sines,
law of coslnes, and triangle solvling.

2, Notice that beginning on page 565 in the Thomas text 1is
listed most of the formulas from elementary mathematics
which will be needed for this course.

3. After you have spent as much time as you think necessary
on your review then, before proceeding with the course,
take the algebra and trigonometry examination found on
the following pages. A maximum of two hours may be
used for this examination and when finished, check your
answers with those found at the end of this lesson. If
your score is at least 75 per cent, then proceed with
the course. If not then repeat 1, 2 and 3 above.

Be honest with yourself. This lesson with a diagnostic exami-
nation allows you to seek out and rectify weak areas in your
preparation. To proceed with the course before you have been
able to complete the test with 75 per cent success would be
foolish. Give yourself a chance; follow directions.

¥ ¥ % ¥ X
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Algebra and Trigonometry Examination (two hours)

o -

proper answer,

a

| 1. By combining terms, the expression [x(x®
written
3 1
(1) x* (3) *°
3
(2) x® (4) x*

may be wrltten

(1)
(2)

aZ-a-y
1 (3) x @
X (4) X2

-3

* X

(5)

(5)

3. The smallest value of k for which the equation

(1)

(2)

(1)

(2)

(1)
(2)
(3)
(%)
(5)

4, In the equation A =

2x2 4+ x - 6k = 0 will have real roots is

0 -t
(3) =5

1 (%) _. 1
48

2A

2A - b

(3) =

- b

(#) 2

2A -h - b Ah
2

- b

the cube root of d will be real

b2 - lYac will be real

(5)

(5)

1l 1
)2]2‘

2. By combining terms, the expression [xa'l . xa+1

1 For numbers 1-21 inclusive, encircle the number indicating the
If none of (1), (2), (3), or (4) is the corrszct
answer, (5) is then the proper answer.

may be

None of these

-a

* X

None

None

g(B + b), B is the unknown. The
the equation for B is

None

5. The cublc equation ax® + bx® + cx +d = 0 with a, b,
real wlll have at least one real root because

i
18
J

of these

of these

sclving

of these

the graph of y = ax® + bx® + ¢cx + d is not a line

a cubic equation has only real roots

None of these

Mathematics XVxAP, page 2




6. et £(x) ve a function of x such that f(xl + xa) = f(xl)

~ + [(x,) for all pairs of values x,, X, of x, znd 1in
‘ particular £{1) = 2. The value of {'(5) is
| ) o () 7 (5) DNorne of thece
[ (2) 5 (4) 1
' 7. The values «f x for which the inequality 5 > 3 is

true are x - 2

(1) x> %2 (#) x <2

(2) 2 <{xX< i%- (5} HNone of these

(3) Any x for which either
x 23 or x {2
2D

| 8. By writing in terms of positive exponents and performing the
indicated operations, one may write

(48 + y2)3~*

Bor2 4 %2

(1) x®yZ (3) Xy (5) None of these

(2) by2 4+ x?
bx2 + y=2

9. If log x = --3,1673, the value of k for which
10k { % < 1Ol{+1

is
(1) 3 (3) =3 (5) None of these
(2) -2 (4) 2

Mathematics XVxAP, page 3
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i1.

12.

15.

-4 .

The expression logi%g& + 108(2%';_ 2 103(%? equals

(1) 1log 2 (3) © (5) None of these
(2) 1os-1—$- (4) 1
The sum of the solutions of the equationy/x + 10 + x = 2
(1) -1 (3) -5 (5) None of these
(2) 5 () 3

R log x
The value of x which satisfies the equation Tog x + 1og 3
is
(1) % (3) 8 (5) None of these
(2) 5 (4) -6

The sum of the values of x which satisfy the equation :

(2%)2 + 8 = 9(2%)

is

(1) 3 (3) 1 (5) None of these

(2) © (#) 5

The expression L 1?00 ~ tggé-320°) written in a form in
2 sin 170

which only measures of angles between O and 90° appear is

(1) sin 20° + tan 50° (4) - sin 20° - tan 50°

2 sin 80¢ o

2 8in 80

(2) cos 70° + tan 40°

2 31in 100 (5) None of these
(3) = vos 70° - tan 40°

2 sin 10°
The values of k for which cos(6 + XL) = sin 6 sin &
are
(1) the integers (3) the odd integers (5) None of
these

(2) the even integers (4) only 1 and -1

Mathematics XVxAP, page 4




16.

18‘

19.

- 5 -
Part of the graph of
v = A cox Bx looks as
given in the sketch.
The values of A and B v
should be
(1) A= 53 (4) A =6 3
B == B -.2.3_ r\
3 2 !
\\
(2) A =3 (5) None of 5 \ ’
these |
B = 3 \
2 ! \\//'
(3) A=6 -3
B =3 l

Tan 15T equals
17

(1) tan 16° (3) 0 (5) None of these
(2) tan %g- (4) -~ tan 16°
Sin(2 Aresin %) squals
(1) %‘ (3) %' (5) None of these
(2) 4+v2 (4) 2\;’5‘

T

OV ES!

[ “'g' { Aresin %.= Sin * %.( ]

5 T .
The only values of x between - g-and E'that are solutions

of the equation ”é3 tan x - sin x = 0 are

(L) o,

(3) = (5) None of these

NE
oNd

(2) O, % (4) o

L
6

Mathematics XVxAP, page 5
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20. On side BC of a right triangle in which C 1s the right
angle, is a point D such that BD = 30, AC = 40 and
{ DAC =2 { ABC. For finding the length of DC, the
information given 1s )

(1) sufficilent

2) contradictory

(3) inadequate because § DAC or { ABC must be gilven
4)

inadequate because length of AB or AC must be
given

(5) None of these

21. The angles of a triangle ABC are such that angle B is

g-of angle A and angle C 1s %-of angle A, The ratio of
side b to side a 1is
3 2 ‘
(1) "-7" (3) \/____—-é- (5) None of these
(2) .';. (4) 3v2
T

Numbers 22-25: Work these problems on scratch paper.

22, Solve the pair of simultaneous equations

log, , (x -2y) =1
5XtY = 4

23, It is glven that @ 1s any angle between 225° and 270°.
What kind of number, positive or negative, will
(sin 6 + tan 8) be? Gilve adequate reasons.

24. A cork sphere 1 foot in diameter sinks to a depth x in
water. The depth 1s determined by the equation

2x® - 3x2 '+ .24 =0
State what you would expect to he true of the solutions
of thils equation.

25. An A.P. of three numbers is any three numbers of the
forma, a +d, a + 2d.

A G.P. of three numbers is any three numbers of the
form b, br, br?.

Prove that no three distinct numbers form both an
A.P. and a G.P.

* * N X ¥
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Answers to the Algebra and Trigonometry Examination

1.
2.
3.
4.
5.
6

22.

23.

(%) 7. (1) 12, (1) 17. (5)
(2) 8. (3) 13. (1) 18. (5)
(4) 9. (5) 4, (2) 19. (1)
(1) 10. (1) 15. (5) 20. (1) *
(5) 11, (1) 16. (2) 21. (3)
(5)

_ 10 __ 10

= 3? y = -—3-

(sin @ + tan 6) will be positive in the internal
225° € 6 £ 270°

ﬁould expect two positive roots and one negative

As.ume that there exist three distinct numbers which

form both an A.P. and a G.P.,, thena =b, a +d = br
and a + 2d = br®. Thus we would have

a +d b +d
r = =
— or r 3
and
+ 2d
b b
b=
Now {2 ¥ 21" =1 and so 1t follows that
b2 + 2bd + &% >
=1,
2
2 2 3
Consequently we have b% + 2bd + d° - E_iggg. or
b2

2 2
1 +2d +94 -4 42d o0 d_ =0, a =0,

b B-é- b b2

Hence all numbers would be the same. Thus 1t 1s impossible
to have three distinct numbers which form both -an A.P. and
a GoPo

* % * K ¥

Written Assignment

Since this is a review assignment, no wriltten lesson will be
mailed to the correspondence instructor for evaluation.

* X K X ¥

Mathematlcs XVxAP, page 7
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Lesson 2
REVIEW OF THE NUMBER SYSTEM

Reference Material

A1l material is found in the explanation in this Syliabus,

Supplementary Explanation

4 1. So that there will be absolutely no confusion regarding

; numbers and the names and definitions associated with

' them the following schematic diagram is presented along
with heuristic definitions. ,

Schematic Diagram -

Complex Numbers

\~
Real Numbhers Imaginary Numbers

|’~=—- e m

-
—

Rationaf Numbers

* 40—
-~ -
—

" Irrational Numbers

Inte{&ers "3, "‘2 ’ -1 » O, 1, 2, 3, o s o

\ Hatural Numbers 1; 2, 3, ...

Heuristic Discussion

¢. The natural numbers consist of the set of counting numbers
1, 2, 3, .... The integers consist of the set of positive
and negaptive whole numbers and zero. The rational numbers

are defined as numkers of the form g.where p and q are

integers and q is never equal to zevo (consequently ex-
pressions of the form %,'-%.are not numbers since by

definiticn q # 0). Note that alil integers are raticnal
numbers. (Why?) The irrational numbers are defined to
be numbers which are not rational. For example ./2 ,
v3 , and 7 are irrational numbers. They are generally
characterized by the fact that they may be represented
bty an unending decimal whizh does not repeat, For
instance m = 3.14159 ... is an irratlonal number but

«333333 - = %-is a rational number,

Matrematics XVxAP, page 8
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Is ,123123123 ... a rational or irrational number? If
rational write it as a.ratio of two integers. The real
numbers consist of the rational numbers and the irrational
numbers, The imaginary numbers are numbers which involve
1 =v-1 . The complex numbers are defined as numbers of
the form a + bi where a and b are real numbers and i =,/-1,

Note that all numbers are complex numbers. For example
3 is a complex number since 3 = 3 + Oi. Also, /2 1 is
2 complex number since 2 i =0 +~+/2 1. Observe that
the definitions given above lead to the Structure of our

diagram. The numbers appearing above include those
below in the chart.

Become familiar with the nuibers considered above and

the definitions. Be able to give several examples of
each type. Three concluding remarks will be made ccncern-
ing s~me of these numbers,.

We will show the existence of (infinitely many) irrational
numbers, Let N be any integer greater than 1 which is not
a multiple of 10, and let L = logloN. Certainly L is a

real number, so either L is rational or L is irrational.
Suppose L 18 rational, say L = g’ where p and q are

positive integers with q # O. Then log, N = g, SO
D

q
N =10 ,

Raising both sides of this equation to qth power , we
obtain

N? = 10P,

Now 10P, being a positive integral power of 10, must end

in 0. However N4 cannot end in O. [Since N is not a
multiple of 10, N must end in a non-zero digit. If N
ends in 1, so does every positive integral power of N.
If N ends in 2, the positive integral powers of N all
end in 2, 4, 6, or 8, Similarly if Nends in 3, 4, 5,
6, 7, 8, or 9 we see that no positive integral power of
N can end in 0.] This contradiction tells us that our
assumption that L was rational must be false. Therefore
L is irrational.

The set of all real numbers can be thought of as the

set of all decimals (such as 0.25, 321.0, and 0.333 ...).
As you can find in almost any algebra text, a real number
is rational if and ounly 1f it can be expressed as a
repeating decimal

Mathematics XVxAP, page 9




while a real number is irrational if and only if it can
be expressed as a non-repeating decimal

(such as 3.14159 ... =7, or 047712 ... = 1og, 03).

Every real number having a decimal expansion which repeats
in 9's also has a deecimal expansion which repeats in 0's;
for example,

- 10 -~
; (such as 0.142857 142857 .. = &, or 0.625000 « - = ),
?
|

0.4999 ... = 0.5000 ...

6. We will show that between any two distinct real numbers
X and y there is both a rational number and an irrational
number ., Suppose that x 1s less than y and, for simplicity
of notation, that x and y lie between 0 and 1. Then x and
y have decimal expansions of the form
X = O‘AlAaAa coe

and vy = ’BlBEBS * o0

where the A's and B's are digits. Moreover, by suggestion
5, we can assume that the given decimal expansion of x
does not repeat in 9's,

Suppose that the given expansions of x and y differ for
the first time in “he kth decimal place (i.e., 4; =B,
Bz =By, ouy Ap , =By, AL #By). Then, since x is
less than y, A, must be less than By.

Also, since x does not repeat in 9's, at least one digit
to the right of Ak, say Am’ must be less than 9.

Now consider the real numbers

r = o,AlA2 .o Ak .o Am_l o111 ...
and
i

OAA oooA

A A, A 2010010024 ...

k o 00 m"'l

Both r and 1 coincide with x up to the (m-l)St place
and are greater than x in the mth place (since A, 1is

less than 9), so both r and 1 are greater than x. More-
over, both r and 1 coincide with y up to the (k-1)st

place (since A, = B,y ..., Ak_l = Bk-l) and are less

than y in the kth place (since Ak is less than Bk)’ So

both r and 1 are less than y. Therefore r and i lie
between x and y. But r repeats in 1's, so r is
rational, while 1 is clearly non-repeating, so i is
irrational.

* K OH H* %
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Written Assignment

Since this is a review assignment, no written assignment will
T be mailed to the correspondence instructor for evaluation.

; * ¥ K X *
Lesson 3
DISTANCE FORMULAS

Reference Material

Thomas, Chapter 1, Sections 1, 2, ancd 3

Supplementary Explanation

1. Section 1 is essentially one which provides the student
with a brief insight into the problems which can be
solved using the calculus. Also a historical background
of the subject is presented to the reader.

2. Section 2 should be a review section for you since it
introduces once again the rectangular coordinate sysion.

3. Section R contains the notions of Directed Distance from
the point A to the poirt B on a horizontal line and from
the point C to the point D on a vertical line. Note the
results very carefully. An immediate consequence of
these notions is the dlstance formula d between the two
points (not necessarily on a horizontal or vertical line)
Py (x1, y2) and Po(xz, y2):

d =V(x2-x1)2 + (y2-y1)?
This formula will be extremely useful throughout the

course.
y, Let me 1lllustrate some of these ideas with an example.
Problem 6, page T7:

Solution: We are given the points A(4, 2) and B(-1, -1).
Plotting these points we have

J i A(l: 2)
C(-1, 2) /
1
-2 -1 T 3 X
B(-1, ]-1)] ™
il I )1_2

Mathematics XVxAP, page 11
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(a) C has coordinates (-1, 2)
(b) AC =48x = -1 - (1) = =2
(c) CB=oy = -1 <2 = =3
(d) AB =[1 - (-1)]2 + [2 - (-1)]2 =V + 9 =13

5. Problem: Find an equation of a circle with center at
(h, k) and radius r.

* ¥ K X *

Written Assignment

Remark to the student: Most of the answers to the problems
which will be assigned are found in the back of the book
beginning on page 517. You must present enough work for
each problem to justify your answer.

Solve Problems 1-15 (odd-numbered problems), and Prcblems
16, 17, and 18, page 4 in the textbook.

Solve Problems 1-9 (odd-numbered problems), page 7 in the Thomas
textbook.

Give the prepared work for Lesson 3 to the supervisor who will
complete the mailing procedure.

X % % * %
Lesson 4
SLOPE AND EQUATICNS OF A STRAIGHT LINE

Reference Material

Thomas, Chapter 1, Sections 4 znd 5

Supplementary Explanation

1. After you read and study Section 4, summarize the results
either on scratch paper or in your own personal notebock,
Your list should include the different ways in which the
slope of a line 1is defined. Always keep in mind the con-
dltion for two lines to be parallel and the condition for
two lines to he perpendicular. Note well the remarks
(in smaller print) at the bottom of page 10 and at the
top cf page 11 regarding the meaning of the Symbol o
and the fact that the arithmetical operations are not
applicable to this symbol (it is riot a number). Lastly,
from remark 4 on page 10, we cornclude that the slope of a
horizontal line 1s zero and the slope of a vertical line
is undefined,

Mathematics XVxAP, page 12
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2. Tllustrative Examples:

Problem 8, page 12

Solution: Let mAB represent the slope of the line AB and

m, AR represent the slope of a line perpendicular to AB.
Our figure is given by
, Y
\!
\A(O, 3)
”_1-,.7,_TMT,mm1a~Em,,_q ~x
-1 -
-2 -
"'3" \B(Q: "3)
\
r
. —_3-3_-6—_' =_1 \
Now mpgp = =3 =73" 3 and since m,.p = we
1 1 AB
have m = - == =,
1AB -3 3

roblem 24, page 12
Solution: Let.mAC anu mCB represent the slopes of the lines

AC.and CBE respectively.

Our figure is glven by

N\
C("l: 2). -
A(-Q,__ :_!-_.)_-‘.,, t > X
-5 N 5
—1
T
-5 -

Now if the given points lle on a straight line then it
. -1
A —_— 1 —
must follow that m,. = Mep. Now mpe = - = (-2)

1 - 5 =2 R .
=T x5 =1ant Meg = 5= {77} = 3. Thus the glve. puints

do not lie on the same straight line.

Mathematics XVxAP, page 13




e gl

Q.

- 14 -

A line L parallel to the x-axis has equation. x
where a 1s any real number (see figure).

Y L
N\

a,

4 ‘ X
(9, 0)

A line L parallel to the x-axis has equation y = b,
where b is any real number (see figure).

Point-slope form: If we are given & point P,(x,, v,)

and the slope m or a line L then the point-slope form
of an equation for L 1s given by:

vy -y =m(x - x;)

Slope-intercept form: From the point Slope form we
find that if the given point is (0, b) and the slope
is m then we have y - b =m(x -~ 0) or y - b = mx and
finally the slope-intercept form y = mx + b.

Note that the real number b represents the y-intercept
i.e., the point where the line intersects the y-axis
and m represents the slope.

The general equation of the straight line is given by
AX + BY + C = 0O, where A, B, and C are real numbers
with at least one of A and B different from zero.

The intercept form: We shall derive this form which
1s not given in the text but which i1s sometimes very
useful.

et L be a 1ine with x-intercept a and y-intercept b,
where neither a nor b is 0. The L passes through

Mathematics XVxAP, page 14




' the pointas (a, 0) and (0, b), so the slope of L is

' b -0 b

R
aw

O -a a

| Thus the slope-intercept form of the equation of L is

y =-§x+b.

‘ This equation can be written as bx + ay = ab or, dividing
’ both sides by ab,

x -
g7 1.

o 3

This equation is called the intercept form of the
equation of L.,

L. We now derive a result which will yield the angle between
two lines.

et L, and L, be two 1ihes with respective slopes

m, = tan 6, and m, = tan 62. Let 6 denote the angle
from L, to L.
Y
/e
,é;/Ll
/‘7,/" 1
/?'// /".'
e 0
~n0 ) 2
_‘..'.'...,,_/ﬁ 0 1 5 - x

Then 6 =6, - 6, so, by a fundamental trigonometric

identity,
tan 6, - tan 9,

1 + %an 6, tan 61'

tan 6 = tan(6, - 6,) =

Thus we obtain the relation
m2 hand ml

tan 6 =

For example, suppose we wish to find the angle 6 from tne
1ine AB to the line PQ, where A = (-2, -6), B = (8, 2),
P=(2, 8) and Q = (4, -2). Then

Mathematlics XVxAP, page 15




5. Iliustrative Examples:

- 16 -

m, = slope of AB = &= E'gi - %’
- _ 2 -8 _
m, = slope of PQ = -5 = -5
50 P
tan 6 = 5 = :]2_-2.
1+ (-5);15*-_} 2

@ can then ke determined to the nearest degree, for
example, from a table of tangents,.

Note that if L, and L, are parallel (but not parallel to

the y-axis) then m; = my so (1) becomes

m - Im
tanG:—J-'-—-—-i=O

2
1 + m,

-

so & = 0°, Also, if L, is perpendicular to L, (but
neither is parallel to the y-axis) then m_m, = -1, so

the denominator of the right hand member of (1) vanishes,
whence 6 = 90°,

a. Problem 6, page 15
Solution: The sketch is given by

Y

. A
\\ 0

N A( 1, 3)
. N\

‘\\B(3, 1)
et e --....._..r........l--..r — ,.l...,' ———- - - -}X

—

1

N

Mathematics XVxAP, page 16
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T _1":‘5‘___-%
Now mAB 31 5
form we obtain an equation for AB: y - 3 = -1(x - 1)

(using the point A) or y - 3 = -x + 1 and finally

Xx +y -4 =0, Convince yourself that the same result
would have been obtalned by usling the point B instead

of A.

= -1, Hence using the point clope

b. Problem 16, page 15

Solution: We are given the line L: 3x + 4y = 12 and
we wish to find m_. We write L in the slope-intercept
form: L

by = -3x + 12

y = 3x +3
N
Comparing with y = mx + b we see that m_ = -iw

i b

¢c. Suppose we are given the points A(a,, a,) and B(b,, b,),
where a, # b,; let us determine all points P(x, y) such
that AP 1s perpendicular to BP. Now

8z -y
ml = Slope of AP = é:——_—E
and
b, -y
m, = slope of BP = r£—~———
b, - X

Therefore AP is perpendicular to BP if and only if
M m, = -1, i.e., if and only if

(a, - yi(o, -y)

(a, - x)(b, - %) -

Simplifying this equation we obtain

x* +y% - (a, +b,)x - (a, +b,)y + (2,2, +b,b,) = C.

The graph of this equation is a circle (in fact, the
line segment AB is a diameter of this circle). There-
fore AP is perpendicular to BP if and only if P lies
on the circle having AB as a diameter. A complete
discussion of the circle is given in Chapter 4 of the
text.

* ¥ R K ¥
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Written Assignment

Solve Problems 1-25 (odd-numbered problems) and, in additdiur,
Problem 22, a and b, pages 15 and 16 in the textbook.

- e e = o

Hold this work until you are requested to mail it.

* K K ¥ ¥
Lesson 5
FUNCTION AND ABSOLUTE VALUE

Reference Material

Thomas, Chapter 1, 3ection 6

Supplementary Explanation

1. There are two important concepts in this section, the
concept of function and the concept of absolute value,

2. As an alternate definition of function consider the
following statement. A function is said to be defined
when :

a. A set D is given.

b. To each element of D, one and only one object is
assigned,

The set D 1s called the domain of the function.

Generally throughiout the course the domain will be
taken to be the set of real numbers. However many
other domains are posslible. Describe a function whose
‘ domalin consists of elements which are not numbers,
| Convince yourself that the definition of function given
| here is equivalent to that given in the text.

A function { may be speciflied by telling what the
domain is and assigning, to each element of that domain,
an objJect. The method of assigning may be an equation.
For example if D is the set of real numbers X, then

f(x) = x® - 1 will define a function. The function f
assoclates with each real number x the real number

x® - 1, For example, £(0) = 0% -1 = -1, £{3) =12 -1
=0; £(3) = 3% -1 =8; £(-4) = (-4)% -1 =15; £(/2)

- (/2)2 -1 =1.

Mathematics XVxAP, page 18
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Do not confuse the symbols f and f(x). The functlion is
denoted by f while f(x) denotes the value of the function
at the number x.

A function canriot be defined by an equation such as
y=iﬁ—o ’

3. There are different types of functions, A constant
function is described by f(x) = ¢ where x 1s any number
and ¢ 1s some fixed real number (Example £(x) = 5). A
polynomial function 1is any function £ defined by an
equation of the form

_ -1 «
f(x) =ax +a, "t 4 ... +a x +a,

n-1
where the a_g, a,, ..., a8, are given rezl numbers and n 18
a given non-negetive integer. The right menber >0 the
above eguation is called a polynomial. Ve shall take

as the domain of a polynomial %uncfion the set of all
real numbers. (Examples of polynomial furctions: f
described by f£(x) = -2x + 5, £(x) = 4x® - 3x +1, £(x)

= 3x5 + x). A raticnal function is a function defined

as a quotient of two polyncmials., (Example: f described

2x2 - 4x +
by £(x) = E— XT3

numbers x # -1.)

witn domain the set of all real

An algebraic function is one which 1S defined in terms
of polynomials and recects of polynomials. (Example:

3
£(x) = —= + 1 with domain the set of all non-

x%/3x% + 2

zero real numbers.)

The six trigonometric functions, the logarithmic, and
the exponential function are examples of non-algebrailc
functions and they are called transcendental functions.

4. The definition of the absolute value function 1s given
at the bottom of page 19. Learn this definition.
Verify, using this definition, that the following
results are true.

i1 ! o | ‘
2‘ =2, 5! = %, %O‘ = 0, ;—2‘ =2, ‘w - 3‘ =T - 3,
)
T - 2Q1 =22 _ g,
7 [
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For the sake of completeness we shall list several
properties of absolute value each of which may be proved
rigorously.

A.1 For each number a, - 'a' Cagla]

A.2 If d >0, then |c¢| <d if and only if -d { ¢ {4

A.3Ifd >0, then|c| <d if and only if -d {c £ d

a.3|a +b] {]a| +]|p]
A4 la?| = a|2 = a2
A.5 ab! =!a] !bl

A.6 ‘-a‘ = |al

A7 %ﬁ = ‘%., b £ 0

In the future we shall refer to these preoperties by their
respective labels, A.1, A.2, etc. How many of thesc can

you prove? (If you have trouble see your algebra text.)

For a 1ist of properties of inequalities &nd some propertlies
of ansolute vsluer sze Problens 47 anl % on pag. S1 50 Thoon,
Here is an example which may help you., Solve the in-
equality !3 -2x| €1,

Solution: By A.,2 ’3 - 2x' {1 if and only if
-1<3-2x<Tor -4 C2x<-20r2>x>1. (Wny?)
The solution 1s the set of all real numbers x between

1 and 2.

Problem: Solve the inequality !x + 2‘ 2_5. Check your
answer,

Definition: The gragh cf a function f is the graph cof the
equation y = f(x), What is the graph of the function f
defined by f(x) = 2x +3°?

The following are examples which illustrate certain
techniques which may be used to graph various types of
equations,

a. Graph the equation
(y - 2x)(y + 2x) = 0.

Since a product is O if either factor is 0O, it follows
that P(x, y) will be a point on the graph of this
equation if the coordinates of P satisfy either

y -2x =0 or y +2x = 0. Thus the graph of this
equation consists of two straight lines, as shown in
the figure.
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Next, suppose we wish to graph the equation
(y - 2x)2 + (y + 2x)% = 0.

Now A2 + B2 = 0 if and only if both A and B are O,
(for if A # 0, say, then AZ > 0 so B® = -A% would be
less than O, which is impossibtle for any real number
B). Therefore P(x, y) will be a point on the graph
of this equation if and only if the coordinates of P
satisfy bothy - 2x =0 and y + 2x = 0. Thus the
graph of this equation consists of the (unique) point
of intersection of these two lines, namely the origir.

b. Let us graph the eguation

.o bxi
v x °

For x > O tils equation becomes

while for x < O it becomes

——::.22'.:—
Yy = 3 1.

When x = 0, y is clearly undefined. Therefore the
graph is as shown below where the circles indicate
that the points (0, 1), and (0, -1) do not lie on the

aph.
grap yi

1 s
e oa it eerram © X
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¢. Let us graph the equation

2
_ X - 2%
J x -2 °

When x #2, x =2 # 0 so

2

y = X_= 2x - x({x -2) _ .

X - 2 X -2

However when x = 2, y 1s undefined. Therefore the
graph of this equation is a straight line with a single
point deleted as shown 1in the figure.

Y

/

o,

/‘12

* K X * K

Written Assignment

Solve Problems 1, 3, 5, 7, 8, 9, 10, 11, and 12, page 24 in

the text.

Give the nrepared work fcr Lesson 4 and 5
will complete the mailing procedure.

H K ¥ K K
Lesson 6
SLOPE AND DERIVATIVE

Reference Material

Thomas, Chapter 1, Sections 7 and 8

Mathematics XVxAP, page 22
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Suvplementary Explanation

4
ol

Section 7 deals with slope. Read and study this section
very carefully. Be sure to know how one defines the
slope of a curve at a point.

The following example will be given to supplement the one
given in the text.

Problem 6, page 27

We are given y = x° + Ux + 4, Now if P, (x,, ¥,) is a
point on this curve, then y, = x,% + bx, + 4 (Why?) and

if Q(x,, y,) is a second point on the curve, and if

Ax = x, = X, Ay =y, =¥, then x, = x;, + AX, ¥, =¥, T Ly

2
= (x, +6x)% + b(x, +0x) + 4 or

ard since also y, = X 2 + 4x,% + 4, ve have y, + 4y

¥, +O0y = x,° +2x,0x + (8x)Z + bx, + bOx + 4 while

N

yl = Xl "i")'l'xl +4.

Subtracting the second equation from the first ylelds

Ay = 2x,0x + (Ax)® + 4Ax and thus

A .
m ==L - 2% + U4 + Ax. Hence the slope of the curve
sec Ax 1

at the point P(x,, y,) = limit of mg,

zero = 2%, + 4. Consequently the slope of the curve at

any point is m = 2x + 4, Note immediately that the
tangent to the curve is horizontal when m = O or when

w = -2, Further m < O when 2x + 4 < 0 or when x < -2,
therefore m » O when x » 2. We-may construct the follow-
ing table.

as Ax approaches

X oLy n
" -4
-3 1 ! -2
-2 ol o
-1 1 | 2
o | & | b
1'.9|6

The graph is shown in the f{igure on the following page.
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Section 8 deals with the derivative of a function. First
read and study this section very carefully. Note that the
r derivative of a function f represents the slope of the
tangent line to the curve at any point (and hence the slope
of the curve at any point). Further the derivative of f

1s defined as follows:

£1(x) = 1im X +0x) = £(X) novided this limit exists.
4x>0 Ax

What is the domain of f!'?
The following notations for derivative are often used.

! C-i—Y-

3 ax £1(x)

ny

Examples:

Problem 4, page 32

We are given £(x) = x* - x + 1 anad we wish to find f'(x).
By definition

Mathematics XVxAP.

£'(x) = lim £lx + Ax) - £(x). MNow for our prcehlein
Lx>0 Ax
£r(x) = 1im |0+ 8%)% - (x + &%) +1) - (x® - x 1) |
Ax>0 L Ax J ]
= lim (%% +2xAx + (Bx)2 - x - Ax +1 - x® +x -1
Ax->0 Ax

. page 24
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_

k = 1im [2XBx * (8x)% - Ax}

L LAx>0 i Ax 3
= 14m [2x - 1 +Ax]

1 Ax>0 * v

)

Notice that the procedure here is ratner simpler than that
used ir solving the problem consldered in part 1 above.

Problem 16, page 32
Since f(x) =x + 1, we have

f’ £1(x) = Lip X Fax) +1 -/x ¥ 1

l =2x - 1.
|
|
|

Lx>0 Ax
_ limﬁ/xx Fox) +1 -x +1 Jx+6x) +1 +yx +1
L%>0 Ax Jx +b8x) +1 +yx +1

(x + 6x) +1 - (2 +1)

= 1im
Ax>0 Axh/(x + 8x) + 1 +v/x + 1)
1
= lim ox
sx->0 AxG/(x + Ax) + 1 +v/x +1)
[ S
a/x + 1

* K * K % ]

iritten Assignment

Solve Problems 1, 7, and 15, page 27 in the textbook, Solve
Problems 1-19 (odd-numbered problems) on pages 32 and 33 in
the textbook.

Hold this work until you are requestcd to mail it.

N K K K N

Lesson 7

VELOCITY, RATES AND LIMITS

Reference Material

Thomas, Charter 1, Sections 9 and 10
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Supplementary Explanation

1. VWe note from Section 9 that there are many other applica-
tions of the derivative concept such as linstantaneous
velocity at time t. Since the explanation is quite clear
we shall go immediately into examples.

Problem 10, page 37

Given: s = 64t - 16t%. Now from Problem 1, page 37 of
the text we have (since a = -16, b = 64) V = %% = s'(t)
= =32t + 64,

Prcblem 14, page 38

4y a4 dv

Gilven: V = §wr . We want ar Now by definition
dv &w(r + Ar)® - oo
= 1im 3 3
dar  aApsQ Or
| b 22+ 3rcAr + 3r(Ar)? + (ar)® - r°
3 Ax =0 Ar
2 2
= b gy Ael3r® + 3rar + (Ar)@]
= %w ¢« 3r® = 42,

2. Secticon 10 must be studied very carefully before one
proceeds in the course since it involves perhaps the
moSt basic concept in the calculus--the concept of limit.
We have already been exposed to a special limit, the
derivative, and have seen many of its applications. In
this section we treat the concept of limit very rigorously.

Note first, that the definition of limit (see page 40),
may be rewritten as follows:

lim £(x)
x>a
5 > 0 (real) such that 'f(x) - b' < € whenever

Learn this definition {or the one in the text).

b if for every € > 0 (real) there exists a

v

To supplement the 1lllustrations in the text we will con-
sider the problems on the following pages.
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2
a. Evaluate 1im Xt %X -2
x->1 x -1

2 . _
Solution: 1im X—EX -2 _3ip e=T)(x_+ 2)
x> X -1 X>1 (x,/f)

= 1im (x + 2) = 3,
x->1

No:e that we could cancel x - 1 since x only approaches
1, it is never equal to 1.

b. Evaluate 1im (x® -+ x).
X>3

Solution: 1im (x® + x) = 1im »® + lim x =9 + 3 =12,
x>3 x>3 x*3

by Theorem 1 - (i), page 44

x2 +%x -2
x -1

c. Prove lim
x>l

= 3,

Proof : Ve must use the definition of limit 1.e. yel
musit prove that given any € > O, UWe can find a & » O
such that

2
X : X T 2 _3 l( £ whenever ‘x - 1‘ {5,

! Coneider

X2 + % -2 - 3(x -1)

| x° + x - 2 3\

x -1 x -1
X+ x -2 -3x + 3| _ x? - 2x +1 ] _ |Lx/4’f7(x -1)
B X =- 1 X = 1 . x,-‘/j_

X = 1| if x # 1.

x2 + x -2

Thus -1

-3

x = 1 excluded. In this case & =&,

will be less thanaiflx-1|<€

2

d. Prove lim x© + x =12,

x>3

Proof : We must prove that given any & > O there exists
a & ) 0 such that

x2 + x - 12| € € whenever

X - 3l { 8.
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Now 'xe + x - 12‘ = I(x + 4)(x - 3)[ = ’x + h‘ *x - 3‘
by property A.5 (Lesson 5)

Suppose we assume |x -~ 3| <1 (hence 1 1s a candidate
for ) then by property A.2 of Lesson 5 we have
-1 X -3 1or2(x<4or6<x+l+<80r'_
-8 < x +4 <8 and hence by A.2 again |x + 4 | < 8.
Thus we would have an +x -12] =|x + 4 | x - 3’

x - 3|, So|x® +x -12| will be less than £
if 8|x - 3] <Eor when |x - 3]< g‘

Now we notice_that we have two candidates for b,
namely 1 and gu If we choose & to be the smaller

of 1 and g.then we can be sure that | x® + x - 12| < €

whenever |x - 3 '( 8. Notice that in this example

and in Example 1' on page 41 in the text & 1S chosen

to be the smaller of two real numbers. Precisely whys
15 such a choice permitted? (Please write for the
answer to this question if ycu have any difficulty
wlth its answer. )

3. Some further comments and results may be helpful.

a. Note the difference Letween the problems of evaluation
and proof (see Section 2 above).

b. Study very carefully the results of Theorems 1 and 2

(pages 44 and 46). Make Up some examples to illustrate
the theorems.

+ ¢. Understand clearly what is meant by 1im F(t) = o,
t>c

d. You will be expected to prove that certain limits
exlst (study the book and the examples given in the
previous section).

e. Note that in the statement of Theorem 1 page 44 in
the text, it is assumed that limit F (t) and limit
t->c 1 t »>c

Fa(t) both exist.

7o show that this restriction is necessary, consider
the following situation.

limit %-does not exist, but

X => 0
1 1)
limit (= - X = limit O = 0. Therefore,
x >0 ‘% X X + 0
limit (1 -3y £ 1imie L - jimie L.
v > 0 \X X/ x>0 X xoo0X
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. Until now we have not really Jjustified the use of
the equality sign in the expression

limit £(x) = b,
X < a

since as far as w. know, the limit of f as x
approaches a could have more than one value., To
clarify this situation we shall prove that if

limit £(x) = b and limit £(x) = ¢,
X > 4a X => a

then b = ¢,

Proof : Suppose that b #c. Let & = %1b - ci.
Then, since limit f(x) = b, there is a number
0, > 0 such th;ta‘f(x) - b i<l€.whenever

0 € ‘x - a‘ {3a,.

Likewise, since limit f(x) = ¢, there is a number
X <> a
€. > 0 such that | £(x) - ¢ |( & whenever 0 < ‘x - a]

<b,.

Now let & denote the smaller of the numbers 61 and
6,. Thus if 0 |x -a| <6 then 0 {|x -a| <5,
ar.” 0 < !x - a‘ < 6., So} f(x) - b| { £ and

1f§x) -cl< £, That is, )
2;;2) - b <= ,l £(x) - cl < & whenever 0 < |x - a‘
6'
Thus whenever G < |x - a| < & then
| w = ![f(x) -cl] - [f(x) - b]‘
S ;?(x) - c‘ +| £(x) - hz (by A.3 of Lesson 5)
C £+ €
=:2,f—:_

Theretore lb - C l( %lb - cl or, subtracting %jb - c'
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from both menbers, %ﬂb - c. < 0. But by definition

of absclute value this is impossible. Thus our
assumptior that b # ¢ must be false, so b = c.

* ¥ K K ¥

Written Assignment

Solve Problems 1-15 (odd-numbered problems) on pages 37 and
3& in the textbook. Solve Problems 1-9 on pages 46 and 47
in the textbook.

Give the prepared work for lessons 6 and 7 to the supervisor
who will complete the mailing procedure.

* X X K K

Note: In preparation for your first examination you should
solve as many of the miscellaneous problems found on pages
48-51 as you feel necessary.

We present the solution to Problem 8 on page 4#8. Instead of
solving this problem directly we shall derive the so-called

normal equation of a line L and as a consequence obtain the

result desired in the problem.

Let P be the projection of the origin O onto L (if L passes
through O, then p = 0), and let |OP| = p. Let ® denote the
smallest non-negative angle from the positive x-axis to the
line segment OP (where, if O = P, we take ® to be « + 90°,
where « is the inclination of L). Some possibilities for
L, P, p, and ® are shown in Figure 1.

Y Y I, Y Y
L. 4
N b L
P p 0 -
N \w ~ ~
S X PSIN XN wﬁ\ X.— 7N\ 2 X
o] N~ 7 o N4 S8
N
. P\P
\\. /‘//
N :
!
Figure 1
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Then if P has coordinates (x, y), we sce that cos O = v/
and sin w = y/o, So

P =(x, y) = (p cos w, p sin w).

Moreover the line OP has slope equal to tan & So, since L
is perpendicular to OP, L has slope

-1 _cos @
m=3%an ® = sin w-

Therefore the point-slope form of the equation of L is

s ) cos @
- p 8in W = -==2__(Xx ~ p cos W),
y - P sin w(- )

This reduces to

i
o

y sin ® - p sin? ® + x cos @ - p cos¥ W
or

x cos ® +y s8in ® = p sin® ® + p cos® w = p.
Thus L has equation
(1) x cos W +y sinw -p =0,

Equaticn (1) is called the normal equation of the line L.
Note that p » O for every line L, since p =|OP |.

Example : Write the normal equations of the two lines each

of wnich is 5 units from the origin and has inclination 459,

[See Figure 2. ]

V//Ll

Y
Pi< 2
U1
—— -..// g . % - 7’ e

. BN

S w;\w ~/

/'Pz
////

Figure 2

Denoting the lines by L, and L2, and the corresponding

constants in their normal equations by p , w

21
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we have that p, =p, = 5, ¥, = 135°, w, = 315°. Therefore
the normal equation of L1 is

x cos 135° + y sin 135° - 5 = O,

i.e.,

-—}-E--}-l_S::O,
V2 V2

while the normal equation of L2 is

x cos 315°9 +y sin 315° - 5 =0,

We now show how to find the normal equation of & line L when
another form of an equation for L, say

ax + by +c¢ =0,

is given. Then if K is any non-zero real number, L also has
equation

(2) kax + kby + ke = O.

We wish to determine k so that equations (1) and (2) will be
identical. For this to be true, we must have

ka = cos W, kb = sin W, ke = -p.

Squaring and adding the first two of these equations, we
obtain

k2(a® + b%) = cos® @ + sin® w = 1;

therefore
K = — 2
Wa® + b2
S0
(3) cos w = a , 8in W = b s =P = ° —
/2% 7 o2 %/a% + b2 #/a% + b2
But p 2> O so
+ .C - = 7P <o.
Va® + b2
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Thus the sign of the radical must be unlike the sign of C.

Summarizing: If the line L has equation

ax + by +¢ =0,

then L has normal equation

(") - a X D vy + < = 0, or

Va? + p® /a2 + p? /a2 + b2

ax + by +¢

X/a2 + p2

with the sign of the radical taken to be unlike che sign of c.

= 0

Thus for example if L is given by the equation 2x - 3y + 6 = 0,
then L has normal eguation

-2x 4 _3¥ 6

i3 Vi3 Vi3 Vi3

Solution to Problem 8, page 48:

= 0.

Suppose that L is any line, with normal equatilon
X cos W +y sinw -np =0,
and that P (x,, y,) is any point not on L. [See Figure 3/
Y

~

Q
. \\jr\\\\Pl(xl: ¥1)
'\“‘LP' /\

..I

Figure 3
Thern L, has normal equation
x cos & +y 8in W - p, = 0,

nnere p; = lOQ!.. But iOQ! .OP] + PQ‘ p + d, where J
denctes the distance from P to L. Therefore the normal

equation L, is

X cos ® -y gin @ - (p + d) -
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Since Pl(xl, y,) lies on L , its ccordinates must satilsfy

this equation, So

X, cos ® +y, sin w - (p +d) = 0.

Therefore

(5) d = x, cos W +y, sin w - p,

Consequen=ly the distance from a point to a line can be found
by writing the normal equation of the line and substituting
the coordinates of the point in the left member of this equa-
tion. [The sign of d, as given by (5), will be + or -
according to whether P and O lie on opposite sides or the
same side of L.]

Now using the results given by (3) (and assuming that we
desire absolute distance) we have from (5):

‘ V. + ax., + +
16) d = aXl i le C‘ = ! Xl byl c'.
* %% T 02 | vaZ + b2

Example: Find the distance d, from the point (3, 4) to the
line 7x +y - 10 = 0,

Solution: using (6) we have

7(3) +4% -10 _ _15

vig + 1 /50

d =

w
o 1S

* ¥ * KN #

When the student has received the evaluated Written Assignment
for Lessons 6 and 7 and has reviewed the work, he may request
the supervisor to administer the hour examination.

E I I
Lesson 8
POLYNOMIAL FUNCTIONS, RATIONAL FUNCTIONS AND THEIR DERIVATIVES

Reference Material

Thomas, Chapter 2, Sections 1 and 2

Supplementary Explanation

1. Study carefully the material in this Section 1 and note tha J
following results: (we shall use one of the alternate
notations for derivative, see page 30 of the textbook)
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n-1i

D,C = O, where C is any constant; Dyx™ = nx"~'; where

. . | n n-1,
n is any positive integer; Dxcu = cDxu; Dxcx = ChX 5

Dy lu, + u, + .. . un] = Dyu, + Dyu, + . . . + Dyu.

1

Learn these results not only in terms of symbols but also
in words. '

Notation for higher derivatives will now be cons%dered.
! ~
The second derivative ls given by ny' = dy' _ a7y = D;y

dx = gx2
- f“(X) - yll.

Appropriate changes are made for higher derivatives.
Recall that if s = £(t) the instantaneous velocity any

time t is defined as v = %%. Similarly the instantaneous

24
acceleration at any time t is defined as a = %% = a8
dte

Examples:

a. Problem 12, page 59

We are given y = 3x7 - 7x® + 21x2 and are to find D,y
and DZy.

Now D,y = D (3x7 - 7x° + 21x?)

rynp 7 73 .-
ijxv + Dx( Zx ) + szix
3Dxx - 7Dxx + 21Dxx
= 3.7x® - 7.3x% + 21.2x
= 21x%® - 21x% + 42x.

(Note the results, given in the first explanaticn,
whlch were used in the solution of this problem.)

b. Problem 20, page 59

Given: the curve y = ax® + bx + ¢ and that it passes
through (1, 2). Therefore, we know 2 = a(1)? + b(1)
+ ¢ (Why?), in other words, a + b + ¢ = 2. Now if
this curve is to be tangent to the-line y = x at the
orgin then their slopes must be equal at the origin

(0, 0) i.e. Moupye = M at (0, 0).

o

tangent line
Now Mourve = ny = 23X + b so Myypve at origin
=2 +a -0+ b =>b. The slope of the tangent line

Mtangent 1ine = PxY = Dyx = 1 and hence b_= 1.
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e

We further know that the curve passes through (0O
(Why do we know this?), therefore O = a * 0 + b

+ ¢ and hence ¢ = 0. Flnally since a + b + ¢ =

have a + 1 + 0 = 2 or a = 1.

, O
- 0
2w

3. Study carefully this Section 2 and meke a list of the key
results. Close attention should be paid to the results
concerning the derivative of a product, quotient and
power of a function. Learn all of the formulas (in words
as well as in symbols).

4, Supplementary Exercises:
Problem 2, page 65
Given: y = (x - 1)% (x + 2)% to find D,y-
Solution:
,n-

\ . - e n _ 1
Tools to be used: Dxuv = quv + vau and Dxu = nu Dxu.

[Convince yourself that these results are equivalent to
(1) and (4) on pages 60 and 63 respectively.] Thus we
have .

Dy = Dx[(x - 1)% (x + 2)%]

(x - 1)° Dx(x + 2)% + (x + 2)¢ Dx(x - 1)®

]

(x - 1)% * k(x + 2)° D, (x + 2)
+ (x +2)* . 3(x - 1)2 D_(x - 1)

= U4(x - 1)% (x + 2)° (Dxx + ng)
+3(x +2)* (x - 1) (Dx - D1)

= 4(x - 1)°% (x + 2)% (12 + 0)
+ 3{(x + 2)* (x - 1)2 (1 - 0)

= 4{x - 2)% (x +2)% + 3(x +2)* (x - 1)@
= (x +2)% (x - 1)2 [4(x - 1) + 3(x + 2)]
(x +2)° (x - 1)2 (7x + 2).

i'

Problem 6, page 66

Given: y =
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Solution:
w VDxu = ub,v

Tcols to be used, at least: Dx(;9= yt:
and D x" = nx™* and others. Thus we have
boop Proed (x%-1) Dy (2x +1) - (2x + 1) Dy (27 = 1)
Xy-xxE_l— (x2_1)2

_(x® - 1) (2) - (2x + 1) (2x)

(x2 = 1)°
_2x% -2 - Mx? - 2x _ -2x® - 2x - 2
(x2 - 1)2 (x2 - 1)%=
_ 2 (x% +x + 1)
(x# - 1)2

Problem 10, page 66
Given: s = (2t + 3)°® to find %%.

Solution:

Mool to be used: Dxun = nut~? D u. Thus

[
e 10]

gz = Dy = Dy (2t + 3)® = 3(26 + 3)% - Dy(2t + 3)

C

3(2t + 3)% (2)
= 6(2t + 3)°Z.
(Mote that in this problem we let u = 2t + 3.)

EE R

Written Assignment

So1ve Problems 1-21 (odd-numbered problems), page 59 in the
textbook. Solve Problems 1-15 (odd-numbered problems), pages
65 and 66 in the textbook.
Holda this work untll you are requested te mail 1t€.
ST
Lesson O
LEUPLICLIT ReliTIonS, THEIR DERIVATIVES AND INCOREMENTS

Lobtcrenee Matoeprial

BRI cr= v e o =

Thomas, Chapter 2, Seetiong 3 and 4
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Supplzmentary Explanation

:]-0

V)

Before proceeding with the prcblems associated with Section
2 one should have a clear notion cf the difference between
zn explicit function, implicit relation and impliclt
sunction. If the difference between these notions ls not
olear then read once agailn the beginning of this secticn.

The key tool used in finding Q% from an implicit relation

és the following result (see (i) and (5) on pages 63 and
4.

If u = g(x) is a differentiable function of x and n is any
integer, then

n
Q%E = pnut~?t %% or written in equivalent notation

. n _ n-—l .
(1) D,u” = nhu Dz
Examples of the use of (1):
&, Dx(l - 2x)"% = -5(1 - 2x)"~° Dx(i - 2x) = =5(1 - 2x)"8 (-2)
= 16(1 - 2x)"® (here u = 1 - 2x, and n = -5).

L. Dxx7 = 7x6Dxx = 7x® (Since D,x = 1; here u = x7 and n = 7.)

e. Dyi"® = -227° D,Z (here u = Z, and n = -2)
Y

d
: 3 _ 3 _ ag2 ., = Dyl = 2 :
d. D,y® =D.y® =3y* - D,y = 3y°Dy = 3V 3y

(here w =y and n = 3)
study these examples very carefully, especially d.

We now illustrate the method used in {inding derivatives
of implicit relations.

Example 1: Problem 4, page 7

Given x%y + xy® = 6, find %%.

Solution:
If x®y + «y? = 6 then differentiating both sides wlth respect
to x we have Dx[xgy + zy?] = DXGA op

'(2 = = ey ) " w3 - v2
Dx(x V) + Dx(xyg) = 0 (Wny?) and so (zince x%y and xy~ are

products) we have by the product rule (see pase 60 of the
texthook):

21 « 3 2 O ey e b £ Y ey
XD,y + yD,x" 4+ xDy® + yEDa = 0, snd by (1) above
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xszy +y - 2xDox + x + 2yDy + y2 + 1 = 0 and this becomes

(x% + 2xy) D .y + 2xy + y2 = 0 and finally

Dy = (B + ¥7),

X x2 + 2xy
Now since ny = %% we have solved the problem.

Example 2: If y® = 2px (where p is a fixed real number),

2
find ¥ when y # 0.
dx?2

Differentiating both sides of the given equation with
respect to x, we obtain

ny2 = D, 2bx,

or

.y
2y dx = 2p:
a
(2) y © 3= = p-

Differentiating both members of (2) with respect to x,
we obtaln

) d%y , dy dy
(3) 2 Tax Cax - O
[Notlce that y * dy/dx 1s a product; hence we again apply

the result of page 60.] Solving (2) for dy/dx gives dy/dx
= p/y; substitutirg this expression for dy/dx in (3) yields

°y . P . R _o
yx2+y y

d
or
d2y

dx?2

U

Example 3: If x® + 4y® = 25, find %the values of dy/dx
and d2y/dx® when x'= 3, y = 2.

Differentiating the gilven equation term by term with
respect Yo x, we obtain

dy _
(l#) 2x + 8y ax = 0. l
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Diffeventiating (4) term by term with respect to x,

a¢y dy®
2 + 8 - —L + 8. 2 =0,
(5) Y dx*= dx
Thus 2

5 -B(QX\ .0
(6) A<y _ dx/

dx? 8y

Now from (%) we have

. dy -2 -X
(7) dx Sy 4y

Hence when x = 3, y = 2 we have from (7)

dy - =3 . =3
(8) dx 4.2 8
and from (8) and (6) we have
/_3 = .
d®y -BK_E) -0
ax® 8(2) 128"

3. No additional comments will be made concerning the results
of Section 4. We shall supplement the illustrative examples
with the following problems.

Problem 2, page 75
We are given y = 2x% + 4x - 3 to find (a) by.

We argue as follows

2(x + 8x)% + 4i{x + Ax) - 3
= 2(x% + 2x0x + (£x)%) + 4x + bAx - 3
= 2% + Uxbx + 2(Ax)2 + UYx + bax - 2.

i

y + Ay

Since y = 2x% + 4x - 3, we have by subtraction
(&) Oy = 4xbdx + box + 2(8x)2 = (4x + 4)dx + 2(6x)3.

Now for part (b) we have

L OV 1
! Aytan = E}E&X = (4){ + #)AK

Finally I'or part (o):

By = Ay, o= U+ 8)ae + 2(ax)® - (Ux + #)Ax = 2(dx)2.
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Problem 10, page 75

X x =1, Ax = 0.3, we want to estimate

Given y = T T X

y + Ay = £{x + Ax) by calculating y + g%Ax.
ay 1 . .
Now = = (Check this!) so
ax (x + 1)% ( 5t)
d _ X 1 v = 1
y + aﬁﬁx =571t %+ 1)éAx. Now when x = 1, and
O = 0.3 this becomes
dVa. _ 1 1 ~y _ 1, 3 23
v+ gedx =3+ 52(0-3) =3+ 55 < 15

Mathematics XVxzAP, page 40a




- 41 -

Written Ass;gnment

Solve Probhlems i-34, page 7O, do multiples of 3 only. Solve
Problems 1-11, page 75, do odd-numbered problems only.

Give the prepared work for Lessons 3 and € to the supervisor
who will complete the mailing procedure.

* * % ¥ *

Lesson 10
THE CHAIN RULE AND DIFFERENTIAL

Reference Material

Thomas, Chapter 2, Sections 5, 6, and 7

Supplementary Lxplanation

1. As you have observed, the notion of parametric equations
and equations (3b), (5) and (6) are the key results of
section 5. Note well their origin and have them avall-
able for immediate use.

We shall consider the following examples:

Example 1: Problem 2, page 79

a
a. Since x = t? and y = t2, we have y = x°,
3 1
: = 32 ay _ 3.2 _ 3
b. Fromy = x= follows Gx = BX° = 2t and
since x = t% and y = t®, we have %% = 2t and
dy _ 342
gt = 3t

¢. From (3b) on paze 76 of the textbook we know

dy _ dy . dx , - ,
3t = ax 3T and this result holds for our problem

since

| 2
i 3t

(2) (2t).

bxample 2: Problem 8, papge 80

2

a, Sinece y = %° and 2 = 2 + 1 and we know from equation \
(6) on page 79 (with u replaced by Z): '

dy _ady ., a2 .. i | |
ix ~ 32 3. We may argue as follows
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dy 2.-5 dz
E% = §Z . ax = 2X, therefore
ay _ gz-.% ox = 4% _ e
‘e J - =~
32 ° 3(x® + 1)°
2 , 2
b. Nowy =23, 2 =% + 1 1lmply that vy = (x2 + 1)3.

Therefrfe, using the result stated in page 68 of the
textbook we have:

2
3

&li—'

Dy = Dx(x + 1)

-(x +1) 3 . Dx(x'f'3 + 1)

Wi

(EX) - Ux
3(X + 1/

%—(xg + 1)

i
3

Cne should observe that the curve represented parametrically
may not necessarily be identical to the curve obtained by
eliminating the parameter. For example if x =,2 + €,

Yy =2 - T then observe that x and y are both positive.

Thus the graph would lie in the first quadrant. However,
upon ellminatlng the parameter one obtains the equation

X% + y2 = 4 yhich is a circle with center at (0, 0) and
radius 2. It will lie in every quadrant.

Now let us consider the middle of page "0O. Differcntials are
useful in approximatbng functions and in finding deriva-
tives, especlally ii' a curve is described by parametric
equations. As a result of this section we may think of

8 1
ay as the ratio of two differentials and dy _ 4y again
dx dxa dx

g¢s tne dquotient of two differentials.

several examples will be given to illustrate these ideas
After studying these examples read Sections 6 and 7 once

again before atte apting the homework. Note carefully the
formulas on page 35.

Example 1: Problem 2, page 86
3
2

Given: y2% = (3x2 + 1)2. Taking the differential of both

sides we have

3
dy2 = d(3x2 + 1) or 2ydy

dy

li
\D
SR e
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Example 2: Problem 12, page 86
1

: 1
Let y = £(x) =%& = x%, so dy =

dx.

g
3

3x°

e W&nti?@.lQE. TP we let x = .125, and dzx = 0.001, then
our approximation to $0.126 is obtained by evaluating

v + dy = 30.125 + 1 _ 0.001
3(0.125)3
0.001 i
3(.5)% 3000( .25)
1
= 0.5 + TEO 0.5013.
Example 3: Froblem 26, page 87
Given: x = L= > t+ 1 nus:

Farar R A - i

[(t +2)(2) - (6 - 1)(D)] g - LE+2 -t +12] .,

dx = = >
(t +1)° (t + 1)
o -
dr = ————— dt = 2(t + 1) "dt
(t +1)°
. o _ Y/ - - - 1 |
gy = Mo =2() = (8 )(@)] o Le -t -t =11,
(¢t ~ 1)2 (t - 1)
dy = -2(t - 1)~% dt,
o - L 12
dy _ -2{t - 1)~ dt ((t + 1)
Hence: = = = |9
dx = 2(t + 1)72 dt t -1
Now d% _ gy! We ¥now dx = 2(t + 1)~° dt, s0 we must
dX2 dx ° € X = Y '
find dy'. From above we have
1
NS -[% f i . It then follows that
oy - _2[2 rafts - 2)(a) - (6 +1) Do
. JL (t - 1)%
TN G 259 R
(t - 1)°
Consequently,
i _t + 1
dZy _ k(6 - 1) at _ 2(t + i)°

s
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gxample 4: Problem 21, page 87

[This problem is assigned. Solve it now and then check
vour solution with the one that is given here. ]

We are given the parametric equations x = £(tj, v = g(t).

! ‘ .
By (5), page 78, we have therefore %% = %T%%}, x'(t) # O.

Hence, making use of (6) on page 79, with u = t and the
quotient rule for derivatlves,

317’3» (yl t)
4%y _ (éx/ cat _ HXT(E ) . a
Ay 2 at dx do dx
_x'(t) - y™(t) - yr(6) - x"(x)  dt
(x'(£))2 o
. - dt — 1 — 1 1 - ~ver> 1 Y
Slan.dx =& T T we obtain therefcore

dt

d?y _ x'(t) - y"(t) - ,y"t)g- X"(t c (t) £ ¢
Ax? (x'(t))° (t) 70,

which .is the same as the result desired.

¥ X X % *

Written Assignment

Solve Problems 1-9, odd-numbered nroblems, pages 79 and 80.
Solve Problems i-21, odd-numbered problems, pages 85 and 87.

Hold this work untll you are requested to mail 1t.
¥ X X * *
Lesson 11
CONTINUITY

Reference Msterial

Thomas, Chapter 2, Section 8

supplementary Zxplanation

1. As was asserted previously the limit concept is one of the
most important concepts in the calculus. The derivative
of a function at a point represented the first extremely
useful example of a limit. Now we have the second example

Mathematics XVxAP, page 44
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which yields a rigorous definition of the concept of
continuity of a function at a point (ox in or on an
interval).

The definition of continulty of a function f at a point
x = ¢ (in the domain of f), as given on page 37, 1is

equivalent to checking whether or not all three of the
following statements are true.

a. f(c) exists

b. 1lim £{x) exists

X>C

c. 1im £(x) = f(ec)
X->c

Suggestion: giver an &, 5 definition of continuity of a
function £ at the point x = c.

Lxample 1: Prove that the function described by £{x) = x®
is a continuous at x = 4.

Solution: We must check toc see whether or not the con-

ditions a,.b, and ¢ given sabcve are catislied.

a, f£(4) = 4% =64, - £(4) exists

b. lim x® = 64, . 1lim £(x) = 1limit x3 exists
x->4 x->4 x > 4

¢. Finally we note lim £(x) = £(4)
x4

Conclusion: f is a continuous at x = 4. Is this function
continuous at all points of the interval -2 { x { 69

A function f is said to be discontinuous at the number c
if £ is not continuous at c¢. Because of the definition of

.continuity, f may be discontinuous at ¢ if any one of a,

b, or ¢ is not satisfiesd.

X2 - 2x

Example 2: Let f be defined by f{x) = 5.

is f continuous at 27
Solution: Checking, we find

a. f(2) does not exist. (Why?) Hzence f is discontinucus
at 2. (There is no need to a@lso check b andi c.)

Mathematics XVxAP, page 45




- Ufh -
fxample 3: Let £ be defined by
¢
. ?% if x £ C
£(x) =~

0 if x =0
- Is £ continuous at 0%

- Solution: Checking, we find
a. r(0) = 0 (exists)

b. 1im £(x) = lim %-= « dces not existl
x>0 %0

Hence f is discontinuocus at O.

Example 4: Let f be defined by

-~ 2 .

CJE s g
o(z) =4

X = 2.

Ll if
Is £ continuous at 29
Solution: Checking, we find
a. f£(2) =1, exists!

2
b. lim £(x) = lim £-22% _ 13p x(i = 2)
x>2 %2 X->2 -

= 1im x = 2, exists!
X»2

(Here we may divide numerator and denominatorp by x - 2

without fear of dividing by zero since by definiticn of

1imit, the value of the 1im f(x) does not depend upon the
X2

value of f(x) when x is equal to 2, but only on values of

f(x) when x is close to but different Ffrom 2.)

¢c. However, we note that

lim £(x) #£ £{2).
x+2
Cerisequently, f 1s discontinuous at 2.

How would you redefine the function in this example so tnat
it would be continuous at x = 29 Sketeh a graph of f.

4. This section concludes with three lmportant theorems each
of which will be referred to often in the future. We have
found that 1t is rather easy to find the derivative of many
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different funchtions; as a consequence of Theorem 1 on page
G) we have a simple way of determlining continulty of these
functions (without using the definition). Remember that
the converse of Theorem 1 is not true. The classical er-
ample is £(x) = x| at x = O, see page 91. This function
is continuous at x = O but no%t differentiable at x = O.

By the way, the argument given at the bottom of page 91

that the --1im 1821 qoes not exist is not rigorous. To prove
LX
Ax~>0
this statement rigorously requires the use of the €, 5
definition of 1limit. The proof of this result may be given
as follows: .

, . 1 AX R, e v A s
Assume 1im '=+ =1 i.e. it exists. Thus from the defin-
- = AY

Ax-0 |
ition of limit we know that for every & > O we can find a
& > O such that

;L%ﬁi- L‘ { ¢ whenever 0 < §Ax - 0{< 5 or (again see A.2,
tAX

page 20 of these notes) L - & < e

' ¢ L 4 £ whenever
"6<AX < 60
Suppose £ = 1, then there must be some B > 0 such that

(1) (L-1< 4 <L+ 1 whenever -5 < ax < 5)-
/

Now since Ax # O, we note that if Ax > 0, Al _ 1 and

AX

from (1) it fcllows that

(2) i L+ 1.

if ax < 0, then L%% = -1 (Wny?) and from (1) it follows
that

(3) L - 1< -1,

Thus we have from (2) that L > 0 and from (3) that L < O.
Since this is imposeible we conclude that our assumption

that 1im '%ﬁ} exists 1s false.
Ay.->0

5. Study the statements of Theorems 2 and 3, page 92, very
carefully so that they may be availlable when needed.

)
|
\
; Mathematics XVxAP, page 47
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. Consider the foll%wing example: Prove that the funetion
F(x) = x°(x® - 1)Z is continuous at % = 2. !
Solution: Let f{x) = x® and g(x) = (2 - 1)2. Now since
‘both £'(2) and g'$23 exist (check this: we know by Thecrem
1 that £{x) and g(x) are both continuous at x = 2. Conse-
quently from Theorem 2 we may conclude that F(x) = f(x) - g(x)
‘is contlnuous &t x = 2. | ’

S B S R 3

Written Assignment

Solve Problems 1-10, omit 9, pages 94-95,

Review Assignment

Soive Problems 1-70, multiples of 5, pages 96-99,

Give the prepared work for Lessons. 10 and 11 to the supervisor
who will complete the mailing proc=dure

A I S

Yhen the student has received the evaluated Written Assignuments
for Lessons 10 and 11 and has reviewed the work, he may request
the supervisor tc administer the hour examination.

x ¥ ¥ ¥ *

Lesson 12
INCREASING AND DECREASING FUNCTIONS AND RELATED RATES

Reference Material

Thomas, Chapter 3, Sections 1 and 2

Supplementary Explanation

1. In Section 1 of this chapter, we begin with another appli-
catlon of the derivative. The essential result of this
section 1s glven as follows. If a function f i3 continuous
for all a { x { b and if £'(x) > 0 for all a { x { b, then
f is increasing for all a { x { b. On the other hand, if
£'(x) < 0 for a1l a  x b, then f is decreasing for all
a £ x {b, Thiz resuit is proved in Section 10 of this
chapter.

There are many applications of this result, in particular,
it 1s extremely useful in the problem of graphing a function.
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Example 1: Problem 4, page 102 in the textbook

Solution: Since v = f(x) = x® - 27x + 36 we have f£'(x)
= 3%x2 - 27. Now f'(x) = O when 3x% - 27 = O, or when
%x = *#3. When x = 3, vy = 18 and when x = -3, y = -92.
Thus the points (3, ~38) and (-3, 90) will mark the tran-
sition in the signs of the slopes. (They also couid be
"high" or "low" points.) Now f will be increasing if

£1(x) = 3(x® - 9) > 0 or when x% - 9 = (f - 37(x + 3) >_o.
Now (X - 3)(x + 3) > O when either X -23>0and x +3 >0
or when x - 3 <0 and x + 3< 0. 1In the first _case we
have x » 3 and x » -3 and these Lmply that { x » 3i. In the
second case we have x € 3 and x { -3 and these imply that

% { -3]. Hence f will increase when x » 3 and when x < -3.

Oonuequentlv f will decrease when -3 { x < 3.

f increases f increases
- Y s D
/‘\/\‘J\' ) l/____/‘—-—s

i"

f decreases

From this dlagram we may conclude that when x = -3, [
reaches a "high" paeint and when x = 3, f reaches a "lcu”
point. W2 are almest rzady to sketch the zraph of f. Hote
that wher = = 0, y = 56. Plotting the points (0, 35),

(3, =38, and (-3, S0) and notingz the above results yields
the followlng graph.

0\/
_i/ .:

i

-+
rd

A
-
i
W
o
.
y

Mathematics XVxAF, page i4¢




l

- B0 -

Examples 2-4: Consider the functions f£(x) = x%, f£(x)

= -x%, £{x) = x®, and f(x) = -x®, whose graphs are
illustrated in Figures 1 through 4.

Y
i |
4 Y Y
\\ ! / // \“\
s o o .
B, VS - - X Lo e X LA ¢
01‘— X N _‘76 o
N\ 7 : X _
/ \ /I g \\_
i \'
f(x) = x® f(x) = -x® f(x) = x® f(x) = -x°
Figure 1 Figure 2 Figure 3 Figure 4

Fcr each of these functions, f'(z) = 0 if and cnly if x = O.
However “the behavior of these four functions for x # O is
quite different. For the first function, t(x) = x2, we have
£1(x) = 2x; hence f£'(c) < 0 for ¢ < 0 ard f'(c} > 0 for

¢ > 0. Thus f£(x) = x2 is decreasing in (-», C)] and increas-
ing in [0, »), and has a minimum value at x = 0. The func-
tion f£(x) = -x® has derivative £9(x) = -2x; therefore

£'(e) > 0 for ¢ < C and f'{c) < O for ¢ > O, Thus f(x)

= =x“ 1s 1ncreasing in the interval (-», 0] and decreasing
in the interval [0, =), and it has a maximum value at x = O.

Consider the third function, f(x) = x®. Its derivative

is 3x%, so £'{c) > O for all ¢ # 0; hence f(x) = x2 is
increasing in (-o, ), This functlon therefore has no
maximum value and no minimum value in any open interwval.
Of course, in any closed interval {a, b], where a < b,

the function f(x) = x° assumes a minimum value at x = a
and a maximum value at x = b. Similarly the fourth func-
tion, £(x) = -x®, has derivative r'(x) = -3x2 so, since
£'(c) < O for all ¢ # O, this function is decreasing in
(=2, o), Again f(x) = -x2® has neither a maximum value nor
a minlmum value in any open interval, while in a closed
interval [a, b] (where a < b) it assumes its maximum value
at x = a and 1ts minimum value at x = b.

Observe that each of the four functions has a horizontal
tangent at x = 0, whereas only the first two functions have
extreme values at x = O. This shows that f£'(c) = 0 does
not imply, 1n general, that f has an extreme value at

X = ¢.

Now we mcve to a consideration of Section 2. We present

the solutions to the following problems to supplement those
given in the texts. Each of these illustrations should be
studlied very carefully before proceeding to the assignment.
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ixample 1: Problem 6, page 106 in the textbook

Solution: Let V and r represent the volume and radius,
respectively of the spherical balloon. Thue, we are

» 'dv — £ e 3 / o dr -
given 3= = 100 £t.%/min. and wish to find af When r = 2 ft.
Now we know the volume of a sphere i1s glven by
V = %wrs

and hence differentiating with respect to t ylelds

av - 2 dr
av

Now when r = 3 ft., 3% = 100 £t.%/min. and so we have

100 {£8-0°

min.

li

broe 9(rva)® 5% or

dr 25 ft.
dt = 97 min.

Example 2: Problem 14, page 107

Solution: Consider the following diagram.

B W C
Z
A

Let A ve the position of the boy and B a position of the
kite (given as 300 ft. above A). Let C be the position of
the kite at a later time. Further, if |B C|=wand |[AC|
= Z, then it follows that '

(1) z% = w? + (300)2

4

therefore, d .
zza%'= 2w§% or
W

(2) dz _ d

N
Q
ot

i
Q?
ct

Now when z = 300 ft., w = v(500)2 - (300)2 = 400

(this follows from (1)), and S = 25. This information
along with (2) yields

500 ft. = 400 ft. 25 ft./sec. or

=

20 ft./sec.
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Example 3: We next conslder the following prcblem. At

l noon a vessel is salling due north at. the uniform rate of
' 15 mliles per hour. Another vessel, 30 miles due north of
the first, is salling due east at the uniform rate of 20
miles per hour. At what rate 1s the distance between the
vessels changling at the end of one hour?

Solution: In Figure 5, let A and B designate the positions

of the ©two vessels a: noon, with ]AB! = 30. Let S, and §,

be the corresponding positions of the vessels at any later
f time t. Let x = | AS,| be the distance in miles that the

first vessel has traveled in t hours, and let y = |BS,|
be the disfance in mlles that the second vessel has travel-
ed in t hours. Then z = |8182| 1s the distance in miles
between the vessels at the time. We are given that
F =15, 2L = 20. Now at any tine t,
(1) 22 = (30 - x)2 + y2, ,fi rigurg S
from right triangle Bi- i S E
S.BS. Therefore, 0 -x _— |
2zzr = 2(30 - x)( 1)dt
ay S
+ 2yaf, or 1
dz _ _(30 . 58X 4 gdy ¥
(2) zgg = =(30 - x)z% + v3¢

A - SE

Thls gives a relation between the rates of change of z, Xx,
and y at any time t. Now let t = 1; then x = 15, y = 20,
and, by (1), z = 25. Substituting z = 25, x = 15, y = 20,
dx d;

gt = 15, and 3£ = 20 in (2) we find that 3¢ = 7+ Hence at

the end of one hour the vessels are separating at the rate
of 7 miles per hour. :

* Ok K K *

Written Assilgnment

Solve Problems 1, 3, 5, page 102 in the texthook. 3olve Prob-
lems 3, , 9, 11, 13, 15, pages 106-107 in the textbook.

Give the prepared work for Lesson 12 to the supervisor who will
complete the mailing procedure.

* * ¥ ¥ %

Mathematics XVxAP, page 52

ERIC

y




..)3..
Lesson 13
THE SECQND DERIVATIVE AND CURVE PLOTTING

Reference Material

Thomas, Chapter 3, Sectiocns 3 and 4

cupplementary Explanation

1. 1In Section 1 we saw how cne can determine when a function
f i1s increasing (f'(x) > O) and when it 1is decreasing
(£'(x) €< 0). Now in %the beginning of this Section 3, the
author emphaslzes the fact that the points, which separate
the regions of rise and fall of the curve need not occur
when £'(x) = U and further the fact that £'(x) = 0 for
some x does not necessarily 1imply that we have high or low
points at these values of x. In other words, it is true
that 1f £(d) is a maximum or minimum value of f in [a, b],
then elther £'(d) = 0 or £'(d) does not exist. However,
the converse cof this result is not true in general. Study
the examples on pages 107 and 108.

2. The notion of concavity is next discussed and we have the
result that the graph of f is concave upward if £"(x) > 0
and concave downwa.d when f£"(x, < 0. A point at which the
curve changes from concave upward to concave dcewnward or
vlice versa 1s called a point of inflection, i.e., where
£"(x) changes from a positive value to & negative wvalue
or again vice versa. Obviously, such a change may occur
where £"(x) = O but in addition, the change in sign of the
second derivative may occur where f"(x) falls to exlst as
the example on page 109 illustrates. Once agaln we should
emphasize that these conditions for determining points cf
Inflection are necessary but not sufficient. For example,
let f(x) = x* then £'(x) = ¥x¥ and f"(x) = 12x2. Now £"(x)
= O when 12%x% = 0, i.e., when x = 0. However the point
(0, £(0)) = (0, 0) is not a point of inflection since £"(x)
is positive for all x # 0 and consequently, the graph of
y = f(x) will always be concave upward. |Note that f£'(x)
= O when x = 0 and £'(x) > O when x ) O, while f'(x) < ¢
when x < O and so (0, 0) is the low point of f(x) = x%.]

We have graphically:

y | V= x*
|
¥ -l.....
\
e e e . .‘f-..\._J:.-:-.,...(:.'f e X
-1 1
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3. A procedure which might be uséd to sketch the graph of a
function is outlined in Section 4. Study the examples given
on pages 110-113 very carefully. We shall present several
more as supplementary examples,

Example 1: Problem 11, page 114

Solut10n° Since y = f(x) = x* - 32x + 48 we have £'(x)

= 4x° - 32 and £"(x) = 12x3. Immediately we conclude that
there are no points of 1nflec*ion and the graph will always
be concave upward since f"(x) > 0 for all x # O. Now

£1(x) < 0 when 4(x® - 8) € 0 or when x { 2. Hence the graph
will be decreasing when x < 2, increasing when x ) 2 and
thus reach a low point when x = 2, i.e. at the point

(2, £(2)) = (2,70). Now when x = 0, y = 48 and so our graph
takes the following form: '

!

)\

Y
\ ' -
\\ y = x* - 32x + 48 '
50 .\4 ’
25 -;\\ /
= T\KﬂJ(ﬁ X
Ol 1 2 3

Example 2: Problem 20, page 114

Solution: Let x be any positive real number. We wish to
find the minimum value of f(x) = x + %. The desired re-

sult follows from Example 2 found on page 112.
Example 3:

Consider the following problem. Discuss and sketch the
graph of y = x® - x% - x + 2.

Solution: Now y = f(x) = x® - %% -

£'(x) = 3x - 2x ~ 1 and £"(x) =
when 3x% - 2x - 1 = {3x + 1)(x - 1) O or when x = -3

= 1. Hence we have possible maximum or minimum points

+ 2 and therefore
2. Thus £'(x) T 0

uu b

at (-%, f(--13-'-)) = (-%., %97.) and (1, 1). Further £"(x) =
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1 1 43
when x = 3 and therefore (3, 57) is a possible point of
inflection. The curve will be increasing when £'(x) > O
or when (3x + 1)(x « 1) > O which Implies that x > 1 or

U

x < -%. Consequently, the curve will decrease for 2ll

-% {x< 1. Since £"(x) > 0 when x » % so the curve is

1
concave upward when x >'% and downward when x < 3, wWe may

conclude that the point (%, %%) is a point of inflection

and that we have a minimum at (1, 1) and a maximum at

(-%, %%). Now when x = O, y = 2. Thus collecting all of
the above information we have the following sketch.
Y
129
» 27 y =x2 - x%2 - x +2
1 43
1—
(1, 1)
77 T X
-2 / -1 1

* ¥ ¥ X ¥

Written Assignment | -

Give the prepared work for Lesson 13 to the supervisor who will
complete the mailing directions.

* ¥ ¥ ¥ *
Lesson 14
MAXIMA AND MINIMA THEORY AND APPLICATIONS

Reference Material

Thomas, Chapter 3, Sections 5 and 6
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In Section 5, note well the difference between relative and
absolute extrema. Study carefully the theorem and its proof

found on page 116 and the related Remark found at the bottom
of the page.

Before proceeding we shall state rigorously a definition
which will introduce a convenient notation for intervals.
Definltion: Given the real numbers a and b with a < b. The
open interval determined by a and b 1s the set of all real
numoers x such that a { x { b and 1t is designated by (a, b)
while the closed interval 1s the set of real numbers x such
that a { x C b and 1t is designated by [a, b]. What will
[a, b) and (a, b] represent? Now {a, ») represents the set
of all real numbers x greater than a. What will (-e, a),
(=0, a] and (=», ©) represent? These notations will be used
throughout the remainder of the course.

Endpoint extrema may be identified in the following way.

Let P(c, f{c)) be an endpoint of the graph of f, and suppose
that d is a ceritical number in the domain of f such that f
has no critical number in the open interval (¢, d). Then

P 1s a maximum point of the graph of f (and f(c) is a max-
imum value of f) if fic > f%d), and P is a minimum point of
2?e(g§aph of £ (and f(c) iz a minimum value of £) if 7(c)
f(d .

Consider the following example. Let p, q, n be integers
2]

and f£(x) = x¥x - 1), 0 p < d, h D 2. The fraction %

18 assumed to be in lowest form. Find the extrema of f

for all choices of p, q, and n as even or odd integers.

Solutlon: Consider the function f defined by

P
£(x) =x¥x - 1)", 0<p<aq, n) 2,

where p, q, n are integers. The domain of f is (0, »), and
clearly f 1s continuous in this domain. Also

b D

£1(x) = %gq-1 (x = )% 4+ m% (x - )=

P
x3 o1yt R
—(x - 1) 'S (x = 1) + nx].

Certainly f'(x) exists for all x ) O, whereas f'(0) does
not exist. Hence x = 0 is a critical number of f. The
remaining critical numbers are obtained by setting f£'(x)
= 0 and solving for x; they are seen to be x = 1 and
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X = 5_125F' Since (0, £(C)) is an endpoint of the graph

of f and slnce 1 and 5—1955 are the c¢nly other critical

numbers of {, we may ldentify the extrema of f by consider-

ing the open intervals (0, 1) and (E’EQEH’ 2); the former

contains —~ — and the latter contains 1. Now £(0) =

p + agn E
f(i) = 0, f(E) = 2¢ E 0, and, ss 1s resdily veritfied,
p_\? Ve . o f B
(p F qn> (r>+-qn) (p + ) (-1)"; hence f(p +vqn) >0

if n is even, while f( ) < 0 if n 1is odd.

P
p + on

» ___E_.
a. If n is even then f p - qr) > £(0) and f(p - qn) > £(1),

30 r(ﬁ—iﬁaﬁ) is a maximum value of I'. Since f has no

critical number between 0O and 5—;265, £{0) is an end-

point minimum value of f. Since f(1) < f(5_1265> and

£(1) € £(2), £(1) is also a minimum value of f,
P \ D .
b. If n is odd then f(p - qn) { £(0) and f(p - qn) < £(1);

hence f(-——E-—) is a minimum value of f. Thus f(C) is
p + dn

an endpoint maximum value of f. Since f(1) > f( 2 )

p + an
and f£(1) € £(2), (1) is not an extremum of f.

The two cases are illustrated by Figures a and b.

Y Y
P
N
' p + dn ,///
L AN X { - X
o ___P 1 0o ; 1
p + an '
|
Figure a Figure b
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Section 6: Before proceeding with this explanation study
the 1llustrative examples given in the text. Note that in
each of thnese problems one is Searching for either an
absolute maximum or minimum. Some rigorous Justification
of your conclusions must be presented. Usually a consider-
ation of your answer in relation to the given condltions

and the use of the second derivative test for extrema will
be sufficient. The author has provided on page 126 an
excellent summary of procedure which might be followed to
gain a solution to the "applied problems". This procedure
contains a summary of results which you should know (mem=-
orlze 1f necessary) so that it may be used at any time with-
out hesitation. Notice that if the "second derivative" test
(a) falls then you must use the "first derivative" test (b).

One might find it rather easy to remember the various tests
1f one considers the relationshlps between the graph of £
and the graphs of f', £" and f%, C(Consider the figures on
the following page.
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Minimum at (a, f(a)) Y
and ?e, £(e));
Maximum at (¢, £(c)); .
Points of inflection &t \\
(b, £(b)) and (4,r(d)). \
/ \ y
/ \ /
_ ’// \ ,
\‘, \\T d
0 al b c dj e X
f'(a) = £'(c) = £'(e) Y £
= 0. Notice that the '
graph of f' has a max- ] J
imum at (b, f§b)) and A7 | | /
a minimum at (d, £(d)). / \l /
I A
ol a b ¢ d e/ X
/ b\ .
. Q vl H
; ! ! \‘1’ i
| i | !
| } ! i
r"(a) > 0, f"(e) > 0; Y "
s
£"(c) < 0; | /
£"(v) = £"(a) = 0. b
'\\\\«‘\ ’,'ﬂ’
/
. %
4 0 T e
O ' a q}‘\\zb“ lai e? }"
{ 1)
i !
| ' :
fl!l
£ (b) < 0; 4 C /
£m(a) > o. /////
| //
NS
[V - \‘
0O a b ¢ d e
-
/"//
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In addition to the r’irst and second derivative tests for
extrema one can also draw from the graphs varlious results
tfor determining (i) when f 1is increasing or decreasing
(check the sign first derivative from a %o ¢ and then from
¢ to e), {(i1) when f 1s concave upward and downward and
(check the second derivative graph), (111) the point(s) of
inflection. Note that £ has points of inflection a% x = b
and x = d and at these points £"(x) = 0 and £"'(x) is
elther positive or negative. Hence if at the values of x
for which £f"(x) =0, £"'(x) 1s > 0 or < O then these x
values will determine points of inflection. However, this
test fails when at these points £ (x) = 0. In this case
what test would you use for points of inflection? (See
the graph of £"(x) and note its sign change for x < b, X

= b and x > b. Do the same for x = d.j_For example, if
£f(x) = x* then £'(x) = 4x3, £"(x) = 12x<, £ (x) = ol
Now £"(0) = 0 so x = O could yield a point of inflection.
However the third derivative test fails sine= £"™(0) = O.
Do we have a point of inflection at x = 0%

3. Now regarding the 2pplications there is naturally no set
procedure for every problem which will enable one to set
up an analytic equation which desceribes the physical sit-
uation. Practice 1ls the best teacher of technlque. Often-
times one needs to use results from other branches of
mathematics e.g. geometry (see Appendix pages 565-568).

Conslder the following Problem 19, page 128.

Sclution:

In the notation of the figure, the -

volume of the inscribed cylinder . B - T
1s V = 27x%y, where » and y .Aé' S - N
must satisfy 2N D LY
;o - i ‘x‘_
(2) x? + y2 = r2, /o Y Do
I H H ‘l
Hence P o f ,
', s [ : '
(b) V= 2n(r?y - y3). Vo yioxe
[Here x = {AB|, y = jBCl = {CDj, \g L *"%’“r ! /
r = [AC}|.] | o N e,
i ' ‘\.':“. é ‘j‘/.-/??A/
Differentiating (b) with respect to T
y vields
av _ i _ 2
(c) A 2m(x 3y©).
if %% = 0 then r® - 3y% = ¢ S0, since y 2 O, v = Egz.
Moreover, we see from (c) that gi% = 2w(-6y).
ya“.
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Hence 1f' y = 5§3 then gg%'< O, 8¢ V has & maximum value at
Yy = 5§3. When y = E§3 we see from (a) that x 2’B§§; Hence

the cylinder of maximum volume inscribed in a sphere of

—
2 n

radius r has altitude éﬁéﬁ and base of radius 4§§. Since

V = 2rx%y our maximum volume 1is

V = 2#(%)7%) = %nraﬁ cubic units.

Consider the following problem:

Express the number 1Z as the zum of two positive numvers
in such a way that the product of one by the square of the
other 1s as large as possible.

Solution: Let x > ¢ and Y > 0 be the two numbers sought.
Then we have

(a) X +y =12
and
(b) x%y = c.

We wish to maximize c¢c. From (a) and (b) we have

¢ = x%(42 - x} = i2x2 - x°
and 8o
g-g. =24x-3x2=3}!(8-X)a
dx
de
Now 3= = O when 3x(8 - x) = 0 or

when x = 0 and x = 8. We do not accept x = O since the
problem requires x to be positive.

d%c dZ¢
Now aE = 2 ~ 6x and when x = &, T T 2k - 48 <0

© We have a maximum when x = 8. Since x + y = 12, 1t
follows that y = 4. The maximum product ¢ = 64 « 4 = 256 .

Consider the following problem:

A so0lid is formed by cutting hemispherical cavities from
the ends of a right circular cylinder, the bases of the
hemlspheres coinclding with the ends of the cylinder. If
the total area of the solid is a specified constant, find
the ratio of height to radius cf base for the cylinder so
as to gilve the solid a maximum 7olume.
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Solution: Let the height of the cylinder be h and the
radius of the sphere and cylinder be r. We have for the
surface area of the solid:

A = 2rrh + 4wr®, A is constant and its volume 1s given by

3

We wish to maximize V. Assuming r is the independent vari-
able we have

(1@f %% = 27h + 2vr%% + 8rr = 0, since A is constant

g@% %% = 2rrh + WPE%% - 47r® = 0, since we want to max-
imize V. Now from (1) we have %% = -<E~i;i£), substituting
in to (2) yields 27rh + vra(ln—%—5£> - 4yrr2 = 0 which

simplifies to r = O (not acceptable) or h - 8r = 0. From

this latter equatlon we have % = 8 and this will yield the

e
the maximum V since §¥% € 0 when h = 8r.
r

* X H ¥ %

Written Assignment

Solve Problems 1, 4, 7, 11, 20, 23, 24,"and 26, pages 127-129.

Give the pr-pared work for Lesson 14 to the supervisor who will
complete the mailing procedure.

X N X X %

Lesson 15
ROLLE'S THECREM AND THE MEAN VALUZ THEOREM

Reference Material

Thomas, Chapter 3, Sections 7 and 8
Supplementary E;planation

1. Section 7: There are many applications of Rolle's Theorem
one of which is given in Remark 2. Another application of
the theorem is given in the proof of the Mean Value Theorem
which is found in the next section. We shall add a few
more examples.
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srample 1: Verify Rolle's Theorem for the function describ-
ed by £(x) = x® - 9x in the interval 0 { x < 3.

solution:

Noete that £(x) = x® - 9x 1s continuous and differentiable
for all x such that -» { x { + ». Why? Further £(0)

= £(3) = 0, consequently the hypotheses of Rolle's Theorem
are satisfled. We may thus conclude that there is at least
one number ¢ between O and 3 such that £'(c¢c) = 0. In fact
since £'(x) = 3x2 - 9,

we see that £'(%/3) =0 soc =,/30or ¢c = +/3.

Example 2:

The function

/
;O when x - 1
f(x) =‘x = 3when 1 {x < }%
0 when x = 4

is zerc when x = 1 and x = 4. Is Rolle's Theorem applicable
to this function?

Solution: No Rolle's Theorem is not applicable since f(x)
1s not continuous for all x in 1 { x { 4. Why? Sketch
this function.

Proceed with the followlng discussion only after you have
studied Section 8 very carefully. Note the precise state-
ment ot the Mean Value Theorem and how Rolle's Theorem 1s
used in its proof. These two theorems which seem to be
rather "obvious" in thelr geometrical interpretation lead

to many significant results in mathematics (see for instanae
Corollaries 1 and 2 on page 136). You will be responsible
for the precise statements of these theorems as well as
thelr geometrical interpretation. We will provide some
additional applications of the Mean Value Theorem.

Example 1: Proof of Corollary 2, page 136.

Consider the functlon F(x) = F,(x) - P,(x). By hypothesis
F'(x) = Fi(x) - Fi(x) = £(x) - £(x) = 0 for a { x { b.
Hence Corollary 1 applies and asserts that #(x) is cconstant
for a  x { b. This proves Corollary 2.

Example 2: Find upper and lower bounds for ,/99.

Solution: We know,/iﬁo = 10 and under proper conditions
on 2 function f we have from the Mean Value Theorem (MVT)
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{b) - r(a)
b - a

a<c¢c {hn.
Now let f(x) =,& and choose the interval 99 < x < 100.

= tt(c) of f(b) - £f(a) = (b = a) f£'(c) where

wle

Now since f'(x) = —= exists in this interval the MYT
/%

applies and hence we know there exists a number ¢ such that
99 < ¢ € 100 such that

£(100) - £(99) = (100 - 99)5i- or

Jc-
1
{4 10 - A9 = —=.

Since 99 € ¢ < 100 we may say that A0 \ e € 10 or 9 /e
< 10 (9 1is chosen fo. simpliclty we could have chosen a
larger number such at 9.5 and have a sharper result).

Then %~) ;% >'I% and 1%-) a;E >'§%. Thus we have from this

result and (1):
1y 50 - 85> L
Ta-).l.() \/99>2OOI'

Té - 10 > - ,A9 > §% - 10 or

and finally

3|
ol

10 - 15 <1A7 < 10 -

5.945 {,/A9 € 9.95.

Example 3: Given f(x) = % and a = 1, b = 3. Can one apply
the MVT? If so, find ¢.

Solution: The MVT is obviously applicable since f is contin-
uous and f'(x) = -—% exlsts in the interval 1 { x { 3. Thus

X

we know there exists a number ¢ in the interval 1 ¢ < 3
such that

£(3) - £(1) = (3 = 1)(--1) or

(]

% -1 =2 (-;%) which implies

.% = -_jé. or ¢ = 3 and thus ¢ = ‘i\/§.
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Since 1/? does not lie in the interval we accept only the
value ¢ =,/3.

The following are final remarks oncerning Chapter 3.
Sections 9 and 10 will not be covered 1n this course. How-
ever you should read them at least once since they do con-
tain certain generalizations and applications which may be
useful t0 you in future courses in mathematics (they are
considered in advanced courses). Section 10 in fact con-
tains the proofs of many of the results stvated and used
earlier in this chapter (see Sections 3-1 through 3-6).

We conclude this lesson with the proof of one ¢f these
results.

Theorem: If £'(x) € 0 for r { x { 5 then f(x) 1s a decreas-
ing function for the interval r { x < s.

Proof: Let a and b, b » a, be any two points of the inter-
val r { x { 8. Since £1(x) exists for a { x { b the
hypotheses of the MVT are satisfied and thus there exlsts

a number, ¢ such that r { a { ¢ { b { s such that

(1) f(b) - t(a) = (b ~ a) £'(c).

Now since b > a we have b - a is positive and £'(c) is

?e ative by hypothesis. Consequently, we may conclude from
1) that

t(b) - £(a) < 0 which implies

that f(b) é f(a) and hence f(x) 1is decreasing in the inter-
val r  x ¢ s.

The corresponding theorem for lncreasing functions 1s
proved similarly.

R B A A

Written Assignment

Solve Problems 1, 2, and 3, page 132 in the textbook. Solve
Problems 1, 3, 5, 6, and 7a, page 137. Solve Problems 10, 20,
30, 40, 50, 60, and TO, pages 145-149.

Give the prepared work for Lesson 15 to the supervisor who wiil
complete the mailing procedure.

X X + K R

When the student has received the evaluated Written Assignment
for Lessoiw 15 and has reviewed the work, he may request the
supervisor to administer the hour examination.

¥ X X X ¥
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Lesson 16
SYMMETRY, EXTENT, ASYMPTOTES, INTERCEFTS

Reference Material

Thomas, Chapter 4, Section 1

Supplementary Explanation

1. This sectlon contains certain results and definitions which
will aid one in plotting "higher" plane curves. We shall
elaborate on a few of these results. To emphagize the so
called "cardinal principle" of analytic geometry (see page
151 of the textbook) we shall call it the Fundamental
Principle of Analytic Geometry (FPAG). It states: if a
pecint lies on a curve thery the coordinates of the point
satisfy an equation of the curve and conversely if an
equation of a curve is satisfied by a point then the point
lies on the curve. [Will the point (2, 1) 1lie on the curve

described by y = x® - 2x + 1?] This principle will be used
frequently in future work.

2. The notion of symmetry may be generalized as follows:

8. Let L be a given iine. Two points P and P' are said
to be symmetric with respect to L if L is the perpendi-
cular bisector of the line segment joining P and P!.
A curve C is said to be symmetric with respect to L if
for every point P on ¢ %here is another point P' on C
such that P and P' are symmetric with respect to L. 1In
this case, L is called an axis of symmetry of C. Deter-
mine a necessary and sufficilent condition for the graph

of an equation in x and y to be symmetric with respect
¢6 the line y = -x.

b. Let Q be a given point. Two points P and P! are said
to be symmetric with respect to Q if Q is the midpoint
of the line segment joining P and P'. A curve C is
said to be symmetric with respect to Q if for every P
on C there is another point P' on C such that P and P!
are symmetric with respeet to Q. In this case Q is
called a center of symmetry of C.

The graph of an equation in x and y is symmetric with
respect to the point Q(a, b) if and only if the equa-
tion is unchanged when x is replaced by 2a ~ x and y is
replaced by 2b -~ y. Show that the graph of the equation

X% =« y& = 2x + 4y - 4 = 0 is symmetric with respect to
the noint (1, 2).
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c. The number of axes of symmetry which a curve possesses
may be zero, N (where N is any positive integer), or
infinite. That a curve may have no axis of symmetry is
apparent. Furthermore if C 1s a circle, then any line
passing through the center of C is an axis of symmetry
of ¢. Moreover a parabola possesses just one axls of
symmetry while an ellipse which 1s not a circle has
exactly two axes of symmetry. Finally if N is any in-
teger greater than 2 and if C 1s a regular N-slded poly-
gon then a line L is an axis of symmetry of C if L passes
through the center of C and a vertex of C. If N 1s odd,
C has no other axes of symmetry, while if N is even, any
perpendicular bisector of a side of C will be an axils
of symmetry of C. Thus in any case, C has preclsely N
axes of symmetry.

~ ”
.4/
r'd

~

}
!
!
!

7 L ~ L

t / 1 “\

4. We shall formally identify horizontal asymptotes by the
following definition. The line y = b is called a horizon-
tal asymptote of the graph of a function f 1f and only 1.
1imit £(x) = b or limit £(x) = b.

X > X X7 w00
A
x2 + x ¥
For example, since limit———— = limit =1
x > o X° + 1 X > © 1
1+ —=
X

the line y = 1 is a horizontal asymptote. Note here that
to evaluate the 1limit consldered above we used a specilal
case of the result that
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(1) lim - = 0 if p > O.
XP0 X

For a rational function f it i1s easy to determine whether
or not the graph of f has a horizontal asymptote. Suppose

£(x) = %%5% where g and h are polynomial functions of x

X 2
defined by
Y - m . m-1
g(x, aox + 2.x + e + & “+ &
and
n Ne-li
= e o 0 X b
h(x) = box + b x + + bn_l + b,

with respectlve degrees m and n. We consider three cases:

Iv this case,
m-1
aoxm + alx

£{x) = —-p

+ ee. * - X+ ap
n . .on-1
byx" + blx + ce. + bn_lx + bp

fm e 5 e mmmm e e e sttt QA @ ¢ W ¢ B

m-n
N QX

frtnd o m—— r— e

o
bO +bx "+ ...+ brl

e e AmEge e aams . e W MW — e

Since n - m > 0, we may employ (1) together with the 1imit
thecrems to obtain

.. O4+0+ ... +0 + 0 ,
Limit £(x) =y L6 ¥ E 040 =0
X iw O

Hence the graph of a rational function f has the line y =
(i.e., the x-axis) as a horizontal asymptote if the degree
of the numerator of f is less than the degree of the de-
nominator of f. For example, the graph of the equation

y = 9 9x 5 has the line y = 0 as a horizontal asymptote.
+ X
(b) m =n. Then
m me=1
f(x) = I et i a ¢ = s o gL L

- N n-i
b x™ + 1 x + cee + bn_lx + by

-1 -(m-1) . _.-m

m=i

.6._- e m e :l . ""':':T- o - (n"' i ) -n
o t byx™" + b * ¥

l
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Thus again by (1) and the 1limit theorems, we obtain

a + 0+ ... +0+0 a

o . e - 2
1;?12 £(x) = b + 0¥ . F0+0 b

Therefore the graph of a ratlonal function f has the line

a
¥ = 59 as a horizontal asymptote if the degrees of the numer-

a+or and denominator of f are equal; here 8, and b, are the

coefficlents of the highest power of x in the numerator and
the denominator of f, respectively. For example, the graph

of the equation y = 2x + x has the line y = 2 as a horizon-

3x% + 1 3
tal asymptote.

(¢) m > n. In this case, limit f(x) and limit £(x) do
X = ® X = o
not exist. Hence the graph of f hes no horizontal asymptote
if the degree of the numerator of f exceeds the degree of
the denominator of f. PFor example, the graph of the equa-
Ayup %
tion y = —EEE—I has no horizontal asymptote. The case
X~ =
m+ 1 =n will be investigated later in Section €. Notice
that the graph of any rational function can have at most
one horizontal asymptote. [There are, however, functions
whose graphs possess more than one horizontal asymptote,
e.g., f(x) = tan"1x; see Section 8.2 and, in particular,
Figure 8.4 in the textbook.]

5. Vertical asymptotes shall be identified by the following
definition. The line x = a is called a vertical asymptote
of the graph of a function f if there is a number a such
that limlt f(x) = *© or 1limit f£(x) = *o. (See pages 43

X > a X > a”
and 45 in the textbook for a review of this type of limit.)
Notice that necessarily f is defined in an open interval of
the form (a, b), in the first case, or of the form (b, a),
in the second case. Now it can be shown that

1

limit ———~ = o for ajl p > 0. Hence the line x = a

x >a (x - a)P

is a vertical asymptote of the graph of f(x) = ( L o’
X - a

p > C. We shall derive here a more general result, of which

this 1s a special case. Let f(x) = &%ﬁg, where g and h are

continuous functions in some interval containing a, and such
that g(a) # 0 and h(a) = 0. We claim that the line x = a
is a vertical asymptote of the graph of f. Indeed, since
h is continuous at x = a, 1limit h(x) = h(a) = 0; that is,
- X + a
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to each number :» > O there ‘s a number b >0 such that
in(x)] < 7 for every x satisfying O { !x - aj < & [see the
definition on page 40 of the textbook]. Hence, taking

-

for every N ) O there exists a & )» O such that lh(x)l

<

if and only if !ET_TI > N, it 1s easily seen that, dCCOPd—

ing to the definition on page 45, limit —T—) = o, Hence,
X - a

it follows' that 1limit glx) _ *w, and thus the line x = a

x»ah[x]

is a vertical asymptote of the graph of f(x) = %%%%.

2

Zle 2

for every x satisfying 'x - a| { 8. 8ince ih x)! <

This leads to the fOIIOW1ng simple rule for finding the
vertical asymptctes of the graph of a function f defined

by £(x) = 5%%%. Set h(x) = 0 and solve for x; if h(a) = O

and g(a) # O, then the line x = a is a vertical asymptote
of the graph of f. iNote that the graph of a function may
have arbitrarily many vertical asymptotes. For example,
if N 1s any positive integer and if a, ... ay are distinct

real numbers then the graph of the function f defined by

1
£(x) = (x=2a,) ... (x - &)

has the lines x = a ceey X = a_ as vertical asymptotes.]

1’ N

There 1s another class of asymptotes which are important
in the discussion of graphs; these are the so-called
inclined asymptotes. The line y = mx + b is called an
inclined asymptote of the graph of a function f if

limit {f(x) - (mx + b)] =0
X > oo

or

0]

1imit [£(x) - (mx + b)]
X-p=m

or both. Intuitively, this means that the graph of f gets
arbitrarily close to the line y = mx + b when x is taken
sufficlently large. :

uo!

H

=

\

*It can be proved that "i1f the function g is contin-

is at a and if limit f£(x) = *= then lim £(x) - g(x)

> a X=>a

] p'e
j'limit+ f(x) i g(a) > 0

X => 4a ‘
i=1imit £(x) if g(a) < 0."
x »> av
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Consider a rational function f defined by f(x) = %%ﬁ , whai

g 1s of degree m and h is of degree m -~ 1. Suppose

E
t
!

3
m Mm-=1
a a ; e o & - .
A S e o Sl

m

- & re Z

b .}{.m;i . .. b xm‘z + e o o
o -+ 1 + bm_zx + bm_l

{ By long division we obtain

o

f(X) E o X - s e e

3, a,by - agb, g, (x)
2 J
b, e, h(x)

where &, 1s a polynomial function of degree less than m - 1.

Ncw
) aO albo - aobl Sl(x)
£(x) -5 X 4+ - - = e
0 bo h(x)
and thus
3 Y a. a b. - agb g. (%)
1imit }f(x) - x4 2 3 l)}: limit -£~fﬂ = 0
| X>Zo i s bo bo X -» *eo h(ﬁ/

since the degree of g 1s less than the degree of h. [5ee
case 4 (a).] Hence the line

a,b,n = a5b

g = 20 x4 2200 7 %0

bO b2
(o)

is an inclined asymptote of the graph of f.

;o
We thus obtain the following result: if £(x) = %T%%, where
g and ~ are polynomial functions such that ‘

degree of g = 1 + degree of h,

then the graph of f has an inclined asymptote. [Notice thut
it this case the graph of f does not have 2 horizontal

asymptote. ]

As an example, consider the graph of the equaticn

_x® + 1
— x - 1.

~

The degree of the numerator 1s 2 and the degree of the de-
nominator is 1. Hence this graph has an inclined asymptote.
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Py long division,
2 -
XK 4+ 1 _ P

s0 the inclinred asymptote is the line y = x + i. Note alss
that the line x = 1 1s a vertical asymptete of the graph.
Tiie graph is shown below.

Y

7. We shall close this lesson with an example which will
Illustrate some of the ideas discucsed in the lesson and
in the text.

FYroblem: Discusse and sketch the graph of the equation

Sclution:

(1) Symmetry: With respect to the y-axis only

/
(2) Extent: Since x = ; g T (check this) those values

of y such that §_§_T 2 0 are only permicsibie 1i.e.

y >1ory(<oO.

(3) Intercept(s): when x =0, y =0 and when y = 0, x = O
therefore the only intercept is at (0, 0).

(4) Asymptotes: Since y is a rational function with degree
of numerator equal to the degree of denominator we know
(see 4(b)) ¥y = 1 is a horizontal asymptote {or note

2

that 1lim ;35——— = 1.) To obtain the vertical asymptotes
X e B
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we set x°® - 9 = 0 (see 5.) and find x = #3 as the

| and limit, —%F— = «.)
X >3 X = 9

(5) Test For Relative Maximum and Minimum Points:

.2
Since f(x) = —X—— we have
| X" -9
JORY 318x9\2 (check this) and
X" - 3)
£'x) = -18(x* - 9)2 + 72x3(x% - 9)
(x® - 9)*
2
i L§?x - ;?3)- Note that £'(x) = O when x = 0
x -

and f"(O) < 0 therefore we have a relative maximum at

(0, 0). Note further that there are no points of in-
flection (Why?).

(6) Combining the results determined above we have the
fcllowing sketch.

Y

A\

¥ ¥ ¥ ¥ *
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Written Assignment

Give the work for Lesson 16 to the supervisor wvhe will complete
the mailing procedure.

* X ¥ X X

Lesson 17

TANGENTS, NORMALS, NEWTON'S METHCD,
DISTANCE BETWEEN TWO POINTS

Reference Material

Thomas, Chapter 4, Sections 2-5

Supplementary Explanation

1.

Mote in Section 2 that Equation (2). on page 158 of the text,
is no longer valid if f'(x,) does not exist. Likewise Equa-

tion (3), on page 159, must carry the provision that f'(x,)

£ 0. If Q(c, d) is a point which does not lie on the graph
of f and if there are non-vertical tangent lines tc the graph
of f passing through Q, thelr equations may be found in the
following way. Consider an arbitrary point P(x,, f(xl))

on the graph of £, By (2), page 158 the tangent line to the
graph of £ at P has equation

(1) y - £(»,) = £'(x) - (x - x,).

Since Q(c, d) is a point on this tangent line, 1ts coor-
dinates must satisfy (i). Hence

(11) d - f(xl) = f'(xl) ¢ (c = xl).

If x, = b s any solution of (ii) with b # ¢ and if £(b)

and f'(b) exist, then, by (i) and (ii),

y - £f(b) = f'(bj(x - b) is an equation of a tangent line
to the graph of f passing through Q. 11 b = ¢ or if £'(b)
does not exist, the possibility of a vertical tangent line
(with equation x = b) must be investigated.

In a similar war we can fiand equations for the normal lina2s
tc the graph of f passing through a point Q which does not
lie on the graph of f.

Ag an 1llustration, consider the following problem {see
also Example 2, page 160).
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Find all tangent lines to the graph of the function f(x)
= /%X which are on the point (0, 1).

Since f'(x) = 1 an equation of the tangent line at any

2/%
point P(x,, vX,), x, # 0, on the graph of f is

(111) y - V&, = 2‘/;; (x - x,).

[Note that £'(0) does not exist!] Since (0, 1) is a point
on the tangent line, its coordinates must satisfy equation
(1ii); hence

1 -k = L (0 -x,) orﬁ"( -\'—3-(/_-;)::0. Since
1 3/§: 1/? 1 2

x, # 0, the only solution of this equation 1s x; = 4.

Hence y - 2 = %(x - 4) 1s an equation of the tangent line
to the graph of f(x) = ,X, passing through (0, 1).

Observe -that the line x = 0 1s another tangent to the graph

of f{x) = ,/&, passing through (0, 1). In fact x = 0 is a
vertical tangent. Give a rigorous definition of a verticai
tangent to the graph of £ at the point (a, f(a)).

2. We 1llustrate the use of the definition of the angle between
two curves as given on page 162 (see also suggestion 4,
Lesson 4). Example: Find the angle of intersection of the
curves defined by the equations x° + y2 = 8 and x% = 24.
Solution: By solving the equations simultaneously we see
that there are two points of intersection, namely (2, 2)
and (=2, 2). By the symmetry of these curves with respect
to the y-axis, 1t 1s evident that the angles of intersection
of the curves is the same at each of these points. We will

?heregore determine the angle of lntersection at the polint
2’ 2 ®

From the first equatlion we find that 2x + 2yy' = O, or y!

= -%3 therefore, the slope of the tangent to this curve at

(2, 2) is m, = -1. From the second equation we obtain 2x

= 2y', or y! = x, s0 that the slope of the tangent to this
curve at (2, 2) is m, = 2. Therefore the angle @ between
two tangents 1is glven by

m, - m 2 - (-1)
=—L———]'-=_. S
tan 6 1 +mm 1+ (2)(-1 3-
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Since tan 0 < 0, 8 must be a second quadrant angle, There=-
fore the angle between the two curves at the poln® (2, 2)

1s 180° - 8. [Note that this angle, the supplement of 6,
would have been obtained directly if we had taken m, = 2

and m, = ~1.] .

consider Problem 11, page 16.4.

Solution: Since £(x) = x® + 2x - 3 it follows that f£'(x)
— ox + 2 so that £'(1) = 4. Thus the slope of the normal

line at {1, 0) is -%. An equation of the normal at this
point is given by ¥ = -%(x - 1). Solving this equation

simultaneously with the original equation y = x2 +2x - 3

r

yields the second point of intersection, namely (-3% %%).

One will immediately appreciate Newton's method for approx-
imating roots (see Sectlon 3) especlally after a study of
other methods (see for instance, Horner's method in a
classical algebra text). Study carefully the examples given
in this section. A more thorough discussion of this method
should include a consideration of the sign of the second
derivative in the interval under consideration. (See
Analytic Geometry and Calculus by Adams and White, Oxford
tniversity Press 1961, pages 380-387). The subject will be
covered lightly in tnis course but you may have occasion to
use the method more extensively in the future.

The distance between two points Pl(xl, yl) and P,(x%,, Ya)

given by d =v(x, - x,)% + (y, - y,)® was considered in

Chapter 1 on page 6. In Sections 4, 5 and especially in
later sections this formula will be used to determine many
interesting and useful results. Section 4 provides one

with another review of some important results from Trigo-
nometry. Once again become very familiar with these results.
We shall assume that you know them. In Section 5 the dis~
tance formula is used to solve so=-called locus problems.

We provide a further illustration. -

Problem 6, page 177

Solution: Let P(x, y) be any point on the curve whose
equation we desire. From the conditions of the problem
and the distance formula we have

Vix +3)2 +y2 =V[(x-3)2+y2 tH

or (x +3)2 +y2=(x-3)2+9%+106+8{(x -3)2 +y°
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or simplifying
3z - 4 =a/(x - 3)% + y&.

Squaring both sides we have

Ox% -« 24x + 16 = 4 [(x ~ 3)2 + y2]

cx% - 24 + 16 = 4x2 - 24x + 36 + 4y®

and finally

5%x% - 4y2 = 20.

Now, not all points obtained from this equation belong to

the original locus {Why?). 1In fact the graph of the locus
is glven by

y
N\
- N i\(e,"O) !
o

* X ¥ X ¥

Writt:n Assignment

Solve Problems 1, 3, 5, 7, 9, 13, 16, 21a, c, on pages 1€3-164.
Solve Problems 1, 4, on page 169. Solve Problems 3, 5, 7, 9,
page 175. Solve Problems 1, 3, 5, 8, 9, page 177.

Give the work for Lesson 17 to the supervisor vho will complete
the mailing procedure.

* K X K *
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Lesson 18
THE CIRCLE AND THE PARABOLA

Reference Material

Thomas, Chapter 4, Sections 6 and 7

Supplementary Explanation

1. The so-called method of Completing the Square which was
perhaps first encountered by you in elementary algebra
(see your algebra tex%, in particular the proof of the
quadratic formula) will be used extensively throughout the
remainder of “his chapter. If necessary, you should once
again review this method.

N

Remark 1 on page 179 of Section 6 is rather important so
that we should formulate it as a theorem.

Theorem: The graph of the equation
1) Ax® + Ay2 + Dx + Ey + F = O (A £ 0)
is

b) a point if D2 +.E2 = Y4AF;

%ag a circle if D2 + EZ2 D L4AF;
¢) imaginary if D% 4+ E2 { YAF.

Conversely every circle is the graph of an =zquation of type

(1).
Proof: Given equation (1), we cepplete the squares in x
and y. [Since A £ O we can divide by A.]
2 , D D 2, E EZ, _
A(X. +AX+"'—"4A2)+A(Y +AY+I|.—A—2-)_EA_+E—A--F
D? + E® - 4AF
TA
D2 + 2 - UAF
4A2

D E
Alx + z7)% + Ay + 53)% =

(2) (x +31)% + (v + 50)2 =

(a) If D® + E® > 4AF then D? + E2 - 4AF > C, so the graph

of {1} 1s a circle with center (52, 7o) and radius

vD2 + E2 - }AF,
21A)

(b) If D2 + E® = 4AF then (2) becomes

_Dy2 2 _
(X+2A, +(y+-—2—A-) = 0
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so (x + 57) =

Thus the graph of (1) consists of the single point (QA, dA)

(¢) If D2 + E2 { 4AF then the right-hand member of (2) is
less than zero while the left-hand member, being the sum
of two squares, 1s > 0. Therefore no point lies on the
graph of (1).

Conversely we have seen that a circle with center (h, k)
and radius r has equation

(x - h)2 + (y - k)% = ré,
that is,
x2 + y® - 2hx - 2ky + h® + k% - r2 = 0,

whlch s of type (1) with A =1, D = -2h, E = -2k,

The equation

(x - 2)%2 + (y +1)2 = r3,
where r is an uncpecifiec veal number (called a parameter),
represents the family of all circles with center (2, -1).
Similarly the equation

(x =h)? + (y - k)% = 16,

whire h and k are parameters, represents the family of all
circles with radius 4., Likewise the equation

(x = h)2 + y2 = r2

represents the family of all circles with center on the
x-axis (Why?), while the equation

x2 + (y - )2 = r®
represents the famuily of all circles with center on the
y-axis. See 1f you can determine what family of circles
is represented by the equation

(x - a)2% + (y - a)® = r?,

where a and r are parameters, and what family of circles is
represented by the equation

x2 +y2 + ax + by = O,
where a and b are parameters. Draw a few members of each

of these families of circles, using a different set of axes
for each family.
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further examples
(a) Problem 10, page 181
s0lution: We are given

2x% + 2y® + x +y = 0. Upon completing the
square we obftain

2, %, 1 e ¥ L Loal,d
2(}{ +2+1-6')+2(y +2+-i-6-)—(./+‘d+5
or
1 1 1
2ix+pf+2y +3)2 =7

and finally
1

(x+ 5%+ (y + b2 -

=

Comparing with (x = h)® + (y - k)2 = r® we find the center

at (-%—, -if) and radius \/%

(b) Problem 14, page 181

Solution: We are given h = -1, k = 1 s0 we need only find
r, the radius. Since the circle is tangent to the line

X + 2y - 4 = 0 and the tangent 1is perpendicular to the
radius we may find the radius using equation (6) on page 3%
of these notes. Thils formula wlll give the distance from
the tangent line to the center (-1, 1) which 1s precisely
the radius. We obtain

_l-awe2(a) -8l i3 _
Vi+® VR

Thus cur desired equation is

r

(x + 1)+ (y - 1)2 =

Learn the definition of the parabola and study very care-
fully the derivation of the various equations ¢of the parabol:.
gilven in Sectlon 7. The important formulas are blocked off
in the text. Notice the rolzs that r plays with respect tc
the focus and directrix. If an equation of a parabola is
not in one of the standard forms (see formulas 8Ba, b, ¢, 4
on page 186) then it may be changed to one of these forms
agaln by the method of completing the square (see Exampln>

3 on page 187). Why is it important for one tc changes an
equation to a standard forn?

Ui

6. Observe that a parabola has no asymptotes. For if the
equat%on of a parabola is x2 = Upy or, equivalently,

y = %5, then 1t 1s easlly seen that for every number a,

2 2
1limit X= = &
X > a Fp - o’
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so that ghere is no vertical asymptote. Further, since

1imit %5 does not exist, there will be no horizontal

X>too .
asymptote. Finally no line y = ax + b can be an inelined
asymptote of a parabocla since
[+ ]
, x

1imit - (ax + b

xgioo ’JE)- ( N )J
does not exist. [Similarly it may be verified that a
parabola with equation y2 = 4px has no asymptote.]

We further cbserve that a parabola is bounded in a half-
plane, but in no proper sector of a half-plane. Thus for
example the parabola y2 = Upx with p > O is bounded in the
half-plane consisting of all points (x, y) with x > O since
. this equation is satisfied only for non-negative values of
x. On the other hand, to each non-negative value of x
there corresponds at least one value of y and, conversely,
tc each value of y there corresponds a (unique) value of x.

7. We shall derive several more important properties of a
parabola. Consider the parabola defined by the equation
y2 = Upx, p » O, in connection with which see Figure 1.

Y T
-
6;5&2 = lUpx
//.‘.

1/

sl s

B D 4

|
|
|
\
|
|
Figure 1
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| Let F(p, O) be the focus of this parabola, and let P(x,, y,)
be any point on the parabola distlnct from the vertex. The

‘ segment FP is called a focal radius of the parabola. The
chord drawn through F and P will meet the parabola in
another point Q; the segment PQ 1is called a focal chord of
the parabcla. Let T and T, be the tangent lines to the

parabola at P and Q, respectively; T intersects the tangent
i line at the vertex (i.e., the y-axis) at C, the directrix
t ii.e., the line x = =p) at B, and the axis of the parabola
i.e., the x-axis) at A. Let 3 and S, be the two lines

parallel to the axls of the parabola and passing through
P and Q, respectively. S inftersects the dlrectrix at D,
and S, intersects the tangent line T at R. In terms of

this notatlon we can make the following assertions.

(a) The quadrilateral AFPD is a rhombus (i.e., an equl-
lateral parallelogram).

(b) FC is perpendicular to CP.
(¢c) BF is perpendicular to FP.

(G, The angle between T and S is equal to the angle between
T and the focal radius FP. [See Problem 31, page 190.]

(e) T and Tl intersect on the directrix and are perpendicular.

\ Proof: An equation of the tangent line T at P(x., y,) is

i given by yy, = 2p(x + x,) [verify this result; see Section

‘ 4-2]; thus T intersects the x-axis at A(-x,, O). Let
P'(x,, O) be the projection of P onto the x-axis. Then O

| is the midpoint of the segment AP' and therefore, since th-
I triangles AOC and AP'P are similar, C is the midpoint of the
segment AP. PFurther, O is the midpoint of the segment EF,
and thus C 1is also the midpoint of DF. Hence the diagonals
AP and DF of the quadrilateral AFPD bisect each other, so
AFPD is a parallelogram. Now the length of segment AF 1is
p+x, and the length of segment FP 1ls

2 - 2 =, - 2 =x + p. Thus AF and
vy,? + (2, - p) /'llpxl + (x, - p) L, tr ¢
FP have the same length so AFPD is a rhombus, proving (a).

Since the diagonals of a rhombus are perpend’cular we obtain
from (a) immediately that FD is perpendicular to AP and thus
FC 1s perpendicular to CP, which proves (b).

y
o r:‘D o -—-——1‘——_’ ~
The slope of the line FP 1s glven by mFP x; -’ o the ‘
other hand, B has coordinates (-p, 2p (x1 - p))

Vi
(which are obtainable by solving simultanecusly the equation

Mathematics XVxAP, page 82




- 83 -

of T: yy, = 2p(x + x,) and the equation of the directrix:
X = -p). Hence the slope of the line FB is

2p .
0 - 22 -
0 = gy % - P) L Sl

FB p - (-p) Y,
Since mFPmFB = =1, we see that FB is perpendicular to FP,

proving {c).

By (a) segments AF and FP have the same length and therefore
triangle AFP 1s 1sosceles. Hence the angles PAF and APF
are equal. But the llne S is parallel to the line AF and
therefore the angle formed by S and T is equal to the angle
PAF and hence equal to APF; this proves (d).

As in (c) we see that the tangent line T at Q intersects
the directrix at some point Bl 1s perpendicular to FQ.
Since also BF 1s perpendicular to PQ at F, BF = B,I'. Hence

B, the point of intersection of BF wlth the directrix,
colncides with B,, the point of intersection of B,F with

the directrix. Now consider the triangle RQP. Since the
angle between T and Sl 1s equal to the angle between T and

S, and since this latter angle is, by (d), equal to the
angle between T and the line FP, the angles between T and
Sl and between T and the line QP are equal. Hence the

triangle RQP is isosceles. By (d), the angle between T,

and the line QF is equal to the angle between T, and Sy

hence the line BQ bisects the angle RQP. Since triangle
RQP 1s 1scsceles, BQ 1s perpendicular to RP. This proves

(e).
Final Example

Problem 27, page 190

solution: Chviously, from the given figure the appropriate
standard form 1s given by

(x = h)® = <bp(y - k). The vertex of the given
) b
parabola 1s at (5, h) and thus an equation becomes

(x - g)a = -4p(y - h). There remains to find

p (or -4p). Since the parabola passes through /0, 0) this
point must satlsfy its equation. Hence we have

(0 - g)a = =4p (0, h) from which we find

2
-4p = '%H' Thus an equation of the desired
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parabocla is given by
( by _ b# ,
X - 5) = -I5 (y = h), which reduces tc

* ¥ X X ¥

Written Assignment

Solve Problems 3, 6, 7, 9, 12, 13, 15, 17, 20, 21, pages 181i-
182 in the textbook. Solve Problems 3, 6, 7, 9, 13, 17, 21,
23, 26, 28a, 30, pages 189-190.

Give the prepared work for Lesson 18 to the supervisor who will
complete the mailing procedure.

Oy w % ¥ ¥

Lesson 19
THE ELLIPSE AND HYPERBOLA

Reference Material

Thomas, Chapter 4, Sections 8 and 9
Supplementary Explanation

1. The definitions of the ellipse and hyperbola should be
learned.

2. The essential results associated with the ellipse (Section
8) may be summarized as follows:

2. The Standerd Forms:
x - h)2 - k)2

)( 2)+§y2)
a b

(x - h)2  (y - k)2
b ¥ a2 -

(1 =1

(i1) 1

(1) represents an ellipse with center (h, k) and major
axls parallel to or lying along the x-axis. (i1) re-
presents an ellipse with center (h, k) and mejor axis
parallel to or lylng along the y-axis.

b. Keep in mind the following results:
a2 = b2 + cZ.
c. If you are glven an equation not already in standard

form one can algebraically convert 1t to a standard
form by completing the square, (see Example 1,
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page 193). If the equation is in standard form then
it can be caslly analyzed. Note that 1ts position is
alwvays determined by the value of a, and a is always
greater than b. (See Figure 4-39, page 195.) Note
that when a = b we have a circle.

d. The bound on the eccentricity for the various '"conics"
are glven at the bottom of page 196. The eccentrieity
of the ellipse actually is bounded thus, 0 < e =.§ { 1,

since 0 ¢  a. The eccentricity of the circle 1s O.
(See Figure 4-40, page 196.)

3. Conslder the following problems.
a. Problem 4, page 198
Solution: We first sketch the given points.

NI YOS X
C(‘3: O) ] "

F(‘B: '2)$ T

Now from the figure 1t 1ls clear that the major axis will
be parallel to the y-axis, ¢ = 2 and we are given a = 4.
Since a2 = b2 + ¢c2 we have b? = 12. An equation of the
ellipse 1~ glven by

ry®

(y = €)%  (x+3)°_ . ¢ _2_1
gt b e=zgEg =3

Cur sketch:
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Problem 12, page 198

Solution: Our ellipse 1s 1n the followlng position and

we wish to determine the lz2rngth of the chord GE.

Now by symmetry GE = 2F,E. If we let F,E = ¥, then

GE = 2y,. We shall determine y, in the following manner.
The coordinates of E are obviously gilven by (c, yl).
Since thils point lies on the elllpse we have

b3c? + azyl2 = a®p? or

a2y12 = a2b2 - b202 = ba(aa - CE) = b2 o b2

since a2 = b2 + c2,
Thus
4
\ 2 — E—— ]
y,° = 2 &nd
b2
Yy, = i‘E'

We take y, = +9£ since by assumption (see diagran)
y > O.
2b?

Now GE = 2y, = < Thls 1s called the length of the

latus rectum of the ellipse. One immediate use of the
latus rectum 1s found in s “ching ellipses, four points
of an ellipse are immedlatery determined by this chord.
For Problem %4, page 198 we have for the length of the

o 2
latus rectum 22 = 2012 = 6., The latera recta for this

ellipse are plotted in the dlagram.
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The coordinates of a point P(x, y) which 1is on the ellipse
with foel F(c, 0) and F'(-c, 0), with |FP| +|F'P| = 2a,
must satisfy the equation S2 t %; = 1, where b® = a2 - c?2,
Hence if P(x, y) is on this ellipse, then the coordinates
of P must satlsfy

2 . a2
y2 = 12:-2-(5&‘2 - x2) and x2 = E-é(be - y2).

It follows immediately that | x| < a and Iy‘ { b. Thus an
ellipse 1is bounded 1in a rectangular reglon (with sides of
lengths 2a and 2b, respectively).

We shall derive some further properties of the elllipce.

2 =]
Consider an ellipse with equation %o + %: = 1 whose focl
a <

are F(c, 0) and p'(=c, 0). Let C, and C_ designate the

cireles x2 + y2 = a2 and x2 + y® = b?, respectively. ILet
a ray, originating at the crigin and making an angle 6 with
the x-axls, intersect these two circles at P2 and PS,

respectively. Further, let the tangent to the circle C,

at the point P, intersect the x-axis at T,, and let the
tangent to the circle C, at the pecint P3 intersect the

y~axis at T;. Finally, let P, be the point of intersection
of the line through P_ and parallel to the y-axis with the

line through P3 and parallel tc the x-axis.
Y

Figure 1
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We will prove the following statements.

' (a) P, is a point of the ellipse.

(b) The tangent line to the ellipse at P, passes through
T, and T;.

; (c) The focal radii F'P, aad FP, make equal angles with the 4
tangent to the elllpse at P,

Proof: The abscissa of P, is a cos 6 and the ordinate of
P, 1s b sin 6. Hence P, has absclssa x;, = a cos @ and
ordinate y, = b sin 8.

Now

1 .
s+ —5 = cos€ 8 + sin?® 9
a b

1,

and thus P, is a point of the ellipse, proving (a2). Observe

that, conversely, every point of the ellipse may be obtained
in the manner described for the construction of Pl. This

then gives a useful mechanical construction for the points
of an ellipse.

An equatlon of the tangent to the ellipse at the point
XXy VA'BY

P,(x,, y,) 1s o2 T e
Thus this tangent line Intersects the x-axis and the y-axis 4

aE b2
at the points (=, 0) and (0, —

X3 Y
here that nelther X, nor y, is O; this special case 1s
easlily dealt with separately.] The tangent to circle C, at

the point P,(x,, ¥y,) has equation xx, + yy, = &,°, and
2
hence the coordinates of T, are (%;, 0). Similarly the

tangent to circle C_, at P (x,, y,) has equation

= 1. [See Exercise 15, page 198.]|

), respectively. [We assume

| 2
Xy + JY, = h2, so T, hasg coerdinates (c, %—). Since

. 3
X, =X, and y, = y,, we see that the vangent tou the ellipse

at Pl(xl, y,) intersects the x-axis and the y-axis at T,
and T,, respectively. This proves (b).

L2t N be the intersection of the normal to the ellipse at
P, with the x-axis. An equation of this normal<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>